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CHAPTER 10 

AND NOW A BRIEF 
MESSAGE FROM OUR SPONSOR 


R rtial differential equations have played a decisive role in our investigations 
ver since they were first introduced in Chapter 6 of Volume I. To be sure, 
at times we have suppressed the equations themselves in favor of a more geomet¬ 
ric conception involving A>dimensional distributions, and on other occasions we 
have instead expressed things in terms of differential forms. But, in one form or 
another, the Frobenius Theorem (which represents everything we know about 
partial differential equations) was used in discussing Lie groups, ordinary and 
affine theory of curves and surfaces in space (where Lie group methods were 
used), in all our proofs of the Test Case, in the proof of the Fundamental The¬ 
orem of Surface Theory, and in the generalizations of this theorem which were 
given in Chapter 7. The partial differential equations involved are of the form 


dot 1 

dxj 


(•^1 ， • • • ， 、 X \, . . . , Q?^ (xi, . . . , Xm )，• • • ， Q?” ( 又 1 ， • • • ， -^m)) 

i = j — 1,..., m. 


Now it’s really rather laughable to call these things partial differential equations 
at all. True, we are considering functions a 1 defined on M”，and therefore 
partial derivatives are involved, but the equations do not posit any relationship 
between different partial derivatives; this comes out quite clearly in the proof, 
where the equations are reduced to ordinary differential equations. The only 
reason we get anything interesting at all in this situation is because we are 
dealing with a system of equations, and this system is “overdetermined ”： there 
are more equations (namely mn) than there are unknown functions (namely n). 
Our particular overdetermined system happens to be one where it is not too 
hard to determine the additional “integrability conditions” which must hold for 
the functions fj if the strain of satisfying so many equations is not to hopelessly 
overburden the poor functions a 1 . 

With only this superficial knowledge of partial differential equations, one can 
make one’s way through a good part of differential geometry (“the good part”, 
you may be inclined to say after looking at this chapter). But there are some 
topics in differential geometry, to be covered in the next two chapters, where 




2 


Chapter 10 


a more intimate acquaintance with partial differential equations is required. It 
should be said right away，that even in the next two chapters there are only a few 
occasions where this knowledge is necessary, and one could easily decide to take 
on faith any theorems from this chapter which happen to be quoted later. On 
the other hand, many theorems cannot even be stated without some definitions 
that arise in the first attempts to understand partial differential equations; these 
definitions involve basic facts about the behavior of partial differential equations, 
and this behavior is often reflected in geometric phenomena in a surprisingly 
nice way. 

This chapter is not meant to be a substitute for a course in partial differential 
equations; we will try to reach in as short a space as possible those particular 
properties of partial differential equations which will be of importance to us in 
the next two chapters, even if they are of only secondary importance to analy¬ 
sis. Consequently, we will omit much material that is contained in elementary 
courses，and at the same time prove special cases of results which are usually 
found only in more advanced treatments, where they are proved in much greater 
generality, and with much more effort. (Just to keep the presentation from be¬ 
ing too one-sided, passing mention has sometimes been given to matters which 
are of great importance to analysts, but of no importance to us). Since we are 
gong to be totally immersed in the study of partial differential equations for 
quite a while，we might as well admit it, and henceforth resort to the standard 
abbreviation PDE. 

A few general considerations might be made before we begin in earnest. 
When we consider an ordinary differential equation 

u\x) = f(x,u(x)), 

we find that there are solutions u with any desired value for w(xo). This depen¬ 
dence on the “initial condition” u(xo) usually manifests itself，if we explicitly 
solve the equation, by the presence of an arbitrary constant of integration. For 
example, the equation 

du ? 

= ~ u 

has the “general” solution 


which gives all desired initial conditions w(.\*o) except w(.\o) = 0; for this one 
needs the “singular” solution u(x) = 0. Equations of order n, on the other 
hand, will involve n constants of integration. 


du 


dx 


a+ C 


u{x) 


\ + r ’ 
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When we solve a PDE，we usually obtain arbitrary functions in the answer. 
For example, to be as simple-minded about the thing as we can, we note that 
the equation 

du 

T ( X ， >0 = 0 


has the solutions u(x,y) — A(x); the only restrictions on A are ones which fol¬ 
low from restrictions we might choose to place on u (e.g.，that u be differentiable 
with respect to x). The equally stupid looking，but actually quite important, sec¬ 
ond order equation 


d 2 u 

dxdy 


(x,y) = 0 


leads to 


and hence to 


du 

dx 


(x,y) 


= aCx )， 


w(x ， 少） = A(x) + B(y), A\x) = a(x). 

Without belaboring the point any further, we simply note that when we look 
for precise theorems, we should expect the hypotheses to reflect the presence 
of these “arbitrary functions” in the same way that the precise theorem for 
ordinary differential equations reflects the presence of arbitrary constants. 


1. FIRST ORDER PDE，s 

In this section we will consider those equations which involve a function u 
on M” and only its first partial derivatives u Xr For simplicity of writing，and 
convenience of visualization, we will first deal exclusively with the case of R 2 , 
denoting a typical point of M 2 by (x,y) and adopting the standard notation 

= P, u y = q. 

By a first order PDE we then mean an equation of the form 

J) ， M}(X ， >0) = 0 ， 

or，to use the standard abbreviated form, 


F{x,y,u,p,q) = 0. 

It will be convenient to denote the various partial derivatives of F by F x , F y , 
F“ ， F p ，and F q . Naturally, the function F: M 5 ^ M shouldn’t be too badly 
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behaved; for example, it wouldn’t be very interesting if F were never 0. Just 
what hypotheses we really need will come out soon enough. To begin with, we 
might imagine that F is differentiable and satisfies F p ^0oYF q ^ 0, so that by 
the implicit function theorem we can solve for p in terms of q, or vice versa. Our 
main result is, that we can always completely reduce any first order PDE to a 
system of ordinary differential equations. This holds both in a “practical” and in 
a theoretical sense: We can actually write down a system of ordinary differential 
equations whose solutions, if we can find them, will give us the solution of our 
original problem; and the method by which this is done enables us to state and 
prove exact theorems. We will not deal at the very outset with the most general 
first order PDE, but will approach it in stages. 

We consider first the most general linear first order PDE 

(1) 雄， y)u x (x,y) + B(x, y)u y (x,y) = C(x, y)u(x,y) + D(x,y). 

Usually this is simply written 

A(x,y)u x + B(x,y)u y = C(x,y)u + D(x,y), 

with the arguments (x, y) appearing in A, B, C, and D just to emphasize that 

we are not considering an equation like A(x, y, u(x, y))u x H - • 

Consider the vector field X on 1R 2 defined by 

a a 

(2) x ^ A Vx + B w 

The value of X at (x。, j。）is 

9 9 

A(xo, yo) + 5(-^0, Jo) ; 

dx (xo,yo) d y (wo) 

using the standard identification of the tangent space 肢 2 ( 文 0 , 乃 )）with R 2 , we can 
also write 

X(x 0 ,yo)= ( 雄 o, 少 o), 離 0 , Jo)). 

We will call X the characteristic vector field of equation (1); the integral curves 
of this vector field are called the characteristic curves of equation (1). Thus 
c — (Ci ， c* 2 ) is a characteristic curve if and only if 

⑶ ^ = 雄⑴)， = 
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We then have, for any C 1 function u : M 2 




du{c{t)) 

dt 


MC ⑴ + Uy{c{t))~p- 
雄⑼ . u x {c{t)) + B(c(t)) • Uy(c(t)). 


So any solution u of equation (1) satisfies 


(4) 


心⑽ )) 

dt 


= C(c(t)) • u(c(t)) + D(c(t)) 


for any characteristic 
curve c. 


For any fixed characteristic curve t c(/) ，equation (4) is an ordinary differen¬ 
tial equation for the function uoc. Consequently, w o c is uniquely determined 



characteristic 
curve c 

through (x 0 , 少 o) 


once u(c(to)) is specified. In other words, once we prescribe a value u(xo, y 0 ) for 
a solution u of equation (1), the solution u will then be completely determined 
along the characteristic curve c through (x 。， 少 o). 

Now suppose we have any curve a which cuts a family of characteristic curves. 



If we arbitrarily specify the values of u at each point of a, then the solution u 
will be determined in a neighborhood of o. Moreover，we ought to be able 
to produce this solution u simply by solving equation (4) for each of the char¬ 
acteristic curves through each point of o. Of course，we clearly have to rule 
out the possibility that a portion of a itself is a characteristic curve, for then 
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we could not arbitrarily specify the values of u along o. We even have to rule 
out the possibility that a is tangent to some integral curve c at some point 
(xq^o) = c(/o); for in this case, the directional derivative X(xq, yo)(u) would 



be determined both by equation (4) and (in a possibly conflicting way) by the 
arbitrarily assigned values of u along o. We must thus assume that the vectors 

(j f (s) = (g\\s),G 2 (s)) and ( 雄 ( 仇聊⑷)） 

are always linearly independent. Equivalently, we must require that 

o# det ( 冗 ) ） 以 ))))) ， ' ( 神⑴ )-4) 麟 )） 

for all s. In particular, cr’Q) / (0,0) so a is an imbedding. Although we 
will later have a much more general result, we summarize this information in a 
theorem, in order to get all the details cleaned up before we carry the discussion 
any further. 

1. THEOREM. Let A, 5, C, and D be C k functions defined in an open set 
U C M 2 , and let o \ [a, 6] — C/ be a one-one C k curve such that 

⑴）# a2’(*s)y4(a ⑴） for all s G [a,b]. 

Let u : [a, /)] —> R be a C k function. Then there is a C k function w, defined in 
a neighborhood V of (j([a,b]) 9 such that u satisfies 

(1) A u x + B uy = C u + D on V, 

with the initial condition 

u(g(s)) = w(^) for all s € [a,b]. 

Moreover, any two functions u with this property agree on a neighborhood of 
o{[a,b}). 
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PROOF. There is a C k map 

y : [a,b] x (—s,e) U 


such that each curve 

is a characteristic curve with 


/ y(M) 

y(s,0) = a(s). 


Clearly 

#(5,0) = a'is) = (cti'(s) ， ct 2 '(5)) 

OS 

-^-(s^O) = (y4(a(^)), 5(or(*y))). 
ot 

So, by the hypothesis on a, the Jacobian of y at (^,0) is always non-singular; 
consequently, if £ is sufficiently small, then y is a C k diffeomorphism onto a 
neighborhood V of o{[a,b]). 

By choosing e still smaller, if necessary, we can insure that for each s G [a,b] 
there is a C k function 久： ( 一 左， s) R satisfying 

.= C(y(s,t))- 队⑴ + D(y(s,t)) 

< dt 

[this is just the equation (4) which should be satisfied by uoc along the integral 
curve t y( 5 , /)]. We would actually like to know that ^ s {t) is C k as a function 
of s and /; in other words, if we define [a,b] x (—£, £) — R by 

= 乂⑴， 

then we would like to know that ^ is C k . To prove this, we must consider the 
equation “depending on parameters” 

a(0,= r for r e R 

. g 

—a(t,s,r) = C(y(5,/)) - a(t,s,r) + B(y(s,f)). 
ot 

Problem 1.5-5 shows that a is C k \ consequently 

池 0 =a(t,s,u(s)) 


is also C k . 
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Now the solution w, if it exists, clearly must be the C k function 

u(x, y) = P(y~ l (x, y)) or equivalently u(y(s, 0 )= 卢 Cm)- 

To prove that u really is a solution, we note that through any point (x, y) e V 
there is a characteristic curve t y(^, t), and that 


du(y(s,t)) dp(s,t) 


dt 

while we also have 

du{y{sj)) 

dt 


dt 


C(y(sj)) • P(s,t) + D(y(s,t)) 


C(y(M)) • u(y(sj)) + D(y(s,t)), 


u x (y(sj)) • ^-(s,t) + u y (y(sj))- 警 (M) 


= 〜 ( 池 0) • 柳 (M)) + Uy(y(s,t)) - 5(}/(m ))， 
since t y(s, t) is a characteristic curve. ♦♦♦ 


Notice that Theorem 1 involves exactly the sort of “arbitrary function” that 
our general considerations would lead us to expect: in a neighborhood of the 
“initial curve” a, the solution u is uniquely determined by the “initial condition” 
w(a(^)) = w(^). The only requirement is that a be nowhere tangent to a 
characteristic curve; we will express this by saying that a is free (sometimes 
the term “non-characteristic” is used, but this seems a little misleading). In 
general, the problem of finding a solution of a PDE with an appropriate initial 
condition is called the “Cauchy problem” for this equation. Thus we have 
solved the Cauchy problem for the linear PDE (1) for any initial condition along 
any free curve. In particular, we can solve the Cauchy problem along the x-axis 
a ( 5 ) = ( 5 ,0) if the x-axis is free, which is equivalent to the condition that 5/0 
along the x-axis. In this case we can use the given equation (1) to solve for u y 
in terms of u x along the x-axis: 

A C D 
u v = - u x H - u H - . 

y B B B 

If we were interested in the Cauchy problem only along the x*axis, then we 
could simply demand this very natural condition in our hypotheses, and not 
mention the characteristic curves at all; but the characteristic curves are still 
the most important ingredient in the proof, and their generalizations will play 
decisive roles in all other equations we discuss. 



And Now a Brief Message from Our Sponsor 


9 


If our initial curve a actually happens to be a characteristic curve (thus failing 
in the worst possible way to be free), then we will be unable to solve the Cauchy 
problem，and this inability will be manifested in the worst possible way: the 
possible initial condition along a is almost uniquely determined—it is deter¬ 
mined by the value at only one point, by the equation (4). On the other hand, 
if we are given an initial condition u along o which does satisfy (4)，then there 
will be infinitely many solutions u with this initial condition; for we can con¬ 
sider any free curve p with p(0) = a(0)，and choose any initial data 0 along p 



with 0(0) = w(0). Thus, the characteristic curves are the places where different 
solutions agree. 

From Theorem 1 we can see immediately that an arbitrary linear first order 
PDE has, in common with the simple-minded equation du/dy = 0, a property 
which sharply distinguishes it from an ordinary differential equation 

= f(x,u(x)). 

For the ordinary differential equation, any solution u will clearly be at least one 
time more differentiable than / is, and if / is analytic, the solution will also be 
analytic (Problem 1.6-9). But there are solutions of the equation in Theorem 1 
which are only C / (1 < / < oo) even when A, 5, C, D are C k {I < k < co). For 
we may choose a to be a C k curve and w to be a function which is C’，but not 
C /+1 ; then the solution u cannot be C /+1 , since its restriction to the C k curve o 
is not C /+1 . 

We next consider the most general quasi-linear first order PDE 
A(x,y,u(x,y))u x (x,y) + B(x, y,u(x, y))u y (x, y) = C(x, y,u(x, y)), 
or, more briefly, 


A{x,y,u)u x + B(x,y,u)u y = C(x,y,u). 
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The functions A, B, and C are now defined on R 3 , and we consider the vector 
field X in M 3 defined by 

(2) ^ — A - — I- B - — I- C 

ox oy az 

This vector field will be called the characteristic vector field of equation (1); the 
integral curves of X are called the characteristic curves of equation (1). Thus 
c = (Ci,C 2 ,C 3 ) is a characteristic curve if and only if 

( 3 ) = MC{t)), = B(c(t)), = C(c(t)). 

The slight discrepancy between this terminology and that adopted in the linear 
case is easily explained. Notice that if A and B depend only on x and y, then all 
characteristic vectors X(xq, 少 o, ^o) have the same projection on the (x, 少） -plane, 
namely (A(xo, 凡 ) ， B(xo, } 0 )). So the characteristic curves of a linear equation 
are really the projections on the (x, ^)-plane of the characteristic curves in M 3 . 

For the quasi-linear PDE (1), the characteristic curves in M 3 have the follow¬ 
ing significance. Any C 1 function u : M 2 M determines a surface M u = 
{(x, 少， w(x, j))} C M 3 , and the vector 

(^x(x,y), u y (x,y), -1) 

is normal to M u at (x, y, u(x, y)). Equation (1) is therefore equivalent to saying 
that X(x,y,u(x,y)) lies in the tangent space of M u at (x, y,u(x, y)). So the 


M u 


characteristic vectors at the various points of M u give a vector field on M u . 
Thus M u is the union of integral curves of this vector field; that is, M u is 
the union of characteristic curves. If we are given an arbitrary initial condi- 
tion w along an initial curve a in M 2 , then we ought to be able to construct 
a solution u passing through the curve 5 4 ((^ ⑷而⑷ ’ 如 )） in M 3 sim¬ 
ply by taking the union of the characteristic curves through all the points of 
this curve. We will clearly have to require that the vectors (0^(5), 0^(5)) and 
{A(Oi(s), G2(s),u(s)), B(ai(s),a 2 (s),u(s))) are lineariy independent for all s. 




And Now a Brief Message from Our Sponsor 11 



2. THEOREM. Let A, B, and C be C k functions defined in an open set 
U C M 3 . Let a : [a,b] —> M 2 be a one-one C k function, and w: [a, 6] ^ R 
a C k function such that (aj ( 5 ), 0 ^ 2 ( 5 ), w(^)) G U for all s G [a, b]. Suppose 
moreover that 

- 5(ai(5),a 2 (^),w(^)) / a 2 ’Cs) • A(o\ (s),a 2 (s),u(s)) for all 5 G [a,b]. 

Then there is a C k function w, defined in a neighborhood V of o([a, b]), which 
satisfies the equation 

(1) A(x,y, u)u x + B(x,y, u)u y = C{x,y,u) on F, 

with the initial condition 

w(a ⑷） = 5 ⑴ for all s e [a,b]. 

Moreover, any two functions u with this property agree on a neighborhood of 
PROOF. By Problem 1.5-5 there is a function a = (afj, 0 : 2 ^ 3 ) with 


(*) 


Let 


a(0, r) = r for r g M 3 

—ofi(?,5,r) = A(a(t,s,r)) 
at 

' d 

—a 2 (t,s,r) = B(a(t,s,r)) 
at 

d 

—a 3 (t,s,r) = C{a(t,s,r)). 
ot 

P(s,t) = a(t,s,oi (s),o 2 (s),u(s)), 
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so that ^ is also C k . In particular, 


J^(s,0) = (a!(j),a2(j),«(5)) 

=•, for short 

t P(sj) is a characteristic curve through •]. If we 


[so for each s, the curve t 
define 

y(s,t) = e K 2 

then the Jacobian of y at ( 5 ,0) is 


叩 1 

aT ( ^ 0) 

^ ( ^ 0) \ - 

1 汀 i» 

3a! 

IF 

y^(^0) 


\ 汀 2’0) 

3q ：2 

JF 



( oi'(s) 

A(») 







and this is non-singular, by hypothesis. So if £ is sufficiently small, then y: [a,b] 
x (—R 2 is a C k diffeomorphism onto a neighborhood V of o([a,b]). 
The solution u, if it exists, clearly must be the C k function 

u{x,y) = P 3 (y~ l (x,y)) or equivalently u(y(sj)) = 

To prove that w is a solution, we note that for any point (x, y) G F, there is a 
characteristic curve t ^(sj) through (x, y,u(x, y)), and that 


du{y{sj)) 


dt 


dt 


while we also have 
du(y(sj)) 


dt 


.17 


C(P{s,t)) by (*), 


•化 


Wjc(yCM)) • 0) * -^-(^0 


u x (y{s,t)) - ^-(s,t) + u y (y(s,t)) - 警 (M) 

by definition of y 

u x {y{sj)) - A(P(s,t)) + u y (y(s,t)) - B(^(sJ)) 


by (*).♦:♦ 


We will say that the initial curve o is free for the initial condition u when it 
satisfies 


⑴. 5 (CTi(5),(T2(5),«(5)) # a 2 \s) - A{o x 
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Thus we can solve the Cauchy problem for a quasi-linear PDE (1) for any initial 
condition along any curve which is free for this initial condition. (In the linear 
case things are simpler，since the condition that a be free doesn’t depend on the 
initial condition u) 

The worst way in which the initial curve o \ [a 9 b] M 2 can fail to be free for 
the initial condition u is when = (a〆 ⑷， a/CO) and (A(cj\ (i 1 ), 02 (*y), w(*y)), 

B{o\ (s), G2(s),u(s))) = (A(«), B(m)) are everywhere linearly dependent. In this 
case, it is customary to say that o is characteristic for u; this does not mean that o 
is a characteristic curve (indeed, a isn’t even a curve in R 3 ). If we assume that o 
is an imbedding，then o is characteristic if and only if (/(•) ， 5(#)) is always a 
multiple of the tangent vector by reparameterizing a we can then arrange 

that 

Then if u is to be the initial condition for a solution u of (1) we must have 


C(m) = G\ f (s) - u x (g(s)) + oi {s) - u y (o{s)) 




These equations show that the reparameterized curve s (g\ (*y), ^2(^), w(^)) 
must be a characteristic curve; equivalently, the original curve 5 (ctj (*$•) ， ^ 2 (^), 
u(s)) must be a characteristic curve up to reparameterization in order for the 
Cauchy problem to be solvable when o is characteristic for u. If our initial 
condition u does have this property, then there will be infinitely many solutions u 
with this initial condition along o. The characteristic curves in M 3 are the 
places where the graphs of different solutions intersect; the projections of the 
characteristic curves onto M 2 are the places where different solutions agree. 

It should be clear once again that a quasi-linear first order PDE has solutions 
which are less differentiable than its coefficients. 

We are now ready to consider the most general first order PDE 


(1) F{x,y,u,p,q) = F(x, y,u(x, y),u x (x, y),u y (x, y)) = 0. 

This equation can also be reduced to a system of ordinary differential equations, 
but in this case the system will involve five functions; the geometric analysis will 
be correspondingly more complicated. 

At each point (xo, 少 0 , " 0 ) ^ M 3 , we can consider the set of all vectors (a ， b, —1) 
with 


F(xo,yo,z 0 ,a,b) - 0, 
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and the corresponding family ^ (xo, Jo, ： o) of planes perpendicular to such vec¬ 
tors. If w is a solution of (1)，and M u is the surface M u = {(x, y,u{x, j))}, 



then the tangent space of M u at (Xo, }o, w(xo, 少 o)) is a member of the family 
^ (xo, yo, w(xo, Jo))- In order to describe this situation more geometrically, we 
would like to have a more geometric way of describing the families l 7 (xo, Jo, zo). 
Now the relation 

is one equation in the two unknowns, a and b, so S 7 (xo, Jo, ^o) ought to be a one- 
parameter family of planes; this suggests that there is a cone K{xq, yo, Zo), hav¬ 
ing its vertex at (xo, 少 o, zo)，with the property that a plane 尸 is in F (xo, yo, zo) 
if and only if P is tangent to K{xq, Jo, ^o) along a generator of this cone. If we 



consider a quasi-linear equation 

F(x ， y ， u, p ， q) = A(x, y, u) • p + B(x,y,u) - q - C(x,y,u) = 0, 
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we immediately see that this is not always so. For in this case, the family 
7 (xo, yo, Zq) consists of planes perpendicular to vectors (a, b,—\) with 

a • A(x 0 ,y 0 , z 0 ) + 6 • B(x 0 , y 0 , z 0 ) = C(a 0 , Jo, z 0 ). 

These planes all contain the characteristic vector 

(A(xo,yo, z 0 ) ， B(x 0 ,yo, -o),C(x 0 ,^o, z 0 )). 

Thus our “cone” degenerates into a straight line through (xo, 少 o, z 0 ), pointing 
in the direction of the characteristic vector at that point. Clearly things might 



be even messier if the analytic properties of the function F are sufficiently nasty. 

Despite these difficulties, we can obtain a great deal of geometric motivation 
by temporarily pretending that each family S 7 (xq, 少 o, ^o) is determined by a 
cone K(xo, yo, zo), which happens to degenerate to a straight line in the case 
of a quasi-linear equation. This semi-mythical cone is called the Monge cone 
at (x 0 , 少 o ， Zo). Having accepted this fiction, we can now imagine a field of 
cones in M 3 ; a C 1 function w: M 2 M is a solution of equation (1) if and only 



if the corresponding surface M u = {(x, j’ ， w(x，）’))} is tangent to the Monge 
cone K(x 0 , Jo, w(x 0 , yo)) at each point (Ao, ）， o, w(xo, yo)). This gives us a field 
of directions at each point of M u ，namely the direction which lies along a 
generator of the Monge cone at that point. The integral manifolds of this 
field of directions could be called the “characteristic curves of the solution w”. 
This definition is easily seen to be compatible with the one already given in 
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the quasi-linear case, where the Monge cones degenerate to straight lines. For, 
these straight lines must be the field of directions for any solution w, and the 
“characteristic curves of the solution w” are simply those characteristic curves of 
the quasi-linear equation which happen to lie on M u . But in the general case, we 
cannot write E 3 as a disjoint union of curves in such a way that each M u is the 
union of a certain subset of these curves; we cannot describe the “characteristic 
curves of a solution w” at all until we already know u. This might make the 
concept seem rather useless, but the requisite supplementary considerations will 
appear quite naturally when we seek an analytic description of these geometric 
pictures. 

How would we go about finding an analytic description of the Monge cone? 
The Addendum to Chapter 3 suggests that the Monge cone K(xo, 少 o, ^o) should 
be the “envelope” of the family of planes ^(xo, Jo,^o )； geometrically, the gen¬ 
erators of K(xo, yo, zo) should be the limits of the intersections of two planes 
of the family ¥ (xo, Jo, 2 o)，the limit being formed as the two planes approach 
each other. Until we explicitly say the opposite，everything we now do will 
be based on the assumption that these limits really exist; the ensuing discus¬ 
sion is consequently merely a route to discovery，and does not purport to prove 
anything. 

Let us assume for the moment that the equation 

F(x 0 ,yo,z 0 ,a,b) = 0 

can be solved for b in terms of a. In other words, assume there is a function (j) 
with 

(i) F(x 0 , Jo, z 0 , 《， (p(a)) = 0. 

One plane of the family ¥ (xo, yo, zq) may be described by the equation 
z - z 0 = a(x - x 0 ) + (f>(a)(y - y 0 ). 

A nearby plane may be described by the equation 

z - z 0 = (a + h)(x - x 0 ) + (j){a + h)(y - y 0 ). 

The points (x, j,z) in the intersection then satisfy 

0 = h(x — xq) + [(f> (a + h) — — 少 o )， 


and hence 


/ f d>(a + h) — . 、 

o =( … 0)+ - - - (少 D. 
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Therefore points in the limiting intersection ought to satisfy 

f z-z 0 = a(x - x 0 ) + <p(a)(y - y 0 ) 

>Li， { O = (x-x o ) + 0 ’(fl) ( 少 -70). 

On the other hand, equation (i) shows that 
d 

o = -T- F{xa, y Q ,zo,a,<j>{a)) 
da 

= F p (xq, y 0 , z 0 , a, <p(a)) + <f>'{a) - F q {x 0 , y 0 ,z 0 ,a,(f>{a)). 


and hence 
(iii) 


0' ⑷ 


Fp(x 0 ,yo,zo,a,(p(a)) 

F q {xo,yo,zo,a,<f>{a))' 


From (ii) and (iii) we find that the points (x, y,z) on the Monge cone K(xq, y 。， z 。） 
should satisfy 


(iv) 


z - z 0 = a(x ~ x 0 ) + b(y - 少 0 )， 
F(x 0 ,y 0 ,z 0 ,a,b) = 0 


where a and b are 
numbers such that: 


X-Xp _ y - yo 


[F p and F q evaluated at (Xo ， >’o ， zo ， a，/))]. 


Now consider a solution u of (1), and let 

2o = u(xo, yo), Po = U x (x 0 , y 0 ), q Q = u y (x 0 , y 0 ). 

The tangent plane of M u at (xq, ^o, Zq) consists of points (x, y, z) satisfying 


Z - Z 0 = po(x - x 0 ) + qo(y - y 0 ). 


Equations (iv) show that points (x, y, z) which are on both this tangent plane 
and the Monge cone K(xq, zq) ought to satisfy 


/s x ~ _ y — yo> _ z — zq 

V Fp _ Fq ~ PoFp + qoFg 

[F p and F q evaluated at (x 0 , y Q , z 0 , p 0 ,q 0 )]. 

Therefore, these points ought to lie along the line through (xq, yo, zo) with 
direction 


(Fp, F q ,p 0 F p + qoF q ) [F p and F q evaluated at (x 0 , y 0 ,z 0 , po,qo)]- 
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We have finally reached the stage where we can make a perfectly sensible 
definition, involving no assumptions at all. Let w be a solution of (1), and for a 
point (xo, yo), define zo, po, and qo as before. We then define the characteristic 
vector of u at (xo, yo) to be the vector 

( 2 ) Fg.PoFp +qoF g ), 

where F p and F q are to be evaluated at (x 0 , yo^o, po,qo )； this vector is to be 
considered as an element of IR 3 (x(> ，： f(> ， z(>). If 从 《 = {(x ， 少， w(x, j))}，then the 
tangent plane of M u at (x 0 , Jo,^o) is perpendicular to the vector 
The vector X{u\Xo,yo) clearly has this property, so every characteristic vector 
of u is tangent to M u , and the set of all characteristic vectors of u forms a vector 
field on M u . The integral curves of this vector field are called the characteristic 
curves of the solution u, and they are clearly curves on M u . 

A characteristic curve c of w is thus a curve in M 3 satisfying the equations 


(3) 


dc\ (r) 
dt 


=/>(•) 


dC2(t) 

dt 


=&(•) 


d ^l = u x {c x (t),c 2 {t)) - i>(#) + « > (ci(0,c 2 (/)) - F q (») 
at 

where • = (cj (t),C2{t),Cy{t), u x (c\(t),C2(t)), u y (ci(t),C2(t))). 


Now if we assume that u is C 2 , then we can also obtain equations for the partials 
Ux(ci(t),c 2 (t)) and u y (cdt),c 2 {t)). For equations (3) allow us to write 


(4) 


du x {c x (t),c 2 (t)) 

dt 

du y {c\ (t),c 2 (t)) 
It 


= U xx {C\{t),C2{t)) ^ ^ + U xy (Ci (?),C2(0)—j|— 

= U xx (Cl(t),C 2 (t))F p (») + u X y{c { (t),C 2 (t))Fg(») 
=U yx (Cl (t) , C 2 (t))F p (•) +Uyy (C { (t) , C 2 (t)) F q (•). 


On the other hand, since u satisfies 


we also have 

( 5 ) 


V)) = 0, 

[ F x +u x F u + u xx F p + u yx Fg = 0 

I Fy UyF u U x y Fjy + >y ^q — 0, 
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where all partials of F are evaluated at (x, y,u(x, y), u x (x, y), u y (x, j)). Thus 
equations (4) become 


( 6 ) 


du x {c x {t),c 2 {t)) 

dt 

duy{cx{t),c 2 {t)) 

dt 


=-F x {m) - u x (ci(t) > c 2 (t)) - F u (m) 

= 一 F〆 .）一 Uy(c\(t),c 2 (t)) - F w (#). 


Let us now define a curve T in M 5 by 


(7) 厂 ⑴ = (ci (t) 9 c 2 (t) 9 C3(t),u x (c\ (t),c 2 (t)) 9 u y (ci (t),c 2 (t))). 

Then equations (3) and (6) may be written 

dm) 


( 8 ) 


dt 

dTiit) 

dt 

dr 3 (t) 

dt 

dr 4 (t) 

dt 

dr 5 (t) 

dt 


F P {r(t)) 

F q (r{t)) 

r 4 ⑴ • &(r ⑴） + r 5 (OA(r(o) 
—F x (r(o)-r 4 (OF„(r ⑴) 
-F y (r(t))-r 5 (t)F u (r(t)). 


Now although the curve T was defined in terms of a solution w, the final 
equations (8) involve only the original equation (1). This will allow us to de¬ 
fine geometrically meaningful objects which do not depend on knowing a solu¬ 
tion u. We may regard a point (xq, yo,zo,a,b) € M 5 as a plane in the tangent 
space R 3 (x(),^o,zo) 9 namely, as the plane perpendicular to the vector (a,b, — \ ). A 
curve T in M 5 may then be regarded as a family of planes, the plane at time t be¬ 
ing in the tangent space of M 3 at c(t) = (H (/), 厂 2 ⑴， r 3 (/)); it will be convenient 
to refer to this curve c as the base curve of T. An arbitrary curve T is called 
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a strip if the tangent vector c'{t) of the base curve c always lies in the plane 
determined by T at time t. This means that 


c'{t) = (r/(0, rV(?) ， r 3 ’(0) is perpendicular to (r 4 (,) ， r 5 (,)， 一 1). 
So T is a strip if and only if it satisfies the strip condition: 


( 9 ) 


dm) 

dt 


r 4( ,)^ + ⑽严⑴ 


dt 


dt 


Notice that any solution of (8) is automatically a strip. A curve T will be called 
a characteristic strip of the PDE (1) if T satisfies (8) and also 


(10) F(V(t)) = F(r,(r), r 2 (0, r 3 ⑴， r 4 (o, r 5 (r)) = o. 

This last restriction is not as stringent as it might first seem, for if T satisfies (8 )， 
then 



^F(T(t)) = F x 
at 


dTx{t) 

dt 


+ •.. + 



^r 5 (0 

dt 


[all partials of F evaluated at r(0] 


= F X F P + F y F q + F z - (T 4 (t)F p + r 5 (t)F g ) 

+ F p - (—F x — F4(t)F z ) + F q - (—F y — r5 (t)F z ) 

= 0 . 


So if T satisfies (8) and also satisfies (10) for one r, then it satisfies {\0)for all t, and 
is consequently a characteristic strip. 

Now how are characteristic strips related to solutions? We have seen that 
if w is a solution of (1), then M u is the union of certain characteristic curves 
[solutions of (3)]. Moreover, if c is a characteristic curve, then the set of tangent 
planes of M u along c gives the curve V of equation (7), which is a characteristic 
strip. So M u is the union of base curves of characteristic strips. 

Now suppose that we have an arbitrary curve E in JR 5 , with base curve o , and 
that F(E( 5 )) = 0 for all 5 . There is a unique solution of (8) through each point 
E(^), and by the remark after equation (11), this solution is a characteristic 
strip. We thus obtain a family of characteristic strips T. The union of the 
corresponding base curves c is a surface M u , containing the base curve a. Is 
it reasonable to suppose now that w is a solution of (1)? The answer is no, for 
there is clearly no hope unless E is also a strip. When this condition is satisfied, 
then everything works out. We will prove that if a : [o,b] M 2 is a given 
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curve, u : [a, Z)] ^ R is a given function, and p,q : [a, 6] ^ R are two functions 
satisfying 

( a ) F(E(_y)) = F(cri ⑴， ct 2 0) ， 5 ⑴，# ⑷， $(j0) = 0 ， 

and the strip condition 

(b) 1 + 阼 ㈣ ， 

as as ds 

then there is a unique solution u of (1) satisfying 

u((j(s)) = u(s), u x (g(s)) = p(s\ u y (a(s)) = q(s) 

[naturally, (b) is a necessary consequence of these equations]. We will clearly 
have to assume that a ’ ⑷ is linearly independent of the vector obtained by pro¬ 
jecting the characteristic vector (2) on the (.x, j)-plane. In other words，we will 

have to require that a ’ ⑷ and (/^(E(^)), F q ( ， L(s))) are linearly independent ， 
or that 

( c ) …’⑴ • ⑷）# cj 2 \s) • F p (^(s)). 

Before we proceed to prove the theorem，we should insert a remark about the 
hypotheses, which will involve o, u, p 7 and q satisfying (a)-(c). At first sight, we 
seem to be contradicting our basic philosophy about first order equations, for 
We se em to be saying that vve can arbitrarily specify not only the values w of w 
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along cr, but also the values p and q of u x and u y along o. This is not really the 
case, for p and q are practically determined by the equations (a) and (b) which 
they must satisfy. This is most apparent when our initial curve a is the x-axis, 
口 ⑷ =(5,0). Then equation (b) already determines p. Moreover, condition (c) 
says that F q _ 0 along {(i',0,w(j),^(^),^(5))}, so the implicit function theorem 
shows that equation (a) can be solved for q(s) in terms of ^( 5 )—there is a 
function 0 with 

F(s,0,u{s), p(s),<p(p(s))) = 0. 

Of course, there may be several possible 0， but once q(0) is determined, there 
will be only one continuous choice of q satisfying (a). [In the quasi-linear case, 
will actually be uniquely determined.] It is not hard to see that a similar 
situation prevails when o is any curve satisfying (c): we are essentially specifying 
only the values « of w along a, and then making certain that we have a contin- 
uous choice of the limited possibilities for p and q. In order to emphasize this 
point we will refer to {u,p,q) as “initial data”，rather than as initial conditions. 

3. THEOREM. Let F be a function of class C k , k > 3, defined in an open set 
U C M 5 . Let o : [a,b] — M 2 be a one-one C k - 1 function, and let u,p,q : [a,b] 
—K be C k ~ i functions such that for all 5 e [ci,b] we have 

(a) L(j) = ((Ti(5),a 2 (^),«(j),p(5),|(5)) G U and F(E(j)) = 0, 

(b) 学⑴与 

as as ds 

( c ) …’⑴ • F^is))^ a 2 \s) - F p (l ： (s)). 

Then there is a C k ~ x function u, defined in a neighborhood V of o{[a,b]), 
which satisfies the equation 

F(x, y, u(x, y), u x (x, y), u y (x, y)) = 0 on V 

and also 

m(ct(5)) = u(s), u x (o(s)) = p(s), Uy(o{s)) = q(s), for ^ e [a,b]. 

Moreover, any two functions u with this property agree on a neighborhood of 
o{[a,b]). 
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PROOF. As in the proofof Theorems 1 and 2, we use Problem 1.5-5 to conclude 
that there is a C k ~ x function a = (ai,... , 0 : 5 ) with 



0?(0,5^) = r for r G R 5 

g 

—ai(t,s,r) = F p (a(t,s,r)) 
ot ▲ 

g 

—a 2 (t,s,r) = F q {a(t,s,r)) 

Ot 

g 

—a 3 (t,s,r) =a 4 (t,s,r) - F p (a(t,s,r)) + a 5 (t,s,r) - F q (a(t,s,r)) 
Ot 

g 

—a 4 (t,s,r) = -F x (a(t,s,r)) - a 4 (t,s,r) - F u (a(t, s,r)) 

Ot 

g 

—a 5 (t,s,r) = -FyiaU^.r)) - a 5 (W ， 小 F u (a(t,s,r)). 


Let 


P(s ， t) = a(t,s,ai (s),a 2 (s), u(s), p(s),q(s)). 


so that ^ is also C k ~ x . In particular, 

fi(s,0) = (at(s),a 2 (s),u(s),p(s),q(s)) = E(s). 


If we define 

r(s,t) = (Pi(s,t),^ 2 (s,t)) e M 2 , 


then the Jacobian of y at ( 5 , 0 ) is 

3 A ‘ 



(s,0) 

3/6 1 

(s,0) 

3B 2 

~W^ 0) 



¥(0 ， s ， E(s)) 
ot 


(<y x '{s) F p {Y.{s))\ u ,、 

= U 2 '⑴ ^(S(5))j yW ’ 

and this is non-singular by hypothesis. So if e is sufficiently small, then y : [a, b] 
x (—£, e) — R 2 is a C k ~ x diffeomorphism onto a neighborhood V of a([a,b]). 
The solution w, if it exists, clearly must be the C k ~ x function 

u(x,y) = P 3 (y~ l (x, y)) or equivalently u(y(s,t)) = ^(s,t). 

We claim that 


n x (y(s,t)) = ^4(s,t) and 


u y (y(s,t)) = Ps(s,t). 
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This will prove that 


F{x,y, u(x,y), u x (x,y), u y (x,y)) = 0; 


for we have already seen (equation 11) that F(a(t,s,r)) is constant for fixed s 
and r，while ^(«(0, .y, E(s))) = 0 by ⑷， so that we will have 

0= F(a(t,s, ^(s))) = F(P(sj)) = F(p x CM), 触， /) ， 触， 0, _ ， 0, A CM)) 
= F(y(sj),u(y(s,t)),u x (y(sj)),u y (y(s,t))). 


To prove the claim, we consider the function 

A = -- P4 - - P5 - y 

as os as 


We have 




ds 


ds 


ds 


0 


by (b). 


Moreover, 

3A 

Jf = 


dt ds dt ds 




dsdt 


dsdt 


d^3 ^4^1 

35*3/ 

3 {^3 R a dp 2 \ 

kUt- 山 .1- 

— a^5^2 _a^4^i _3^a^2 
ds dt ds dt dt ds dt 35 

0 + Fp 'J 7 + Fg 'J 7 + iFx + F ^Js +iFy + ⑽柴 

by (*) [where all partials of F are evaluated at P(s,t)] 

Fx -J7 + Fy -li + Fu --di + Fp -17 + F ^ 


ds 




，(賴 -心 A 
一心 .△， 



And Now a Brief Message from Our Sponsor 


25 


since we have already seen that F(P(s,t)) = 0. Now for each fixed 5, we have 
an ordinary differential equation 


dA 


-Fu - A, 


with the initial condition 

A(^,0) = 0, 

so the unique solution is A(s,t) = 0. In other words, we have shown that 


dh 

ds 


4+4 


Also 




by (*). 


On the other hand, differentiating the definition u(y(s,t)) = 03( 5 ，’) g^ ves 

誓 = My(M)). 警 + • 警 . 

These last four equations give two solutions for two linear equations in two 
unknowns, whose determinant 


det 


is ^ 0 for (s,t) e [a,b] x So the two solutions must be the same ， i.e .， 

u x (y(s, /)) = ^ 4 ( 5,0 and u y (y(s,t)) = 0 ? 


dpi 

邶 2 

ds 

ds 

姊 

dPi 

IT 

JT 


as desired. 

We will say that the initial curve a is free for the initial data w, p,q when 
condition (c) in Theorem 3 is satisfied. Thus we can solve the Cauchy problem 
for a first order PDE (1) for any initial strip S = (aj,a 2 , w, p,q) for which the 
initial curve o is free for the initial data w, p, q. 
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Again we consider the case where our initial curve o fails to be free for 
the initial data S ， p ， q in the worst possible way, namely when a ’ ⑴ and 
(Fp(I^(s)), FgiHis))) are everywhere linearly dependent. Once again we say 
that g is characteristic for w, p,q. Assuming that o is an imbedding, we can 
reparameterize o so that = (F^(E(5)), ^(S^))). This gives us the first 
two equations in (8) for the curve (aj,^ 2 , fi, p,q)- The third equation of (8) is 
just the strip condition (b). The argument on pages 18-19 shows that these 
three equations imply the last two if there is a solution u of (1) with 

m(ct(5 )) = u{s), u x {o{s)) = p{s), Uy(a(s)) = q(s). 

So when o is characteristic, the Cauchy problem is solvable for the initial data 
u, p,q along o only if (cri,cr 2 , u, p,q) is a characteristic strip. When this is the 
case, there will be infinitely many solutions with this initial data along o. The 
base curves of characteristic strips are the intersection curves of the graphs of 
different solutions meeting tangentially. 

We can now describe the situation for first order PDE’s in « variables very 
easily, without bothering to write down all the results as formal theorems. Con¬ 
sider first the quasi-linear PDE 

n 

^Ai(xu...,x n ,u) . u Xi = C(xu...,x n ,u). 
i=\ 

The characteristic vector field of this equation is the vector field X in R w+1 
defined by 

i = l 

the integral curves of X are the characteristic curves of the equation. As in the 
case w = 2, it is clear that if w is a solution of (1), then the hypersurface 

M u = {(xi,...,x„,m(xi,...,x„))} CM” +I 

is a union of characteristic curves. Now suppose we are given a one-one map 

g <£) - > M w , 

where <£) C is a compact (n — 1)-dimensional manifold-with-boundary, 

and a function u: D ^ R. We can produce a solution u of (1) with 


"( 汀⑴） = u(s) for 3\\ s e D 
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by taking the union of the characteristic curves through all points ( 0 ^( 5 ), w(^)) e 
政 《+i The proof is exactly analogous to the proof of Theorem 2, except that 
we will now require that the matrix 

⑴ … Z)„-iai(s) /4 1 (a(i),M(s)) 

D^r n (s) … D„-iO„(s) A n (o(s),u(s)) 

be non-singular for all s e D. This means, first of all, that the matrix (DjGi(s)) 
must have rank « — 1， so that a is an imbedding and o(D) C M w is a hypersur¬ 
face. In addition, the vector (^4i(a(.s), w(^)),..., y4 w (cr(.s), w(^))) must not lie in 
the tangent space of cr(5)); we express this by saying that the “initial manifold” 
a(c£>) is free for the initial condition u (for linear equations the initial condition u 
is irrelevant). Thus we can solve the Cauchy problem for any initial condition 
along an initial (n — 1)-manifold which is free for the initial condition. 

Now we consider the general first order PDE 

^(*^1 5 • • • ? Xfi , U (Xj, • • • ， Xfj )5 (^1 5 • • • ? )，•••， ^Xn (*^1 ， • • . ， Xw)) = 0. 



We denote the partials of F by 


Fxi ， F u ， F Pi . 


Consider curves T in M 2/I+1 satisfying 


dTjjt) 

dt 

dr n+1 (t) 

dt 

^^n+l+iU) 

dt 


=/^(r ⑴） i = 1 ， • • • ，” 

n 

/ =1 

^ -F Xi {T{t)) ^T n+l+i (t)F u (T{t)) 



…, n. 


As before, we easily check that if T satisfies these equations, then F(r(0) is 
constant in t. A solution T with F(T(0) = 0 for all t is called a characteristic 
strip. Now suppose we have a one-one map 

a: 5) M w 


with c£) C R n ~ l as before, and functions 


u, p\,..., p n : cD M 
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with 


F(^(s)) - (J n (s), u(s)J { (s),..., p n (s)) = 0 for all 5 G 5). 


Then there is a unique characteristic strip T through each point 2(5), and the 
union of the corresponding base curves is a hypersurface M u . In order for the 
function w to be a solution to our PDE we will need two conditions, which 
allow us to extend the proof of Theorem 3 essentially without change. First, 
the matrix 

Dicji(s) ... D n -xa x {s) F Pl (l ： (s)) 

• • • 

. • • 

. • • 

D x o n {s) ... D n - X o n (s) F Pn (l ： (s)) 

must be non-singular. Thus o{S)) C must be an (n — 1)-manifold, and 
/> W (I ： ( 5 ))) must not lie in its tangent space—once again, we 
express this by saying that the initial manifold o(S)) is free for the initial data 
u, p\,..., p n - Second, we must have 




dS 

dsj 


E 氣 


3 07 

dsi 


In terms of S, this condition reads 


dsj 




dZi 


and is called the strip manifold condition. If we think of a point (:\ ： i, • • • ，二， 
pu...,p n ) in M 2w+1 as a hyperplane in R n+ \ X]y ... lXn ,z), namely as the hyper¬ 
plane perpendicular to the vector (/?i ，•••，/?«， 一 1)，then U — IR 2 ” +1 may 
be regarded as a family of hyperplanes along the (n — l)-dimensional subman¬ 
ifold (<£))• It is easy to see that E satisfies the strip manifold condition if and 
only if the tangent space of g(£>) at any point (j(s) always lies in the hyper¬ 
plane determined by E at We may summarize by saying that we can solve 
the Cauchy problem for any strip manifold (cri,..., G n , u, p\,..., p n ) for which 
the initial (n — l)-dimensional submanifold g(S)) is free for the initial data 

o o o 

U ， Pi ， . . • ， Pn . 
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2. FREE INITIAL MANIFOLDS 
FOR HIGHER ORDER EQUATIONS 

In the previous section we found that the characteristic curves or characteristic 
strips for first order equations were the clue to solving them, while the free 
hypersurfaces were the appropriate initial manifolds for which we could solve 
the Cauchy problem. For higher order equations things are not nearly so simple, 
but we can at least decide at the outset what the free initial manifolds ought to 
be. To do this, we will first consider the special case where the initial manifold 
is M = {x ^ ! x n = 0} C 

First a review of the situation for first order equations. For the quasi-linear 
equation 

n 

〉: A I (x j,..., Xfi , w) • u Xf — C (x i,..., Xfj ， w) ， 

/ =1 

the manifold M = {jc G — 0 } is free for the initial condition w on M if 

and only if 

A n {x\,..., x„_i, 0, w(xi,..., x n ^\)) #0 on M. 

If this condition holds, then in a neighborhood of M we can write our equation 
as an equation for u Xfl in terms of u and the other u Xj : 

A.i (x \,..., Xfj, u) + C (xj,..., u) 

Uxn - A n (x\,...,x n ,u) Xi A n (x\,...,x n ,u) 

i=i 

~ 1 5 • • • 5 ^ ^ X\ 5 • • • 5 ^ X ft—] ) ? 

where the function / is defined in a neighborhood of all points 

9 • • • 9 P\ ， • • • ， Pn_lh 

On the other hand, if M fails to be free at some point, then our original equation 
gives us a relationship between the u Xi for i < n, which means that there are 
additional conditions which u would have to satisfy for a solution to exist. 

For the general first order PDE 

F(x, w(a ), u Xl (x),..., u Xn (a )) = 0 [x = (xi， …” Y„)]， 

the initial data 各 ， pu • • • ， Pn must satisfy, using as an abbreviation for 

Xi ， • •. ， , 

(a) 0 = F (.Y \ .../i— 1 9 0, u (x 11 )5 p\ (a"i ...n—\ )? • • • 5 Pn (r^l— 1 )) 
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as well as the obvious compatibility conditions 


(b) 


du 0 

矿巧— 




which is what the strip manifold condition on page 28 boils down to in this 
case; otherwise expressed, the initial value w of w along M already determines 
the values of u Xi along M for i < so the only other initial data that we need 
is a value p n of u Xn along M satisfying (a), when the pj for j < n are defined 
by (b). Now M is free for this initial data if and only if 

^ 0 on M. 


In this case, the implicit function theorem tells us that there is a unique func¬ 
tion / defined in a neighborhood of any given 

• = (*Xl , • • • , Xfi — 1 ， 0， W (Xl ， . . • 9 Xfl — 1 P\ (-^1 5 ... 5 Xfl 一 1 ptt — 1 ( 又 1 5 ... 5 Xfi — 1 )) 


such that 

j F(x, Z, , p n -u fix, z, , p n -x)) = 0 in this neighborhood 

I /X.) = Pni^l ， • • • ，久《一 1). 

So our PDE is equivalent to the equation 

w Xfj = ， • • • ， X/l ， "，以 Xi ， • • . ， “X/1 — 1 ) 

expressing u Xn in terms of u and the other u Xr On the other hand, if M is 
not free at some point, so that /^(SQo)) = 0 for some So, then we generally 
cannot find any continuous initial data p n satisfying (a). 

We will now generalize this discussion to decide when M = {x e R n : x n = 0} 
should be called free for a second order equation. First consider the quasi-linear 
second order equation 

n 

⑴ E ^ij^XiXj = C, 

where the functions A" and C depend not only on .vi,..., x n , and w, but also on 
the u Xr It seems reasonable that the initial conditions for the Cauchy problem 
should be the values u,p\,...,p n of u and its first derivatives on M. But, as 
wc have already noted, u already determines the Pi for i < n. So the initial 
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conditions for the Cauchy problem* should be the values u, p n of u and u Xn 
along M. For the PDE (1) we will define M to be free for the initial conditions 
u, p n if (recall that we are using as an abbreviation for Xi ， • • • ， 

— ^nn 1 ， 0 , —i ), p\ —1 )，•••，pn 1 )) 

_ 0 on M, 


where pi = du/dxi for i < n. If this condition holds, then in a neighborhood 
of any point of M we can write our equation as an equation for u XflXfl i n terms 
of w, the first partials u x ” and the other second partials u X(Xj : 


山』 t C 

= — 2-j ~A~ UxiX i + ~J~ 

t ^nn ^nn 

仏 ）)/(«，《) 

~ f 5 - - • ， Xn ， U ， U Xl , • • . ， U Xf1 ， • • . ， tl X jXj ，•••), 

[(^y) («，《)] 


where the function / is defined in a neighborhood of all points 

(*^1 ...n 一 1 ， 0 ， W(Xi …” 一 1)? /^1 (*^1 ...n 一 1)? • • • ? pn (*^1 ...w 一 1 )j • • • ? pij — 1)，• • •）• 

Now consider the general second order equation 
(2) F(x, u(x 、， ... ， u Xi (x)，.. • ， u XiXj (x), ...) = 0. 

Appropriate initial data will be functions 

o o o 

w, Pi, Pij 

satisfying 

(a) 0 = F(xi...„_i,0, , pi(x u ..n-i), ... ， Pij{xu.. n -i ),...) 

=F(S ⑴)’ 

*To avoid any confusion about the basic philosophy of the Cauchy problem, we em¬ 
phasize that for a quasi-linear second order equation, the “initial conditions” G，are 
completely arbitrary, while for the general first order equation the “initial data ?, p n must 
satisfy (a) on page 29, and are essentially uniquely determined by the value at a sin¬ 
gle point—we have to include p n in the initial data just to show which of the possible 
solutions of (a) we are considering. 
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du 

dxj 

- Ph) 

j <n 

^ R. 

^ m _ 
dxj 

o 

=Pij 

i <n, j < n; 



in other words, we really need only u, p„, p„„ satisfying (a), when the other pj 
and pij are defined by (b). For the PDE (2) we define M to be free for the initial 

t O O O .p 

data u, p n , Pnn it 

F Pnn(^( S )) /° ° n M 

In this case there is a unique function f defined in a neighborhood of any given 
point 

• = —i, 0, u{X\_.n—\)^ . • . ， Pii^\...n—\Pij ( x l...n —\)，...） 

[O', j) / (n,n)] 

such that 

I F(x, z, … Pi … pij ... fix, pij ...))=0 in this neighborhood 

I /(•) = pnn (-^-1 9 * • • 9 ^n—\ ) - 

So our PDE is equivalent to the equation 

XfjXfi ~~ f 、乂 1 ， . . . ， Xw ^ W, . . . , W Xj •• .) WJ) # («，《)] 

expressing u XtjXn in terms of w, the partials u Xn and the other second partial 
derivatives u XiXj . 

Now we are ready to decide when an arbitrary {n - "-dimensional subman- 
ifold M C M” should be called free for a second order PDE. Again we begin 
with the quasi-linear equation 

n 

( 1 ) [ AijU XiXj — C. 

/,J=1 

It seems reasonable that the initial conditions for the Cauchy problem on M 
should be the value w of w on M, together with the normal derivative u' of u 
on M, 

，…，- + h. v{p)) - u(p) 

u (p) = lim - ； - , 

h^o h 
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where v: M — M w is the unit normal on M. This normal derivative is the 
same as 

W (/?) = ▽!；(/?) “， 

where V denotes the ordinary covariant derivative in W 1 . From the value w of w 
on M we can calculate any directional derivative Vx p u for which X p is tangent 
to M at p. So from u and u f we can calculate all directional derivatives 
for p G M and Y p G M%. 

Now choose a diffeomorphism (f>:M. n —> such that <f>(M) C {x G ： 

x n = 0}. We look for a solution of (1) of the form u = u o (f>. Substituting the 

u Xi — ^ ^x k ' <!> k Xi 

k 

UxiXj = W X/c Xf </> k Xi <t>^Xj + ^X^^XjXj 

k,l k 

into (1)，we obtain a quasi-linear equation for m, 

n 

( 1 ’） ^ Aiju XiXj — C. 

Prescribing the value w of w on A/ is equivalent to prescribing the value m of w 

on {x e R n : x n = 0}. If we also know w’ on M, then we know all directional 

derivatives of u on Af, and consequently all directional derivatives of u on 

{x G R n : x n = 0 }; in particular, we know du/dx n . So solving the Cauchy 

problem for (1) for the initial conditions w, u f on M is equivalent to solving the 

• 2 2 

Cauchy problem for (1’）for given initial conditions u, p n on {x G R n : x n = 0}. 
Now we ask: what conditions on (A/, u, u f ) will make {x G M w : x n — 0} free 
for the initial conditions u, p n for equation (1’)？ In other words, when will the 
coefficient A nn of u Xf1 x n in (l^ be non-zero? From the derivation of equation (l 7 ) 
we see immediately that 

Ann = 

iJ 

Since M = (沴”广 1 ⑼， the vector (<f> n Xl ，…， 4> n x n ) is a multiple of the normal v 
of M (compare pg. II. 113). So for the PDE (1) we define the (n — 1)-dimensional 
submanifold A/ C to be free for the initial conditions u,u f if 

AijViVj #0 on M 
hj 

(in order to write this equation out for a point of M, we have to know the 


expressions 

(*) 
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values of u and the u Xi at this point, since these occur as arguments of Aij ； but 
we can compute these from the initial values u,u f ). If M is free for the initial 
conditions u y u\ then equation (1) with the initial conditions u,u f is equivalent 
to an equation for a function u expressing u Xn x n in terms of w, first partials 
of u, and the remaining second partials of w, with initial conditions giving the 
values of u and u Xn at points (x\,... ,x„_i,0). 

Now consider the general second order PDE 

(2) F(x,u(x),...,u Xi (x),.. .? ^ Xi Xj (X )，...） =0. 

Appropriate initial data for the Cauchy problem on an (n — 1)-dimensional 
submanifold Af C will be functions 

o o o 

U ， Pi ， Pij ， 

giving the values of u and its first and second partial derivatives on M. Of 
course, the pi can be determined by giving the normal derivative u f along M, 
which can be prescribed arbitrarily. But the ptj must satisfy 

⑻ 0= F(x,u(x ),..., p/(x),..., ptj (x), ...)=0 for x e M, 

as well as certain compatibility conditions; if M is the image of the map 

(*^15 ••- "w —1) ^~• • • •> — 1 ) ， ..• ， ($1 ， • • • ， S/i - 1)) 6 股， 


and we regard w, pij as functions of (^j,..., 〜一 i)，then these conditions can 
be written as 


(b) 


r» O ft rj 

Oil \ ' o 0(X( 

j / =i j 

rj O tl q 

^ Pi o 

^rh Pir w 


Once again, choose a diffeomorphism 0: M w ^ R w such that (f>(M) C {x e 
R n : x n = 0}. and consider a solution of (2) of the form u = u o<j). Equation (2) 
is equivalent to a second order PDE for it 

(20 F(x,u(x),...,u Xi (x),..., u XjXj (x), ...) = 0 ， 
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and prescribing the functions w, pi, ptj on M is equivalent to prescribing func- 

tions w, Pi, Pij on {x e R n : x n = 0} which satisfy the conditions (a) 
and (b) for the equation (2’）on this initial manifold. We want to know when 
{x € R n : x n = 0} will be free for this initial data; thus we want to know when 
Fp nn , evaluated at suitable points, is non-zero. Since we get equation (20 by 
substituting (*) into (2), we easily see that 

n 

ij=l 


So for the PDE (2) we define M to be free for the initial data u, pi, pij if 

^ ^ 0 on M 


(in order to write this equation out for a point of M we need to know the values 
of w, u Xn u XjXj on M, which are given to us). If M is free for the data 5, pi, p^j , 
then the Cauchy problem for the general second order PDE (2) is equivalent to 
the Cauchy problem for an equation for a function u expressing u Xn x„ i n terms 
of u, first partials of w, and the remaining second partials of u. 

As in the case of first order equations we define M to be characteristic for 
the initial data w, pi, pij if M fails to be free in the worst possible way, that is, 
if 

Fp n ViVj = 0 on M. 
i、j 

Since we will never consider PDE’s of order higher than 2, we will not bother 
to carry out a similar discussion for these equations. We merely note that with 
the appropriate definitions, solving the Cauchy problem for a k th order PDE 
when the initial manifold is free for the initial data is always equivalent to solving 
an equation 


d k u 

dx n k 


⑴ =/ Lv,w(a),..., 


d l u 


dx\ il . . . dx n i}l ’ … 


in which the order i n of any partial on the right with respect to x n is < k — l, 
with initial conditions for 




d k ~ l u 

l ， 0 )， • • • ， ~ fc—\ (*^i ， 


， ^n—\ 5 0 )* 
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3. SYSTEMS OF FIRST ORDER PDE，s 

For an ordinary differential equation 

(1) U f {x) = f(x,u(x)), 

we found that the existence of solutions was no harder to prove for the case of 
a function w : M than it was for the case of a function u : M M. So we 

could consider (1) to be a system of equations 

Ui\x) = fi{x,u\{x),...,u n {x)). 

This enabled us to solve an n th order equation 

(2) u M (x) = f{x, u(x), w'(x )， • • • ， u {n ~ l) (x)). 


for equation (2) is equivalent to the system of equations 


u = U\ 
— u 2 


( 3 ) 


Un—2 = ^n—\ 

‘ U n ^\{x) = f(x,u(x), …， “X)). 

More precisely, if u satisfies (2), then (w, w ’， …， w (/I — 1} ) satisfies (3); conversely, 
if satisfies (3), then u satisfies (2) [and moreover u t = w (z) ]. 

Since (3) can be solved with any initial conditions (u(xq), • • • ， u n —i Cx 。 )) ， equa¬ 
tion (2) can be solved with any initial conditions m(a ： o), w’(x 。 ) ， … ， w ( 卜 "(xo). 

There is no such general theorem about systems of first order PDE’s. If there were, 
the study of PDE’s would certainly be much simpler, because, as we will now 
point out, the Cauchy problem for any PDE can be reduced to the Cauchy 
problem for a system of first order PDE’s. Because of the considerations in 
the previous section, we will assume that the partials of u with respect to one 
of the variables, which we will call y, are explicitly expressed in terms of the 
partials with respect to the other variables, which we will call x\,... ,x n . Thus 
we consider the equation 


d k u 

dv k 


= f x ， j ， w(x ，_>，），•••， 


d l u 


3 a ：! 1 * 1 ... 少厂 •’ 
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the partial derivatives appearing on the right are all of order l < k, and the 
order j with respect to y is < k — \. 

In the now-standard trick* for this reduction, we might as well allow our 
equation to be a system itself; in other words, u can be a vector-valued function. 
If we let Ui = du/dxi and v = du/dy, then we have 

2 — 

d k ~ x u _ dy _ d k ~ 2 v 
dy k ~ x dy k ~ 2 dy k ~ 2 


d k ~ l Uj 

dy k ~ l 


d k ~ l 


du 

dxi 


dy k ~ x 


3 d k ~ l u 
dxi dy k ~ l 


A 

3 dy 3 d k ~ 2 v 
dxi dy k ~ 2 dxi dy k ~ 2 


d k ^ l v 

dy k ~ l 




with obvious initial conditions for w, wj,..., u n , v. Notice that the order of all partial 
derivatives of u with respect to y on the right is now < A: — 2, so that this is a system of 
order < A: — 1; conversely, this Cauchy problem for this system of (vector-valued) 
functions w, Wj,..., u n , v gives us a solution for our original Cauchy problem. 
Thus，by repeating this process enough times we finally obtain a system of first 
order PDE’s. 


As a simple specific example, where the notation will be less abstract, consider 
the Cauchy problem for the equation 


^yy = 少， “ ， Ux ， My ， ^xx-i “at 少 ). 

We want to introduce U\ for du/dx and v for du/dy; for convenience, we will 
simply use a for du/dx. Then our Cauchy problem is equivalent to a Cauchy 
problem for the first order system 


u y = v 

(*) C(y = V x 

v y = f{x,y,u,a,v,a x ,v x ). 


for (w,a, v). 

* From mimeographed notes, J. F. Treves, Ovsjannikov theorem and hyperdifferential operators ， 
Notas Mat. 46 (1968); see L. Nirenberg, An abstract form of the nonlinear Cauchy- Kowalewski 
theorem^]. Differential Geometry, 6 (1972), 561-576. 
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Yet one further simplification is possible: we can reduce any first order system 
u l y = F(x, j ， ... ， w 夂 … • ， u j x ,...) 

to a quasi-linear system. To do this, we simply introduce new functions p 7 
(representing du/dxj) and consider the system 

u l y = P (x ， 少， •.. ， w 夂 . •• ， 〆 ，.••） 

P \ = f\ + J2 F % - + E pi P< ■ p j - 

j J 

For the system (*)，instead of using the p j notation, let us use* 

p for u x 
r for a x 
s for v x . 

Then the Cauchy problem for (*) is equivalent to a Cauchy problem for the 
system 

u y — v 
a y = s 

v y = f{x,y,u,a,v,r,s) 

(**) 

Py = v y 

Yy = S X 

Sy = fx + fu ' P + fa ' r + fv ' s + fr ' f'x + fx ' S x . 


4. THE CAUCHY-KOWALEWSKI THEOREM 

In this section we will consider the most general system of first order quasi- 
linear equations in the variables x!，• • • ， x n , y, where the partials with respect 
to v are expressed in terms of the partials with respect to xj,..., x n . We thus 
have N equations for N unknown functions u\ 

3 N n 

” Y , 少， Wi ， ... ^ u n) 

J /S=l / =1 

+ 万 0? (义 1, • • • 9 Xfi ， J<’ ， Wi，. • • ， KN、. 


dup 

dxi 


* For second order equations in 2 variables, the symbols p ， c/，/*，f are customarily used 

for U X ， Uy^ U X X^ 以 X 少， Uyy. 
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o 

[Notice that the symbol ... ,x n ,y\ wi,..., u^) is really an abbreviation 

for 

a 

x n , y, u x (x\,x n , y),... ,u N (x\,.... x n , y)), 

and similarly for B a .] We will prove that this system of equations has a solution 
wi, •.. ， wat with given initial conditions 

“a (Xl ， • • • ，々， 0) = (^1 ? • • • 5 ^n)- 

The hitch is that we will have to assume that both the coefficients B a and 
the initial conditions are real analytic. Recall that a function /: [/ C — M 
is real analytic if it can be expressed as a convergent sum 

oo 

〉: ^o\ ...o m (-^1 ~ a \)° X * • * i^m ~ a m)° m 
，…， aw=0 

in a neighborhood of each point (a \,..., a m ) in its domain. We will also write 
this in the abbreviated form 

^c CT (x - af. 


4. THEOREM (THE CAUCHY-KOWALEWSKI THEOREM). Let (a = 
1， … ， W) be analytic functions in a neighborhood of (^i, .. .,a n ) in set b a = 
... ， a„)，and let A^ ai and (a,P = i — 1, •••，《) be analytic 

functions in a neighborhood of («i, … 為， 0, /?i, •••，〜）in R 料 w+1 . Then 
there are unique analytic functions Wi ， … ， w at in a neighborhood of (ai,..., a n ) 
in satisfying 


du a 

3 少 ’ 


N n 

=Wi, . U N ) 
P=l / =1 

^ct (X1, . . . , Xfi ，少 ’ ， W i ， . • • ， W W) 


with the initial conditions 


dxi 


，•••，•'、， 0) 二 & (，Yi ， • • • ， X n ). 

PROOF. We first make three slight simplifications. 

(1) We can assume that all at — 0. For if we define 

Ua 1 ， • • • ， ，少） = Ua(^\ + “1，•••，-'«+ 0«， J ’)， 
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then our equations and initial conditions are equivalent to equations of the same 
sort for v a , 


9u a 
3 少 


+au 

P=\ i=\ 


• • • 9 


x n +a„,y,vx,...,v 



+ ( 义 1 + ai ，...，~\~ (Xu, y ^ V\,. • • ， v n 、 ， 


with the initial conditions 

Vqi (x — (-^i ~h ^ 1 5 ... 5 + a”) • 

The functions ^ a (xi,..., x„) = ^ a (x\ + a u ... ,x n +a n ) are analytic in a neigh¬ 
borhood of 0 in R n , and the coefficients of the new equation are analytic in a 
neighborhood of (0, • • • ， 0,0, 仏 (0, •••，())，••. ,^(0,... ,0)) in ^+” 十 1 . 

(2) We can further assume that the are all 0. For if we now define 

(-^ 1 ， •… ， ■^« ， y^) ~ ^ct (*^1 ?... 5 5 y ) — (-^1 ， • • • ，义《)， 


and for abbreviation set 

C]^ — vj^ -\- ,..., x n ) k = \ ， • • • ， N ， 


then our equations and initial conditions are equivalent to equations of the same 
sort for the v a , 


/4f ; (Xi,..., x„, y, Cl, . . . , Cat)^ 
y p=l i=\ Xl 


N n 




r N n 


.. .,x n , y,Ci,..C n) - (- Y 11 

L ^=l 1 
+ (-Y C 1 ， • • • ， Cfsf ) 


. ， x w ) 


with the initial conditions 

Uq ? (义 1 ， . • • ，， 0) = 0. 

Notice that the coefficients of the new equation are analytic in a neighborhood 
of Oin R ;v+W+1 . 
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(3) We can assume finally that the and the B a do not depend on y. For we can 
consider the equations in + 1 unknowns rj ， ui, … ， un, 


dy 


dy 


N n 

— > : 〉 : (Xi 9 , Xfi 

p=\ i=\ 

+ 方 a (义1 ’ . . • ， X / i ， " ，以 1 ， • • • ， “ A /")， 


dup 

dxi 


with initial conditions 

T]{X\, ..,, x n , 0 ) = 0 

(-^ 1 ， ... ， X/i ， 0) =0. 


To sum up, we can consider equations 



9w a 

dy 


N n 

― 〉:〉: ^(xi 1 ? • • • ? ， “ 1 ， • 

P=\ i=\ 




du 



+ 万 a (Xl ， • • • 9 5 ^ 1 ? • • • ， M N、 

with initial conditions 

(2) u a (xi,..., x n , 0) =0; 

the functions and B a are analytic in a neighborhood of 0 in and we 

are looking for a solution w in a neighborhood of 0. We expand the analytic 
functions and B a around 0 as 

⑶ 4 /( 久 1 ， … . ， x n , z \• 9 ^n) = a ai ； G] y ...,G t1y z\,... y T N X ^° l ... x n° n z \ Tl ... Z N N 

=y a p . x a z z 

CT，r 


(4) Ba , . . . , X n , :i ， • • • ， : w) = 〉: t>(x ； (j\ ， .” ， o>i ， r] l 1 • • • n ^l 1 • • • ^ 

= ^b a . 0 ^x a z x . 

cr，r 

We claim, first of all, that there is at most one analytic solution 

(5) "a hi ， •.. ， X/i ， J’) = > ^a；gi ”” ， <7， l ，/pXi 1 • • • n y p 

= ^a;<7,p- yg > ，P 
<7，p 
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of (1) and (2). We just have to show that the coefficients c a%a ^ are completely 

o 

determined by those of A P ai and B a . From the particular way they are de¬ 
termined, we will then be able to show that the resulting series (5) converges, 
thereby also proving existence. 

For a given "-tuple cr = (crj,..., a„), let a + 8( be the «-tuple 

(J ~h = (0*1 ， . . . ， 07 + 1, .. . , (Jfj). 


Then if the u a are given by (5), we can write 
(duf 


( 6 ) 


dxf 

du a 

dy 


(x u ...,x„,y) = ^(cr, + \)cp ;a+&hP x a y p 


o,p 


{X\, . . . , Xn-, y) = 〉 ： (P + • 


o,p 


So if the u a in (5) satisfy (1), then 
x ) c ot\o, P +\X a y p 


⑺ 




N n 


P=\ 1 = 1 ^ ’ \ O'P 

• + \)cp, G+8i ,pX <J y p 




r 


<7，/0 


^b a .^ x x a {y^c x . a ^x a y p \ ■■■{y^c N . a%p x a y p 

(j，r ^ o,p 


v x N 


Now there is no need to become unduly frightened by this expression. After we 
expand everything out, we will have an expression of the form 

( 8 ) + ^)^a\o,p+\^°y P — Pa,G,p(^ 

hw ， bb ， v ， c b， v ) 

0,P Ct,G,p 

=X! p a,G,p(d,b,c) for short, 

ct,a,p 

where each P a ,a,p is a polynomial in certain of the 吃••从 /x,v，and Cf :/x v . 

Just which of these appear as arguments of P a ,G,p depends on (a, p)\ the only 
important thing for us to note is that 

(A) Pn P depends only on those with v < p. 
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Notice that all the information in equation (1) enters into (8) as the arguments of 
the polynomials P a ， G ， p . These polynomials themselves do not depend on the A p ai 
or B a , or on the 


(B) 


The polynomials P a ,a,p are “universal polynomials” 
depending only on N and n. 


Finally, we note that 


(C) The coefficients of P a ,o\p are non-negative integers. 


Now if (8) is to hold for all sufficiently small (Xi, • • • 少 ）， then we must 
have 


⑼ （P + 0^a ； CT,p+l = 

Together with the initial condition (2), which gives us c a;a ,o = 0, we can now 
calculate all c a;(7 ， p recursively from (9), since (A) shows us that the right side 
involves only with v < p. This proves uniqueness. 

To prove existence, we must show that the series (5) converges, when the 
c a;a ， p are computed from (9). We will show absolute convergence for sufficiently 
small (xi,... ,x n , y). This is done by the following trick, called the method of 
majorants. Consider another set of equations 



9w a 

9y 


N n 

— 〉:〉: ^ 1 ， • • . ， -Y/i ， W i ， • 



• • ， ^n) 


dup 

dx[ 


H - ^ct (>V 1 9 , Xfi ^ U\ ^ ， uN 、 


which “majorizes” (1)，that is, which satisfies 

(10) I ' ~ for all ^,T],j,/x,v. 



44 


Chapter 10, Section 4 


Suppose that equation (F), with the same initial condition (2)，has an analytic 
solution 

(5 ’） u a (Xi ， •. • ， x” ， 少 ） = 〉 ： ^a\o,p ^ • 

CT，P 

Then we must have 

(8 ， ) (p ~\~ l)^a ； CT,p+l ~ 尸严)， 

where, by (B)，the P a ' 0 ' p are the same universal polynomials as in (8). We claim 
that we can then conclude that 

(11) ka;a,/ol ^ ^a ； G,p' 

The proof is by induction. It is clear for p — 0. Now assume it is true for p. 
Then 

ka;a,p+l I = 1 — ~ I Pa,a,p( a ^ ^)1 by (8) 

P+ 1 

< —*-r^,a,p(|a|,|6|,|c|) by (C) 

P+ 1 

< —^—Pa,(j,p(a,b,c) by (C) and (10) 

P+ 1 

= ^a ； a, p-hi by (8 ). 

This completes the induction proof. But now the convergence of (5')，together 
with (11), proves the absolute convergence of (5). So the proof of the theorem will 
be complete once we show that some majorant of equation (1) has an analytic 
solution. This will be comparatively easy. 

For some r > 0, the power series (3) converges for the point (x,z) with all 
Xj — z^—r. Then the terms 

Y ^\ +…- hr.v 
u ai\oX 

in this infinite sum must approach 0， and consequently are surely bounded: 
there is some M with 

a M 

\a^.. I < - 

ai r — cl i + — hryv 

for all a, r. For r small enough and M large enough, this equation holds for 
each < N and / < n. Similarly, we can assume that we have the same 
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estimate for each \b a - 0yT \. We thus also have the weaker estimates 
I 卢 , il I . ^ (ai H - 1- ⑽! 

la a / ;a ， 7 ： l’ I a\a,T\ — r a,-f...-f rA r 0*1! … • 


So if we take 冱 a r and b a - 0 ,x to be the expression on the right side of this 
inequality, then equation (1') majorizes equation (1), and we just have to show 
that the solution of (1') with the initial condition (2) is analytic. Since 




cr，r 




X \° /Z\ T (ai + • • • + Tat)! 


補 © 

<r,T 

M 

,Ul + • • -+Zn) 


0*11 ••- X]^\ 


we are dealing with the equations 


M 


dUq _ _ 

dy , ( 々 +•.• + u N ) 

1 —- 

r 

u a (xi ， ... ， >X/| ， 0) = 0. 


/ N nr, 、 

砮 +i 


/6=i 


Since the equations for the different u a are all the same, and since the Xi enter 
only in the combination X = x\ + • • • + x n , it seems reasonable to look for a 
solution with all 


u a {x\,.. .,x n ,y) = U(x\ + - • + x n ,y) = U(X,y). 
This gives us the single equation 

du m f AT du \ 

a 7 = 一 F^vt 7 r"a 7 + 1 j 

. 1 - r^ 

,(/(i ， o) = o. 


This is a first order equation, and hence one which, in theory, we can deal with. 
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The simplest thing，at the moment, is just to check that 

r - X \/(r - X) 2 — 2N(n + \)Mry 
U{X,y) = (n + \)N A^(« + 1) 

is the desired solution, and that it is analytic in a neighborhood of 0. ❖ 


Although the Cauchy-Kowalewski Theorem is the most general result in the 
theory of PDE’s，its usefulness is greatly restricted by the fact that both the 
coefficients and the initial conditions must be real analytic. We would naturally like 
to know whether these hypotheses are somehow dictated by the very nature of 
the problem, or whether they represent merely a defect in our method of proof. 
[One source of difficulty may be the fact that in one respect the theorem proves 
too much, since it is formulated for an arbitrary system of first order quasi-linear 
equations. Although it would be nice to solve any such system，this problem 
does not bear directly on the problem of solving a single higher order PDE ， 
because only very special sorts of systems of first order equations are derived 
from higher order equations; given an arbitrary system of first order equations 
with initial conditions, we generally cannot find a single higher order equation 
with initial conditions that is equivalent to it.] 

The necessity of having analytic coefficients in the Cauchy-Kowalewski Theorem 
is demonstrated by the famous example of Hans Lewy [1 ] ， 


dx\ 

du 2 

dx\ 


du2 

dx2 

du 


du\ du 】 W/ 、 

2x2 d7 3 ~ 2xi d7 3 ~ f(X3) 


du\ du 2 

d X2 +2xi dT 3 ~ 2x2 d7 3 - 


If / is C°° but not analytic, then this system has no solutions at all (let alone 
solutions with arbitrary initial conditions). By the way, this system can be 
considered as the following single equation for the complex-valued function 
u = U\ + iU2 ： 

du . du w , 、 du rf/ 、 

- l ^^ + 2l (x\ + iX 2 )-^ — — / ( 又 3). 

3.V1 0X2 打 3 

There are also cases where analytic initial conditions are necessary, for we will 
soon see that there are simple PDE’s，with analytic coefficients，that cannot have 
solutions with given initial conditions unless these conditions are analytic. So in 
a certain respect the Cauchy-Kowalewski theorem gives the best possible result 
in these cases. On the other hand, it turns out that the Cauchy problem isn’t 
even the one which we want to pose for these equations. Moreover，there is a 
wide class of equations where the Cauchy problem is a natural one, but where 
analyticity is much too severe a restriction. 
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5. CLASSIFICATION OF SECOND ORDER PDE’s 

In our first forage into the unchartered lands of higher order PDE’s，it is 
natural that we first restrict our attention to those of second order: 

( du d 2 u \ 

F ( Xj, . . . , Xn , U (xi, . . . , X ”)， ^ ^ (A* 1, . . . , Xfi )，•••， ^ ^ '2 (-Vj, . . . , Xfi ) J 一 0. 

As a matter of fact, we will never get anywhere beyond this. Moreover, we will 
deal almost exclusively with equations in only two variables, 

( du du d 2 u d 2 u d 2 u \ 

个祕凡… # 凡妒，少)，⑱( X ’〜 U - 今 0’ 


or in abbreviated form 


F{x,y,u,p,q,r,s,t) = 0. 


Even nowadays there are certain phenomena about second order PDE’s which 
are much more completely understood in the two variable case than in higher 
dimensions, but the particular results that we are after can all be handled in a 
uniform way that works in all dimensions. However, a whole book would be 
required in order to reach them. So we will instead use quite classical methods 
to analyze second order PDE，s in just 2 variables. Fortunately, the 2 variable 
case happens to be just the one we are interested in. 

We begin by singling out the semi-linear equations 

(I) Q = a {x,y)u xx +2b(x,y)u xy +c(x,y)u yy + f(x,y,u,u x ,u y ) 

=L{u) + /. 

For such an equation, L(u) is called the “principal part”，and we will often 
denote the remaining part, involving only lower order derivatives, by “… ”• 
There is a classification for these equations which is closely related to the clas¬ 
sification of algebraic equations of the form 

r = ax 2 + 2bxy + cy 2 = l^(x,y), (x,y) • 

with a, b, c not all 0. We briefly remind the reader how this classification goes (it 
is essentially the same as the classification of points on a surface in Chapter 2). 
We choose two orthonormal eigenvectors X 2 e E 2 for the symmetric matrix 

(g f ) ， wkh corresponding eigenvalues 人 1 ，人 2 . Then 

{(PXi +x/fX 2 , (4>X l + ^X 2 )-[ a h h c ))= ((pX 1 + iffX 2 , <j>k\X x + ^X 2 X2) 

=X\(f) 2 + 入 20 2 . 
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So if we use 0 and ^ as new coordinates for M 2 , our equation becomes 

Z == X\(f> 2 + 入 2 少 2 . 

We can express this statement a little more precisely in terms of the linear 
transformation S = (0，^): M 2 — M 2 defined by 

5 (^) = ( 1 , 0 ), 5 (^ 2 ) = ( 0 , 1 ). 


Since 

S(x,y) = (0( 又，少 ) ，少 (X ，少 ) ） = (j>{x, y)S(X\) + \fr(x, y)S(X 2 ), 

the functions (f> and 少 are just the coordinates of (x, y) with respect to X\ 
and X 2 ： 

(x,y) = <(>(x, y)X\ + t/r(x, y)X 2 . 

So we obtain 


(II) ax 2 + 2bxy + cy 2 

= ((w), (^y)-{ a b b c )) 

= l^)(x,y)Xi + \lr(x,y)X 2 , (4>(x,y)X l + 少 (x ， y)A^ . (g $)〉 

= {(j>{x,y)X\ + \lr{x,y)X 2 , (f>(x,y)X\X\ + y)X 2 ^ 2 ) 

=h[<P(x,y)] 2 + X 2 [f{x,y)] 2 . 

These algebraic manipulations are often expressed slightly differently. We 
can write equation (II) as 


U ， 少 ’) 




A ° 2 ) () 

= S(x,y)^ a 0 J[S(.y,v)]*, 


where t denotes the transpose. If Q is the matrix of the linear transformation 5, 
then we can write 


U'v) 




= [(-' ， -V) • 2] ( Q 1 


X 0 2 )[(-'] ) . 创 


= ('.，)’）Q (义 



for all (x,y), 
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which implies that 


(HI) 



0 

入 2 



It is not hard to see exactly what the matrix Q is. Since 5 -1 takes (1,0) to X\ 
and (0, 1) to X 2 , its matrix has X\ and X 2 as its two columns, 

Q~ l =(X l \X 2 t ). 


Moreover, since X\ and X 2 are orthonormal, we have Q~ X (Q~ X ) X = L So 

㈣ _1)t d 


Since Q~ x — Q f , we can also write (III) as 



The reduction (II) [or its equivalent (IV)] shows that the equations z = ax 2 + 
2bxy + cy 2 fall into three classes: 

Elliptic Case: ac — 6 2 > 0; equivalently , 入 1 and X 2 have the same sign 

Hyperbolic Case: ac — b 2 < 0; equivalently ， 入 1 and A. 2 have opposite signs 

Parabolic Case: ac — b 2 —0; X\ = 0 or A .2 = 0. 

We introduce a similar classification for semi-linear PDE’s 

(I) a(x, y)u xx + 2by)u xy + c(x, y)u yy + ••• = (). 

If a。, bo，CQ are the values of the functions a, b, c at (Xo, 少， 0 )，then we say that 
equation (I) is 


elliptic at (xo, Jo) if “0(0 -b 0 2 > 0 

hyperbolic at (x 。， 少 0) if ^0^0 一办 o 2 < 0 

parabolic at (xq, yo) if — bo 2 = 0 


(but not all of ao,bo,co are 0). 
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Naturally we say that equation (I) is elliptic in an open set U if it is elliptic at 
each point (x, y) € U, etc. The simplest examples of equations of these three 
types are the “normal forms” 

(E) U XX + Uyy +•••=() 

(H) U XX — Uyy +•••=() 

(P) u xx +••• = (). 

As always, “ • • • ” denotes terms which do not involve any second derivatives. 
There is in addition an alternative normal form in the hyperbolic case, 

(HO 〜… = 0 

(corresponding to the possibility of writing the equation for a hyperbola in the 
form xy — 1). 

We would like to see if equation (I) can be reduced to a normal form by 
writing it in terms of a function v defined by 

(V) u(x,y) = v((p(x,y),i/(x,y)); 

here (0 ， 少 ） is supposed to be a differentiable map from M 2 to R 2 with differen¬ 
tiable inverse. Denoting a typical point in the domain of v by ( 与， rj )，and the 
partials of v by and we compute that 

u x = v^(p x + Vrj\j / X ， Uy = V^(f)y + Vrjfy 

and then that 

U X x = V$(f) x 2 + 2v^ v (p x \l/ x + ”7)7 ) 氺 x 2 + ... 

(VI) < U X y = V^(f) X (py + V^((p X \l/y + <j) y^f X ) + X ^ + … 

Uyy = V^(j)y + 2V^(() y\j/y + y + • • • 

where “•••，，again denotes terms which do not involve any second deriva¬ 
tives. [Naturally, if the derivatives of u are evaluated at (x, y), then the deriva¬ 
tives of 0 and ^ are evaluated at (x,y), while those for v are evaluated at 
(0(.v, v), 少（ X， ），））•] From this we easily see that 

au xx + 2bu xy + cuyy = + yv vv + .. • 

where 

a = a(p x 2 + 2b(j) x (j)y + c<j) y 2 
^ = a^> X ^f X + b((j) X \fry + (pylj/x) + C(j)y\j；y 

y = a\f/ x 2 + 2b\j/ x \l/ y + cxj/y 1 
or equivalently 

(ot P \ _ ((px b\((j) x \// x \ 

Y ) — y 氺 X fy) \b C )\(py Xj/y )' 
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Notice that the last part of (VII) shows that 

(VIII) ay - = (ac - b 2 )(4> x \}fy - (j) y ^ x ) 2 \ 

therefore the type of the equation for u is always the same as the type for u. 

In one case, purely algebraic manipulations will reduce our equation to nor¬ 
mal form: 


5. PROPOSITION. Suppose that the equation 

(I) CIU XX + bu xy + CUyy + •••=() 

has constant coefficients a,b, c in the principal part. Then there is a non-singular 
linear transformation (0, yjf ) : M 2 ^ R 2 having the property that if v is defined 
by 

(V) u(x,y) = u(0(x, 


then u satisfies (I) if and only if u satisfies a certain equation of the form (E), 
(H), or (P). In the hyperbolic case, we can also find (0, \jf) so that u satisfies (I) 
if and only if v satisfies a certain equation of the form (H’). 

PROOF. Equation (IV) shows that we can choose a constant matrix Q = 

(<Px ^x\ ， f 

I , , I so that 


a 




in equation (VII). 


Since det 0^0, the linear transformation (0, \jr) is non-singular. If we define v 
by (V), then (VII) shows that equation (I) for u is equivalent to the equation 

(1) 入 I%? + ^2^r)rj + •••=() 

for v. If we make a further change of coordinates by defining 


i(p ， (y) = v(rp, so) r, s constants, 

then 

^pp ^ v 与爸 and ^oo = ^ • 

So we can also arrange for 入 i and 入 2 to be 士 1 in (1). Then we have equations 
equivalent to (E), (H), or (P) [we may have to interchange the names of ^ and rj\. 
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The form (H’）is obtained by analogy with the fact that the equation x 2 — 
y 2 = 1 becomes 4xy = 1 when we perform the substitution x — ^(x + > 0 , 
y = ^{x - y). We define 

、 (p + <y p-<y\ 

(2) uj(p,a) = i ； ( I • 

Then 

1 1 

+ 

w pa = ^ - + 2 (2^ ~ 巧 ”) = 3 —〜)• 

So an equation of the form (H) for u is equivalent to one of the form (H ’） 
for w. 

The same method that was used in this proof will clearly enable us to reduce 
the general semi-linear equation (I) to an equation which has the normal form 
at one point (Xo, 少 o). But to obtain the normal form in a whole neighborhood, 
we have to work much harder. We consider the elliptic case first. 

6 . THEOREM. Suppose that the equation 

(I) a(x, y)u xx + 2b(x, y)u xy + c(x, y)u yy + ... = 0 

is elliptic in a neighborhood of (X 。 ，少 ’o). Then there is a differentiable map 
( 0 ,i/r) from a neighborhood of (x 0 ， J 0 ) into IR 2 , with differentiable inverse ， 
having the property that if v is defined by 

(V) u(x,y) = u( 0 U,_> ， ) ， 少 (x ， 少 ))， 

then u satisfies (I) if and only if v satisfies a certain equation in the normal 
form (E). 

PROOF. It obviously suffices to find ( 0 ，^) so that in equation (VII) we have 
a — y and ^ = 0. So it suffices to find (0, \j/) with 

(1) U(px 2 + 2b(p x (t)y + CCpy 1 = 神 X 2 + 2b\l/ X ^y + (’i/y 1 

(2) a 中 xfx + b((px^y + (py^x) + C(j) y fy = 0, 

and (j) x \jf y - (f>y^ x 7 ^ 0 at (.v 0 , Vo). This is precisely the problem of introducing 
isothermal coordinates for the metric a dx®dx + b [rf.Y®v +dy ® Ja] + c dy®dy\ 
which we solved in Addendum 1 to Chapter 9♦ 
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In our proof of the existence of isothermal coordinates, we showed that (1) 
and (2) are equivalent to the “Beltrami equations” 

b\j/ x + c\j/ y a\j/ x + bxj/y 

(a) 4>x=, —— 4>y = / ==• 

\Jac — b l y/ac - b 2 


Note that if (a) is to hold, then we must have 


3 (a\lf x +bxlf y \ 9 / b^ x +c^ y \ 

^ V W J + 1 W J ~ 



Conversely, if (b) holds for some 0, then there is xj/ satisfying (a); moreover, the 
Jacobian of (0 ， 少 ） is 

H — — ~^7( a( Px 2 + ^b(p x (py + C(py 2 ), 

w 

which is non-zero if (<p x , (p y ) ^ (0,0). So solving (a) is equivalent to solving (b), 
which is itself elliptic [with the very same principal part as (I)]. Had we not 
already solved equation (a), we would be in the embarrassing position of needing 
to know that elliptic equations have solutions before we could reduce them to 
normal form. 


In the hyperbolic case, the same line of reasoning leads us into precisely this 
difficulty, and thus requires results from section 7. However, there is also an 
elementary argument. 


7. THEOREM. Suppose that the equation 

(I) a(x, y)u xx + 2b{x, y)u xy + c(x, y)u yy + … = 0 

is hyperbolic at (x 。， jo). Then there is a differentiable map (0, xjf) from a neigh¬ 
borhood of (xo, Jo) into R 2 , with differentiable inverse, having the property that 
if v is defined by 

(V) u(x,y) = v((p(x,y),^(x,y)) 7 

then m satisfies (I) if and only if v satisfies a certain equation in the normal 
form (H). The same result holds for a certain equation in the normal form (H’). 

FIRST PROOF. We claim, first, that we can assume that Co = ^Cvo, >'o) # 0. 
For suppose that Co = 0. Choose (0, \j/) to be a linear transformation with 

matrix ?) • Then at (xq, yo) the coefficients a, y of the equation for v 
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are，by (VII )， 


(ot m o ) 卜 

U y 广 U 1 A^O 


\ M f ao 

0 / \ 0 1 / V + bo 


X 2 ^o + 2 A. 6 q / 


Since we must have ao ^ 0 or bo ^ 0, we can certainly choose A. with X 2 ao + 

2Xbo 0 . 

So we assume that ((XoJo) # 0. To achieve the normal form (H)，it now 
clearly suffices to choose (0, \jf) so that in equation (VII) we have a = —y and 
^ = 0. Solving as before, we end up with the system of equations 

b\j/ x + CX/fy 

^= t . 

v b 2 — ac 

a^x + bxj/y 

伞 y = / ， ， 

\ b 2 — ac 


or equivalently 

b y/ b 2 — ac 

4>y = - H - Wx 

c c 

< 

yj b 1 — ac b 

♦y = - <t>x - yx- 

V c c 

Section 7 shows that we can solve this (“hyperbolic” ） system. 

To obtain the normal form (H’)，we start with v satisfying an equation of the 
normal form (H )， 

一 v vv + • •. = 0 ， 


and define 

( 2 ) 


w(p,a) 


P + o P 


a 


2 


As in the proof of Proposition 5, we find that w satisfies an equation of the 
normal form (H’). 

SECOND PROOF. We can instead try for the normal form (H’ ） directly; the 
normal form (H) is then obtained by the same change of coordinates used in (2 )， 
which is equal to its own inverse，up to a factor of 2. So it suffices to find (0 ，少 ） 
so that in equation (VII) we have a = y = 0; thus we need 

j a(p x 2 + 2b(px(j>y + C(p y 2 =Q 
\ a\j/ x 2 + 2b\j/ x \l/ y + n/fy 1 = 0 



And Now a Brief Message from Our Sponsor 


55 


and 

( 2 ) My -<f>y^x # 0 . 

As in the previous proof, we can assume that c(xo,yo) ^ 0* If there is any hope 
of solving (1) and (2)，we clearly must have H _ G. This suggests that we 
look at the equations 



Clearly (1’) and (2’) imply (1) and (2). Now ac — b 1 < 0 , so the equation 

(3) a(x, 7 ) + 2b(x, y)fi + c(x, y)fi 2 = 0 c(x,y) ^ 0 

always has two distinct，real roots, y) and /^ 2 (x, j;), varying continuously 
with (x, y). So we just have to find 0 and 少 satisfying 

( 斗） f 4^y _ == 0 / 0 at (Xo, 少 o) 

\ t — " 2^=0 # o at ( x 0 , 少 0 )， 

in order for (1’) and (2’）to hold. But the two equations in (4) are each linear first 
order PDE’s，and the line y = y 0 is free, for any given initial conditions 0 (x ， yo) 
and 少 ( 义，少 0 ); in particular, we can assure that i> y (xo, yo),\lf y (xo y yo) ^ 0 . ♦> 

Finally, there is no problem in the parabolic case. 

8 . THEOREM. Suppose that the equation 

(I) a(x,y)u xx + 2b(x,y)u xy +c(x,y)u yy + •.. = 0 

is parabolic in a neighborhood of (x 。 ，少 o). Then there is a differentiable map 
( 0 ，VO from a neighborhood of (x 。， 少 o) into M 2 , with differentiable inverse, 
having the property that if i; is defined by 

(V) u(x,y) = v{(t>{x,y),\jf{x,y)), 

then satisfies (I) if and only if v satisfies a certain equation in the normal 
form (P). 
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PROOF. It obviously suffices to find (0 ， 少） with (p x - (^y^x # 0 so that in 
equation (VII) we have y — 0 . For then P must be 0 by (VIII)， while the last 
part of (VII) shows that a cannot be zero. We thus want 

( 1 ) a\jf x 2 + 2b\l/ x \l/y + c\j/y 2 = 0 . 

We obviously must have a(xo, yo) # 0 or c(xo, yo) 7 ^ 0 , say the latter. It suffices 
to find xj/ with xj/ x (xq, yo) 7 ^ 0 and 



ci 2>b 


(l)-(l ) 2 


in a neighborhood of (x 。， jo )； for we can then take (p(x,y) = x, and (<p x ^y - 
(py 氺 x)(XQ ， yo) = V^(xo, 少 0 ) # 0 . But equation (1’) is simply equivalent to 



or nj/ x — —b\j/y 


This is a first order linear PDE, and the line y = yo is free near (xo, 少 0 )，since 
c(xo, yo) i 1 0. So we can find a solution with arbitrary values of ^(x,yo) for x 
near xo, in particular with \j/ x (xo, yo) 7 ^ 0 - 
If c(xo ，少 0 ) = 0, we look at \lr x /\j/ y instead. 


There is an especially important characterization of elliptic semi-linear PDE’s 

(I) a{x, y)u xx + 2b{x, y)u xy + c(x, y)u yy + ••=()， 

which is the basis for extending the definition of ellipticity to more general 
equations. Consider an initial curve c in M 2 . According to the definitions of 
section 2, when we are considering the PDE (I), the curve c is free if and only if 

av\ 2 + 2bv\Vi + cv 2 2 #0 on c 

(the initial conditions are irrelevant in the semi-linear case). Now if ac — b 2 > 0 , 
then the equation 

0 = ak 2 + 2bX/i + c fj} 

has no real roots at all, except X = fi = 0. So if (I) is elliptic, then any initial 
curve c is free for any initial conditions. On the other hand, if (I) is hyperbolic, 
then there is a 2 -parameter family of characteristic curves which fail to be free 
at all points. 
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For a general second order equation 
(1) F(x,y,u,p,q,r,s,t) = 0, 

w e define a given solution u to be elliptic if 

4F r F t — F s 2 > 0 

at all points 

(x,y, u(x,y), u x (x,y), u y (x,y), u xx (x,y), u xy (x,y), u yy (x, y)). 

In this case, any initial curve c is free for the initial data 

w|c, U Xi \c, U XiXj \c. 

We define a given solution u to be hyperbolic or parabolic in the obvious anal¬ 
ogous way. Notice that for a given PDE which is not semi-linear, and even for 
a quasi-linear PDE, there may be solutions which are elliptic and also solutions 
which are hyperbolic or parabolic. The simplest example is the equation 

u X x + u - Uyy = 0 . 

The solution w = 1 is elliptic, and the solution w = — 1 is hyperbolic. This may 
seem like a ridiculous distinction, but, as we shall learn in sections 8 and 9, 
solutions near 1 will have entirely different properties from solutions near —1. 
A more natural example is the equation 

(1 — U x ^)ltxx 一 2u x li yllxy + (1 — Uy^)llyy = 0, 

which occurs in gas dynamics. The solution u is elliptic if and only if u x 2 + 
u y 2 < 1. Such solutions represent “subsonic” flow, while hyperbolic solutions 
represent “supersonic” flow. Thus we see that the terms elliptic, hyperbolic, 
and parabolic, do not make sense for the general second order equation; these 
terms apply to solutions of the equation, rather than to the equation itself. On 
the other hand, it clearly makes sense to apply the terms elliptic, hyperbolic, 
and parabolic to given initial data along a given initial curve. 

It is important to observe that the type of a solution remains the same under a 
change of variable Just as in the semi-linear case. Suppose that u is a solution of 

⑴ F(x,y,u, p,q,r,s,t) = 0, 

and that we write 

(V) u(x,y) = v((f)(x, y),\J/(x,y)) 
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for a diffeomorphism (0, \fr). Using equations (VI), we see that v satisfies an 
equation 

( 2 ) Vr,,vn ， Vin ， v nr ,) = 0 

where G has the form 

G(_,r,5,0 = F( — ， 〆 ， 〆 ， 〆 ） 

for 

r f = (f> x 2 r + 2(j) x \j/ x s + yj/ x 2 t 

S f = (px4>y r + 少 + 0 少少 x ) 夕 + ♦xAyt 

〆 = ^>y"y + 2(f>y\l/yS + . 

Hence 

G r = F r (j> x 2 + Fs^x^y + F t (p y 2 , etc .， 

and we find that 

(Gr \GA = (4>X 4>y\( F r 

Gt / Wx ^y)\\F s Ft ) \<Py ) 

Therefore 

G r Gt — \Gs 2 = {F r F t — \F S 2 ) - {(px^y ~ <Py+x、 2 . 

Consequently, u is an elliptic or hyperbolic solution of (1) if and only if v is an 
elliptic or hyperbolic solution of (2). 

A few remarks might be made concerning the definitions in higher dimensions 
(which we do not actually use). A semi-linear PDE 

n 

Uij{X\, . . . , Xn)u XiXj + /(Xj, . . • , v w , w, ... ，… ）= o 

M = 1 

is called elliptic at a point X = (A ， … ， x„) if the matrix (aij(x)) is definite, and 
elliptic in a region if it is elliptic at each point of the region. For an elliptic semi- 
linear PDE, anv initial manifold will be free. We can define several different 
sorts of hyperbolicity and parabolicity，depending on the rank and signature 
of this matrix when it is not definite. Proposition 5 generalizes; if the atj are 
constants then our equation is equivalent to a normal form 


^X\X\ + . . . + ^X r X r ~ Wxr+iXr + 1 


^X s Xs + . . • = 0 . 
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But Theorems 6-8 do not generalize; there are too many conditions to be 
satisfied by the diffeomorphism which changes u to v. We can also define when 
a given solution u of the general second order PDE is elliptic，in a fairly obvious 
w ay that is left to the reader. 

The fact that any initial curve for an elliptic semi-linear second order equa¬ 
tion in 2 variables is free, while a hyperbolic semi-linear equation always has 
initial curves which are characteristic, certainly suggests that elliptic and hy¬ 
perbolic equations might have quite different properties. But some of the most 
important reasons for this classification of second order equations come from 
physics，which provides the motivation for many of the basic problems about 
them. So we will first make a brief excursion into this forbidding domain. 


6 . THE PROTOTYPICAL PDE，s OF PHYSICS 

We are going to begin by deriving certain classical PDE’s which describe 
important (somewhat idealized) physical situations. The word “derive” had 
better be taken with a hefty grain of salt ， however. What I have really tried 
to do is give plausible reasons why the physical situations should be governed 
by those PDE’s which the physicists have agreed upon. I’ve never really been 
able to understand which parts of the standard derivations are supposed to 
be obvious, which are mathematically simplifying assumptions，which steps are 
supposed to correspond to empirically discovered physical laws，or even what 
all the words are supposed to mean. 

The first idealized physical situation which we want to describe is a vibrating 
string which is not acted upon by any outside forces. We naturally consider this 
string to be 1-dimensional, and we will assume that the motion actually takes 
place in a plane. We may regard our string as being either of finite length with 
fixed endpoints，or of infinite length. The first possibility corresponds to a string 
stretched between two prongs，while the second is a more idealized conception. 
We will let u(x,t) denote the height of the string above (x ， 0) at time t. 


^ - 
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In order to apply the laws of mechanics to the string, we will first regard 
it as a discrete collection of point masses, whose x-coordinates are all some 
small distance h apart. In the course of time, the k th particle moves up and 



down (but not sideways); its height above the x-axis at time t will be denoted 
by The only forces acting are the “tension” forces between pairs of 

particles; physically these come about because the motion of the string involves 
slight changes in the distances between molecules, to which the intermolecular 
forces are extremely sensitive. We will assume that each particle is acted upon 



only by the particle immediately to its left and right. It is thus influenced by 
two forces, t) and F-\{xk,t), which are vectors pointing along the line 

from it to its neighboring particles. These vectors make angles of 9\(xk,t) and 
9-i (-Va ：, /) with the horizontal rays pointing right and left from the position of the 
particle. Assuming that our particles all have mass m, we use the law F — ma 
to obtain the following equation for the vertical motion u(Xk,t) of our particle: 

(a) m - UttixkJ) = - sin0i(.v^,/) - |F_i(a>,/)| - sin 9-i(x k j). 

Since the particle does not move sideways, we also have 

(b) 0 = |Fi(a^,/)| - cosdi(x k ,t) - - cos 9-i{x k ,t). 
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We clearly have 


( c ) 


COS dxiXkJ) 


\/h 2 + {u(x k+u t) - u{x k ,t)Y 


yj 1 + D^ 2 


where 


u{x k+u t) - u(x k J) 
h ' 


sin9i(Xk ， t) 


u(x k+i ,t) - u(x k ,t) 
h^\ + D k 2 


Noting that we find that (a)-(c) lead to 


(d) m - u tt {x k j) 
=I (x^- ，’ ）I • 


1 尸 1 ( 外 ，01 • 


sin^i^,?) - sm9-i{x k ,t) 


COS^iUfc,/) 

COS^-l^,?) J 


u(x k+ i,t) - u(x k ,t) u(Xk,t) - u(x k _ u t) y/\ + Dk- 


hy/\ + D k 2 


1 + At—i 2 \/l + Djf 1 


I 尸 1 ( 々 ，，)| I" u(x k+ i,t) + u{x k - u t) - 2u(x k ,t) 
Vi + D k 2 


This is a system of differential equations for the (possibly infinitely many) func¬ 
tions u(Xf c ,t). It depends, of course, on knowing Fi, which would depend on 
the particular molecular forces involved. Leaving aside that objection for the 
moment, we now seek a PDE which will describe a uniform string, not a dis¬ 
crete collection. To obtain this, we want to let the number of particles increase, 
by decreasing h. Of course, we also want to change m in the process, so as not 
to have an infinitely heavy string at the end. On a piece of thread of length 1, 
there will be about \/h particles, with a total mass of m/ h. So we keep mjh 
equal to a constant p, the density. We will also assume that F\ approaches a 
function T, the tension of the string (it measures with how much force the string 
will snap apart if it is cut at some point). Now it is well-known (use Taylor’s 
theorem for a proof) that 


lim 

h^O 


f( x + h) + f{x — h) — 2f(x) 

V 1 


\x). 
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So if we divide equation (d) by h y and then take the limit as /i — 0, we find that 
u(xj) should satisfy 

T 

pUft = — . — U X x • 

VI +Mx 2 

Quite apart from the fact that we don’t know how to find T, this equation 
suffers the defect of being non-linear. We can simplify things by restricting our¬ 
selves to the case of small vibrations; then T is practically constant, and v 1 + u x 2 
is practically 1. We have thus completed our devious path to the 1-dimensional 
“wave equation” 

u xx — P u tt • 

Since p > 0, a simple change of coordinates always gives us the equation 

^xx ~ ^tt - 

This equation also describes sound waves in a long thin pipe; in this case, u(xj) 



x 


represents the density of the air at distance x and time t. The 2-dimensional 
wave equation 

^xx H~ ^yy — 

will describe the motion of a vibrating membrane, while the 3-dimensional wave 
equation 

^xx ^yy H - U zz = U" 

will describe sound waves, as well as certain phenomena involving electromag¬ 
netic waves. For our purposes, the 1-dimensional wave equation will be quite 
adequate. 

The second idealized physical situation which we want to describe is the tem¬ 
perature distribution within a material body. It is important here to distinguish 
between the temperature and the heat energy of a body. The temperature of a 
body，which is operationally defined by putting it in contact with a thermome¬ 
ter, is the average kinetic energy of its molecules. We define the temperature 
u{x,y\z) of a body B at the point (.y, j,z) to be the limit of the temperatures 
of small parts of B which contain (x,y,z). Naturally this doesn’t really make 
much sense for a physical body made of molecules, so we must deal with an 
idealized situation when we consider temperature to be a function u defined on 
a certain subset C M 3 . 




And Now a Brief Message from Our Sponsor 


63 


Heat energy is something different. It takes a certain amount of energy to 
produce a unit increase in temperature within a unit amount of matter. How 
much energy depends on the particular kind of matter we have. There are two 
reasons for this. First of all, the molecules in two different kinds of matter have 
different weights，so different amounts of energy will be required to increase the 
average kinetic energy of the same number of molecules by the same amount. 
In perfect gases，this is the only influencing factor. In other cases, the strength of 
the intermolecular forces will also influence how much energy has to be put in to 
increase the average kinetic energy. The specific heat or heat capacitance C of 
a piece of matter is the amount of energy required to increase the temperature 
of a unit mass by a unit amount; we will consider only bodies with uniform 
specific heat. If u(x,y,z) is the temperature at (x,y,z) of an object B with 
specific heat C and density p, then the total heat energy of B is 

(a) heat energy = Cp I u dV. 

Jb 

The basic experimental fact about heat is that when two bodies of different 
temperature are placed next to each other, the temperature of the hotter one 
decreases while the temperature of the cooler one increases, and the rate of 
change of temperature is proportional to the difference. So if we have two 
bodies which at each time t have uniform temperatures T\{t) and 7^(0, then 

d 

- 77 ^ 1(0 = (constant) . - T 2 (t)). 

at 

This constant will depend on the amount of surface area which the two bodies 
have in common, as well as on the nature of the material of which they are 
made. The simplest case to consider is that of a single piece of matter B with 



parts, B\ and Bi, initially at different temperatures, T\ and T^. Of course ， 
the two parts will not continue to have uniform temperatures, but at least we 
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can say that 

T\{t) = (constant) - A -⑺⑴ 一 了 2 ⑴）， 

dt 

where A is the area between them. By changing the constant, we can also write 
this as 

(b) CpT\{t) — k ' A • {T\{t) — 72(0) 

t=0 

for some constant k. This constant k is called the heat conductivity of the 
matter in question, since it measures the rate at which heat energy is transferred. 
Roughly speaking, k must depend on the way the molecules are arranged; this 
arrangement will somehow determine to what extent faster moving molecules 
can influence slower moving ones. 

Now let us consider a body 5 C M 3 with uniform density p, specific heat C, 
and heat conductivity k, but with temperature u{x,y,z,t) varying both with 
position and time. What will be the analogue of equation (b)? The left side 
of (b) represents the rate of change of the heat energy of the part of B with 
temperature T\. So for any subset M C 5， equation (a) suggests that the 
analogue of the left side of (b) is 

(L) ~r^p f udV = Cp f u t dV. 

w dt J M J m 

Let us suppose that M C ^ is a 3-dimensional manifold-with-boundary, and 



that v is the outward unit normal on dM. If X is the vector field 


X = grad u = 


du du du \ 


[X depends on (] y 


then for fixed t the function -(X, v) measures how fast the temperature is 
decreasing as we cross dM from the inside to the outside; roughly speaking it 
measures the difference T\ — Ti on the two sides of dM. So the analogue of 



And Now a Brief Message from Our Sponsor 


65 


the right side of (b) is 


(R) 




L ~(X,v)dA =k f {X,v)dA. 

JdM 


Setting (L) = (R )， we are led to the equation 

(c) 


Cp f u t dV = k f {X, v) dA. 
Jm JdM 


We could also obtain equation (c) by breaking M up into small cubes, each of 
which may be regarded as having constant temperature, and applying (b) to 
each cube; the term on the right of (b) is to be replaced by a sum over the faces 
of the cube. 

Now applying the Divergence Theorem (Problem 1.9-13)，we are led from 
equation (c) to 

(d) Cp f u t dV = k [ div X dV 

Jm Jm 

— ^ I ^xx ^yy H - U zz ^ ^ • 

JM 

Since this is supposed to hold for all M ，the integrands must be equal, and we 
obtain the 3-dimensional “heat equation” 

K 

~Qp (“H + Kyy W zz ) = . 

Of course, we usually replace the positive constant K/Cp by 1. The 1-dimen¬ 
sional heat equation 

u xx = u t 

describes temperature distribution in a long thin rod，while the 2-dimensional 
heat equation 

^xx H - ^yy ~ 

describes temperature distribution in a thin plate. 

We obtain a very special equation when we seek the “steady state” tempera- 
ture distribution of a body. This is the temperature distribution it has when the 
temperature is not varying with time. For example，if we keep both ends of a bar 
at fixed temperatures by attaching them to “heat reservoirs”, mechanisms which 
maintain a fixed temperature at a point，then the temperature distribution will 
rapidly approach a linear function between these two values. To find the steady 
state temperature distribution, we just set u t =0 in the heat equation. Thus in 
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the 1-dimensional case we obtain simply u xx — 0, whose solutions are simply 
linear functions on M. In the 2 - and 3-dimensional cases，we obtain 

u xx + u yy = 0 2-dimensional Laplace equation 

u xx + Uyy + u zz = 0 3-dimensional Laplace equation. 

Among these important equations of mathematical physics，we find represen¬ 
tatives of each of the three types of second order PDE’s. In particular, for two 
variables we have the following standard examples: 

Elliptic equations 


u xx + Uyy — 0 the 2-dimensional Laplace equation 


Hyperbolic equations 


u xx — Uyy = 0 the 1-dimensional wave equation 


The equation u xx (x, 少 )= 0 is a parabolic equation in 2 variables, but obviously 
a little too simple to be very representative. The standard representative is 

Parabolic equations 


u xx = u y the 1 -dimensional heat equation 


Parabolic equations are often slighted in introductory treatments of PDE’s，and 
they will suffer the same treatment in our hands — we will never look at them 
again. We therefore say good-bye to the heat equation, and consider only the 
special case of Laplace’s equation. 

Now let us see what sort of mathematical questions these physical situations 
suggest. Consider first the 1-dimensional wave equation, which we will write 
as u xx - u tt = 0, to remind us that it describes a process involving time. In 
such processes, it is naturally of interest to predict what will happen later from 
a knowledge of what is happening now. It seems perfectly reasonable to hope 
that we can predict the motion of a string in terms of its initial position and 
initial velocity, 


w(x，0)， Wr(x,0). 
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Moreover, there seems to be no reason why we should have to limit ourselves to 
analytic initial conditions. For example, if we “pluck” a string, then the simplest 
description involves an initial condition u(x, 0) which is not even differentiable 


everywhere. This example suggests that for hyperbolic equations the Cauchy 
problem is the right one to pose, and that we should not have to restrict ourselves 
to analytic initial data (which is all we can treat when we rely on the Cauchy- 
Kowalewski Theorem). 

Another mathematical problem is suggested by the fact that in actuality vi¬ 
brating strings are always secured at two ends. Given two functions 0 ，少： [0, L] 
—R with 

0(0) = (p{L) = 0 
_ = 姻 = 0， 

we can ask for a solution u of the 1-dimensional wave equation with 

w(x ， 0) = (p(x) 0 < x < L 

u t {x y 0) = \//{x) 0 < x < L 

u(0,t) = u{L y t) = 0 for all t. 

This is an example of an “initial-boundary value” problem; although such prob¬ 
lems are also quite important, we will not consider them at all. 

Quite different questions are suggested by Laplace’s equation 

Wn + Uyy + Wzz = 0. 

Here time is not involved at all; the equation describes the steady state heat 
distribution of some object C M 3 . The Cauchy problem for this equation 
would correspond to the physical problem of predicting the temperature every¬ 
where in B from a knowledge of its values along some plane in fi，together with 
knowledge of its derivative in the perpendicular direction. Now this is hardly 
a reasonable problem, since it isn’t very easy to measure the temperature at 
various points inside a solid object. This is the sort of information we would 
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like to predict. The sort of thing we can measure is the temperature along the 
boundary. Similarly, for a region B in M 2 , we would like to find the solutions u 
of the 2-dimensional Laplace equation 

d 2 u d 2 u 
dx 2 dy 2 

which has given values along the boundary of B. A problem of this sort is called 
a Dirichlet problem. The physics seems to suggest that for elliptic equations it 
is the Dirichlet problem rather than the Cauchy problem which should be of 
interest. 

Now let us see how these physical speculations correspond to mathematical 
reality. 

The 1-dimensional wave equation 

(1) U XX Uyy = 0 

is admirably suited to illustrate the general behavior of hyperbolic equations, 
because the most general solution of (1) can be written down completely. The 
trick for doing this is simply to use the alternative standard form for a hyperbolic 
equation. We define v by 

(2) W = w u(x,y) = v(x + y,x - y). 

Then equation (1) for u gives 
⑶ V Hr) = °- 

At the very beginning of this chapter we mentioned that the general solution of 
equation (3) is 

vdn) = / ⑻ +《(")• 

So the general solution of (1) is 

(4) W(x, v) = v{.\ + V,A - y) 

=/(.v + y) + < ?Cv-v). 

If we think of our equation in terms of position .y and time t, 

Uxx — ^tt — 0 , 



then the solution 


w(a,0 = f(x + t) + g(x - t) 
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represents the sum of two “waves”，the first moving to the left as t increases ， 
the second moving to the right. 




r = 4 


Using the representation (4) for the solution u of (1)，it is easy to find solutions 
with given initial conditions 

u(x,0) — (p(x) 
u y {x,0) = 




Clearly we must have 


f{x) + g{\) = 0(.v) 
f\x) - g\x )= 少 (X )， 


and therefore 


/'(-v) + g'(-v) = (p f (x) 
/’(a) — g'(A.) = \{/(x), 
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which implies 


fix )= 


(p'(x) + if{x) 


g f (x)= 


4>'(x) - 
2 


This means that we must have 

⑺ f{x) = + ^ f \lf{s)ds + C\, g(x) = [ rj/{s)ds + c 2 

2 2 J 0 L Z Jo 

for certain constants C\ , C 2 ； and to satisfy (6) we must have C\ = -C 2 - Using (4) 
we then find that u must be 


( 8 ) 


u{x,y) 


(f>{x + y) + (f>{x - y) 
2 


+ 


ir 

A J x—y 


xj/{s) ds. 


It is clear, moreover, that this u is 3. solution of equation (1), with initial condi¬ 
tions (5). 

Notice that the boundary values <f>, \j/ enter into the solution in quite a differ¬ 
ent way than for first order PDE’s. If w is a solution of 


F(x ， y,u ， p,q) =0 

with initial data u, p,q along a free curve a, then the value u{x,y) of u at 
a particular point {x,y) depends on the value of the initial data at one point 
(jc, y) on a, namely the intersection of a with the base curve of the characteris¬ 
tic strip through (x, y,u{x,y), u x (x, y),u y (x, y)). Changing the initial data on 
an interval which does not contain (x, y) will not change the value of the solu¬ 
tion u at (x,y). But in the solution (8) of the 1-dimensional wave equation (1), 
we need to know the values of 0 and 少 on the whole interval [x - y,x + y] (or 
[x + y,x - y]i( y < 0). This interval is therefore called the “domain of depen- 



少 .> 

〆 \ 


〆 \ 


✓ 、 

✓ 

s 

✓ 

✓ 

s 

y - y 

x y 


dence” of the point (x,y). Conversely, if we are given initial conditions 0, 
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defined only on an interval [a,b], then equation (8) defines u only on the set A 
of all points (x,y) whose domain of dependence is contained in [a,b]. Notice 



that A is bounded by the curves through a and b which are characteristic for 
the PDE (1). 

Naturally, we might ask about solutions of (1) along free curves other than the 
x-axis. In section 8 we will consider this question for even more general hy¬ 
perbolic equations. If the 1-dimensional wave equation is indeed representative 
of general hyperbolic equations, then we should be able to solve the Cauchy 
problem for any hyperbolic equation, along any free curve, and without any 
assumptions about analyticity of the initial conditions. 

The situation is completely different for the 2-dimensional Laplace equation 

(9) U xx + Uyy = 0. 

Solutions of this equation are called harmonic functions (on M 2 ), and, as we have 
pointed out in Chapter 9, their study is closely related to the theory of complex 
analytic functions. In a simply-connected open subset of R 2 , every harmonic 
function u is the real part of a complex analytic function u + iv; and conversely, 
the real part of a complex analytic function is always harmonic. This means ， 
in particular, that every solution of (9) is automatically real analytic on M 2 . So 
we cannot hope to solve equation (9) with initial conditions 

( 10 ) I u(x ， Q) =<p(x) 

(w^(x,0) = 

in a neighborhood of the x-axis unless (p and 少 are real analytic.* Moreover, 
if 0 and xj/ are real analytic, then the problem of finding a solution of (9) with 
initial conditions (10) is essentially trivial. We note that if w + /u is analytic, then 


* However, there may be solutions in the upper or lower half-plane. 
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the Cauchy-Riemann equations give = —u y . So the initial conditions allow 
us to determine v x along the x-axis, and therefore determine v up to a constant 
along the x-axis. So the complex analytic function u + iv is determined up to 
an imaginary constant on the x-axis, which means that u + iv is determined up 
to an imaginary constant on the plane. 

These remarks really amount to a restatement of the fact, already observed 
in the proof of the Gauchy-Kowalewski Theorem, that for analytic equations 
with analytic data, the coefficients of the presumptive analytic solution are easily 
determined. It is perhaps of interest to note that we can formally solve (9) by 
analogy with the wave equation (1). If we formally define 

(11) = u(x,y) ^v(x + iy,x -iy), 

then equation (9) becomes = 0, which leads us to 

u(x,y) = f(x + iy) + g(x - iy). 


Taking into account the initial conditions (10), we are led to the formal solution 

rx+iy 


( 12 ) 


u( X , y) =^ X + iy)+ 2 HX - i} U 


dz. 


i x~iy 


If 0 and xj/ are real analytic, and hence have complex analytic extensions, then 
this formula makes sense—the integral may be taken along any path from x-iy 
to x+z>. Because (p and 少 are real on the real axis, the function u is real-valued, 
and is easily seen to satisfy (9) and (10). 

Our physical considerations suggest that we should be able to solve the Dirich- 
let problem for (9): given a function /: -> R on the boundary of a region 

B C M 2 , we ought to be able to find a solution u of (9) with w = / on dB. In 
complex analysis courses it is shown that this is indeed the case. 


7. HYPERBOLIC SYSTEMS IN TWO VARIABLES 

In this section we will consider first order quasi-linear systems in two variables. 
Our initial manifolds for the Cauchy problem will therefore be curves in R 2 , 
and vve are naturally only interested in initial data for which the initial curve 
is free. So without loss of generality, we assume that our initial curve is an 
interval [a^ b] of the a- axis, and that our quasi-linear system of n equations 
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for n unknown functions w*: M 2 ^ M is of the form 

n 

u l y {x,y) = ^2 aij(x, y, u l (x, v), • • •, u n (x, >')) - u ] x {x,y) 

+ b l (x, >swi(x, u n (x, y)). 

We will often consider w = (w 1 ，• • • ， w”) to be a column vector, just so that we 
can multiply on the left by a matrix. Then we can write our system as 

u y (x,y) = A(x,y,u(x,y)) - u x (x, y) + b(x, y,u(x, y)) 

where A is 2 lu n x n matrix of functions, and 6 is a column vector. More briefly, 
we have the system 

u y = A • u x + b. 

This system is called hyperbolic for given initial conditions u = (w 1 , ..., w w ) 
on an interval [a,b] of the x-axis if A is diagonalizable in a neighborhood 
of all points (x,0, m(x)) for x G [a, b]; more precisely, it is C k hyperbolic if 
there is a C k matrix T such that TAT~ X is diagonalizable [this more precise 
formulation is necessary, because even if A is C k and always diagonalizable, 
it may not be possible to choose the diagonalizing matrix T to be C k ], The 
basic result is that a quasi-linear system with hyperbolic initial conditions has a 
solution with these initial conditions; in the next section we will apply this to a 
single second order equation. 

In order to explain the main points of the argument, we will first sketch how 
the proof would go in the “semi-linear” case, 

(a) u y (x,y) = A(x, y)u x (x, y) + b(x, y, u(x, y)), 

where A does not depend on u (although b might). Let T be the matrix which 
diagonalizes A, and define u = (u 1 ，• • • ， u”）by 

u(x,y) = T(x,y) - v(x,y), 


so that 


u x = T x v + Tv x , 


Substituting into (a), we obtain 


Uy = TyV + T Vy. 


TyV + Tvy = AT x v ATv x + b. 
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so 

(b) v y = (T- l AT)v x + (T- l AT x v + T- l b-T- l T y v) 

=Cv x + d. 


Clearly u satisfies (a) with initial conditions u if and only if v satisfies (b) with 
initial conditions 

5(x) = r _1 (x ， 0). u(x). 

So we might as well assume that we have the equation 
( 1 ) — CU x d ， 

where the matrix 

/X x (x,y) 

C(x,y) = I ••• 

\ 0 l n (x,y), 

is a diagonal matrix. Thus our equation reads 


0 


(10 


A/(x ，）’） 乂 + u' y = d'(x,y,u l (x,y),... ,u n (x,y)). 


The vector field 


Xi(x,y) = ( 一入 ’(x ， 少 ) ， 1) 


is called the / th characteristic vector field of equation (1 ’)， and the integral curves 
of X\ are the / th family of characteristic curves. We might as well consider 
only characteristic curves of the form t (c(/), /)• If w is a solution of (l^ and 
t (c(t),t) is a characteristic curve of the / th family, then 


( 2 ) 


d 

dt 


u^ciOj)= - 入 ’(c(/)，/) -u l x (c(t),t) + u l y (c(t),t) 


Consequently, 


⑶ 


^(cir])^) = ^(0(0),0) + / d l ’ （ c(t) ， t ， u(cU) ， t))dt. 


In particular, let t (c 7 (^, T]),t) be the characteristic curve of the / th family 
which satisfies 
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If c l (^, e [a, b], then equations (3) and (4) give 

(5) = u l (c'{^,rj)(0)) + f r])(t), t, r]){t),t)) dt. 

Jo 

Conversely, if u satisfies (5) in a region obtained by following all characteristic 
curves from [a, b] x {0} for a certain time interval in either direction, then u 
will be a solution of (1’）with initial conditions u on [a,b] x {0}. Equation (5) 
is something like the integral equation which we solved in Chapter 1.5, when 
we proved that differential equations have solutions, but it is more complicated, 
because the different components of u are integrated over different curves. Nev¬ 
ertheless, it can be solved in essentially the same way. We define an operator S 
which takes u to the «-tuple of functions Su given by 

(SuY^,rj) = 3 i (c i drj 、 (0y)+ f t, t)) dt. 

Jo 

Then we show that on a suitable complete space of functions the operator S is 
a contraction, so that it has a fixed point. 

When we look at the quasi-linear system 

(1) u y (x,y) = A(x,y,u(x,y)) - u x (x, y) + b(x, y,u(.x, y)), 

we run into a problem at the very first step. For the matrix T which diagonal¬ 
izes A will depend on w. If we set 

[几 ，’，)) = [ + E7>i 

[几 ’)’)) = 7> + E X ， 

then the substitution w(u) = r(x, w(.v, >0) - U (U) leads to equation (b) 
again, except that now T x and T y are replaced by [T] x and [T] y , which in¬ 
volve w ； so we do not even obtain an equation for v. We can reduce our system 
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to one in diagonal form by means of a somewhat more complicated substitu¬ 
tion; however, it will be necessary to assume that the matrix A(x, y, u(x, ^)) 
in (1) is invertible [in a neighborhood of the points (x,0, w(x))]. 

Suppose we have u satisfying (1), and T(x, y, u) diagonalizes A{x,y, u) for all 
(x, y, u) in a neighborhood of the points (x, 0, u(x)). Define v by 

(2) u y = Tv (i.e. ， u y (x,y) = T(x, y,u(x, y)) - v(x,y)). 

Then 

(3) Tv = Au x + b 

I 

(4) u x = A~ l (Tv-b). 

Differentiating (3) with respect to y, we obtain 

TVy + [T]yV = AU X y + [A]yU X + [b]y 

= MTv) x + [A]yU x + [b]y by (2) 

— ^[T^\ x v + AT v x + [A] y u x + [b] y . 


so 

vy = (T~ l AT)v x + T~ l A[T] x v + T- x [A] y u x + T~ l [b] y - T~ x [T} y v. 

Writing out [T] x , [A] y , ... ， substituting for the u y from (2) and for the u x 
from (4)，we obtain 

(5) ^ = {T~ x AT)v x + T~ X A T x + J2 T w^ l ( Tv -~ b ^ j v 

1 - j J 

+ r - 1 A y + J2^(Tv) j A~ l (Tv-b) 

1 - j J 

+ T~ l b y + J2b u i(Tv) j -T~ l T y + J^T ui (Tv) J v. 

' J j ^ ; - 

If w is the column vector w 1 ， •.. ， u n , u 1 ,..., u w , then equations (2) and (5) to¬ 
gether can be written in the form 

Wy^Cwx + d 


(6) u ； (.\,0) 


where C is diagonal. We have the initial conditions 

w(-v) \ 

,r _1 (.Y,0,w(.v)) - [^1(.Y,0, W(.Y)) i°/(.Y) + ft(.V,0,w(.Y))]/ 

Note that if A, b and u are C 2 , and A is C 2 diagonalizable, then C and d 
are C 1 ; if the initial condition u is C 2 , then the initial condition for iu is C 1 . 
Conversely, we have 
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9. LEMMA. Let w = (u^,..., u n , ,..., v n ) be a C ^ solution of the system 
(2 )， ⑶ with C 1 coefficients C and d and C 1 initial conditions (6). Then u 
satisfies u y — Au x + b (and is C 2 ). 

PROOF. Substituting (2) into the last three terms of (5)，multiplying by T, and 
rearranging, we find that 

⑺ Tv y + [T] y v - [b] y 

= ATv x + A T x + J2T u i{A~ l (Tv-b)}j v + [A] y A~\Tv-b). 

L j J 

Equation (2) implies that u y has a continuous partial derivative with respect to x. 
Hence，by a theorem of calculus, u x has a continuous first partial derivative with 
respect to y and u xy = u yx . Thus 

(8) u xy = u yx — {T u) x =. Tv x [T] x v. 

Define 

s = A~ X {T v — b) — u x . 

Then s has a continuous first partial derivative with respect to y, and 

Sy = [A~ l ] y (Tv -b) + A~ l (Tv y + [T] y v - [b] y ) - u xy 

= -A- { [A] y A~ l (Tv -b) + A~\Tv y + [T] y v - [b] y ) - u xy 
=-A~ 1 [A] y (s + u x ) + A~ l (Tv y + [T] y v - [b] y ) - u xy . 

Multiplying by A we have 

^ s y — 一 M]〆 — [^]y u x + (7 ^少 + [T] y v — [b] y ) — Au xy 
= - [^]yS - [A] y u x 

+ v x + A T x + [ T u j{A~ l (Tv — b)} J v + [A] y A^ l (Tv — b) 

y 」 

- A(Tv x + [T] x v) by (7) and (8) 

= ~[^]y s ~ [My u x + ^ T x + ^ T u jS^ + ^ T u jul v 

' J 7 一 

+ [^]y(s + u x ) - A[T] x v 
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Thus 

s y = y^(T u jsj 、 v. 
j 

For fixed X ， this is a system of ordinary differential equations. But the initial 
conditions (6) show that V (x, 0) ：= 0. So by uniqueness of solutions, we have 
5 = 0, which means that 

Au x + b = Tv 

= u y by (2). 

Since u is C 1 ，the partial derivative u y = Tv is C l ; hence u x = A~ ] (u y — b) is 
also C 1 . Thus w is C 2 . ♦ 

Because of Lemma 9, we now restrict our attention to equations 

u y {x,y) = C(x,y, u{x,y)) - u x {x,y) + d(x,y, u(x,y)) 

where C{x,y,z) is a diagonal n x n matrix in a neighborhood of the points 
(jc,0, u{x)). One further simplification is possible. Introduce two new un¬ 
knowns w w+1 , w w+2 , and consider the equations 

u y (x,y) = C(u n+i (x,y),u n+2 (x,y),u(x,y)) - u x (x,y) 

+ d(u n+i (x,y), u n+2 (x,y),u(x,y)) 

'u n y + \x,y) = 0 
‘ u" +2 (x,y) = 1 

with the initial conditions 

m(x,0) = m(x) 

‘ M” +1 (X ， 0} = X 

u n+2 {.x,0) = 0. 

A solution u, u n+1 , u n+1 of this system clearly gives a solution u of the original 
equation, with the initial conditions u(x,0) = u. So we might as well consider 
an equation of the form 

(1) u y (x,y) = C(m(a% v)) - u x (x, >■) + d(u(x,y)). 


with initial conditions 

(lo) . 


u{x,0) = u(x). 
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. X 1 0 \.. 

where the matrix C = I •. • J is a diagonal matrix in a neighborhood of 

o w w 

the points u{x). 

Our procedure for solving equation (1) is somewhat more involved than the 
procedure outlined in the semi-linear case since C now depends on u. For any 
function w, we define the / th family of characteristic curves of u to be the curves 
t with 

Let c ! (u; 与， rf) satisfy this equation and the initial condition 

c l (u; 与， r])(r])= 与 . 


As before, we find that if w is a solution of (1)，with initial conditions (lo)，then 

(2) Wdrf) = u l \c l \u;^r])(0)) + f d l {u\^r])(t)j)) dt. 

Jo 

And, conversely, if u satisfies (2)，then u will satisfy (1)，with initial conditions (lo). 
We are thus led to define an operator S which takes u to the «-tuple of functions 
Su given by 

(Su)'^,r]) = u l (c , {u;^,T])(0)) + f d'{u(c'{u;^T])(t),t))dt. 

Jo 

The problem is to show that on a suitable complete metric space of functions, 
the operator 5 is a contraction; its fixed point will then be a solution of our 
equation. The proof is carried out in detail in Courant and Lax [1]. It involves 
a series of estimates that only an analyst could love，and there doesn’t seem to 
be much point reproducing it here, since the paper is readily accessible, and 
the sane differential geometer would probably skip it anyway. We would simply 
like to give a precise statement. Let be a constant such that all |A 7 | < A" on 
a region containing [a,b] x {0}. We consider the region A(5) in M 2 bounded 
by the lines 



(then the characteristic curves of a function u will have slopes which are larger 
Aan the slopes of the sides of A(5); so if a characteristic curve begins in A(5), 
it will stay in A(5) until it hits the x-axis). 



80 


Chapter 10, Section 7 


10. THEOREM. Consider a system，with initial conditions ， 

tl y -/4 U x ^ 

u x {x,0) = u(x) x G [a,b], 

such that either 

(1) the system is semi-linear, A, b, and u have continuous partial derivatives 
satisfying a Lipschitz condition，and A is diagonalizable by a matrix T 
with the same property 

or 

(2) the system is quasi-linear, A is invertible, A, b, and u have continuous 
second partial derivatives satisfying a Lipschitz condition，and A is diag¬ 
onalizable by a matrix T with the same property. 

Then for sufficiently small 8 > 0 (which depends on the constants in the Lip¬ 
schitz conditions)，there is a unique solution of the system in the region A ⑹. 
In case (1)，the solution u has continuous partial derivatives satisfying a Lip¬ 
schitz condition, and in case (2), the solution u has continuous second partial 
derivatives satisfying a Lipschitz condition. 

We are stating this particular theorem simply because it is the most accessible 
in the literature. Other approaches allow all sorts of improvements. First of all, 
the differentiability requirements can be weakened. Second of all, the matrix ^4 
need not be invertible even in the quasi-linear case—but then the approach has 
to be changed considerably. More important, we would like to know that the 
solutions have a high degree of differentiability if the coefficients and initial con¬ 
ditions do. The proof of this requires considerations like those which are used 
to prove that the solutions of an ordinary differential equation are differentiable 
in the initial conditions, considerations which we already omitted in Volume I. 
We would also like to consider systems depending on parameters，and show 
that the solutions are differentiable in the parameters; in section 9 we will use 
this fact. As in the case of ordinary differential equations, differentiability in 
the parameters is not very hard，and readers may work this out for themselves, 
guided by Problem 1.5-5. 

Despite the somewhat unsatisfactory state in which this section ends, I hope 
the reader will feel fairly convinced that hyperbolic systems have solutions. In 
the next two sections we will use this fact to show the enormous difference 
between hyperbolic and elliptic solutions of second order equations. 
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8. HYPERBOLIC SECOND ORDER 
EQUATIONS IN TWO VARIABLES 

Consider a second order equation 

(I) o = F(x, y\ u, u x ,u y , u xx , u xy ,u yy ) = F(x, >>, w,^, r, .s, /), 

an initial curve, and hyperbolic initial data along this curve such that the curve is 
free for the initial data. As we saw in section 2, by introducing a diffeomorphism 
of the plane, we can assume that the initial curve is a segment [a, b] of the jc-axis. 
The initial data then amount to functions 

O O O 

q，t 

on [a, b] satisfying 

(Io) o = F(x, 0, u(x), u(x),q(x), u f/ (x), q(x),t(x)), 

and the initial data will still be hyperbolic, 

F s 2 -4F r F t >0, 

as we remarked in section 5. Setting 

a(x) = (x, 0, u(x), u'(x),q(x), u"{x), q'(x), 
the requirement that the initial curve [a, b] x {0} be free means that 

0 ^ F/(a(x)), for x € [a, b]. 

We claim that we can also assume that 0 # /v(a(x)). The reason for this is 
that F r 0 precisely when the direction of the 少 ， -axis is characteristic, and we 
can always avoid this by an appropriate transformation of the plane. In detail 
(compare page 53), define a new function i; by 

wCv, v) = v(x + A.J, v), 

where 入 is a constant. Note that the map (.x, v) (.y + 入 j’ ）takes the segment 
[a ， 6] of the x-axis into itself. Now 


U x 

= Vx, 

Uy = Xv x + Vy 

[all partials of u evaluated 

XX 

= ^xx 


at (U )， 

Ixy 

= ^xx 

+ ^xy 

all partials of v evaluated 

{ yy 

= 入 ^xx + ^yy 

at (x + Xy,y)]. 
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So equation (I) is equivalent to the equation 

0 = F{x - v, v x , Xv x + v y , v xx , Xv xx + v xy , X 2 v xx + 2\v xy + v yy ) 

[all functions v, … ， v yy evaluated at (x, y)]. 

This can be written 

0 = G{x,y,v,v x ,v y , v xx , v xy , v yy ), 
where G has the form 

G(_, r, s, t) = F( —— ,r, Xr + s, X 2 r + 2Xs +1). 

Then we have (leaving out the arguments for convenience) 

G r =■ F r + XF S + X 2 Ft. 

By choosing X sufficiently large we can insure that G r (a(x)) ^ 0 for all x e 
[a, b]. So we can assume that F r {a(x)), F t {a{x)) ^ 0 for x e [a,b\. 

One way of treating equation (I) would be to first reduce it to an equivalent 
one by the considerations of section 2. Since F t ^ 0, there is a function /, 
defined in a neighborhood of all points 

P{x) = (x, 0, w(x), u{x), q(x), u ff (x),q(x)), 

such that 

⑷ ^V) = fiPM) 

(b) F{x,y,u, p ， q ， r,s ， f{x,y,u,p,q,r,s)) = 0. 

So equation (I) is equivalent to the equation 

(n u yy = f{x,y,u,u x ,u y ,u XX ^ tixy)- 

Differentiating (b) with respect to r and s we obtain 

0 = F r + F t f r 
0 = F s + F t f s , 


so we have 


F r ^0 => /r / 0 
F s 2 -AFrFt > 0 => f s Z + 4f r > 0 
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(the latter is nothing more than the condition that the solution u of the equation 
f(x ， y ， u ， p,q,r,s) - r = 0 be hyperbolic). 

In section 3 we showed that the Cauchy problem for equation (F) is equivalent 
to a Cauchy problem for the system 


u y = v 
a y s 

v y = f{x,y,u,a,v,r,s) 

(*) 

Py = 

= 

s y = fx + fu ' P + fa ' r + fv ' S + f r • r x + f x ^ S x . 
Setting (j) = (w,Qf, v, p,r,s), we can write this system as 



The eigenvalues of the matrix 



are the roots of A 2 — f s X — / r = 0, namely 



These roots are real and distinct, since f s 2 + 4/ r >0, and they are / 0, since 
fr ★ 0. So A f is diagonalizable, and consequently A is. Theorem 10 then tells 
us that we can solve the system (*) with the appropriate initial conditions; hence 
we can solve the original equation (1) with the given hyperbolic initial conditions. 
The only slight problem is that Theorem 10 was stated only for non-singular A 
(although, as we mentioned, this requirement is not really necessary). We will 
therefore give another approach, based on the work of H. Levvy [4], which uses 
Theorem 10 only as stated, and we will work directly with equation (I), rather 
than (I’), without assuming that the initial curve is a segment of the x-axis. The 
new considerations which we will introduce are not only interesting in their own 
n ght，but will also be used in the next section. 
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We are thus considering the second order equation 

(I) 0 = F { x , U x ^ yy ) = y ， “ ， P ， 9, 广，夕 “)， 

together with an initial curve c = (c \, C 2 ) *. [a,b\ M 2 along with initial data 

u,p,q 9 rjj ： [a,b] E satisfying 

(H) 0 = F{ci (r),c 2 {r),u(r), p{r),q{r)J{T)J(r)J{r)) 

=F(C(r)), say. 

In addition, the initial data must satisfy (compare page 34) 



du 

。如 

0 dC2 


= 

= P 77 

+ q 丁 
ax 

(1-2) 

d p 

odci 

odc2 

= 

=， '~d7 

+ s 77 


dq 

oi/Ci 

ode: 


= 

= 5 7T 

+ t 17 - 


The fact that the initial data is hyperbolic is expressed by the inequality 
(1-3) F s 2 - 4F r F t > 0 for all C(r). 

In section 2 we wrote the condition that c be free as 

F r v\ 2 + 0 

where (vj, V 2 ) is a normal at c(r) [and F r , F t are evaluated at C(t)]. If 
(X, Y) is tangent to c at r, then the normal is a multiple of (F, —X), so we can 
also write this condition as 

(1-4) F r Y 2 - F S XY + F t X 2 ^0. 

By contrast, the characteristic directions are just those (X, Y) satisfying 

(I-C) F r Y 2 -F s XY + F t X 2 =0. 

Arguments similar to the one given at the beginning of this section show that 
without loss of generality we can assume that we have F r , Ft ^ 0 at all C(t). 
Now in a neighborhood K C M 8 of {C(r)} where we have 

F s 2 -4F r F t >0 
Fr,F t ^Q 
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we can find two continuous everywhere unequal real-valued functions P\, pi 
which are solutions of 

(a) F r p 2 — F s p + /v = 0. 

The condition F r _ Q guarantees that we have a genuine quadratic equation. 
The condition F t ^ 0 insures that P\,P 2 ^ 0, which will be important later on. 

Now suppose that we actually have a solution u of (I). Let V c M 2 be 
{{x,y) : (x,y,u(x,y),u x (x,y),...) £ U}. For R ( = pi{x,y,u{x,y),...), 
the two vectors (1, R\) and (1, R 2 ) are linearly independent at each point of V 
[and equation (I-C) shows that they are always characteristic]. We can now use 
Proposition 1.5-19 to choose an open set TV C M 2 , with standard coordinates 
( 与， rf), say, and a diffeomorphism (f )： W ^ V such that 

(i) the parameter curves of 0 are always characteristic, that is, their tangent 
vectors are multiples of (1, R\) or (1, R 2 ), 

(ii) 0(^^)=c(^)for^[a,6]. 

Let x and y denote the compositions x o (p and y o 中 ， for the standard co¬ 
ordinate system {x,y) on V. Thus, x and y are just the component functions 
of <p. Similarly, let w = w 尸 = po(p = u x o0, etc. For brevity, if g : TV ^ M 
we will use 〆 to denote the partial derivative dg/d 每 , and g' to denote dg/dr]. 
Condition (i) on our map 0 means that 

(* 1 ) p\x' - y = 0 

(* 2 ) Pix' - / = 0 , 

where p，. actually means the function whose value at (^, r]) is 
Pi ⑽, r ])， w ㈣ ， r /))， u x _ ， rf )、， …） =A.Ud ") ， 〆 $，")， 《 ( 专， ")， ML rj)， …) • 
We also have the general equations 


(*3) 

— px - qy 

(*4) 

p f - rx - sy ; 

(*5) 

q sx f - ty 


We obtain further equations as follows. When w is a solution of (I) we have 

dF{x,y,u(x,y),...) 

0 = - ^ - 

=F x + F u . u x + F p • p x + F q . q x 

+ Fr ' r x + ' s x + Ft ' fx 

=Fr + Fx + F t • t x + • • •, 
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where F x , F u , F p ,... are evaluated at (x, y, u(x,y), ...). Composing with «/>, 
we can write 

(A) 0= F r -(r x o(f)) + F s - (s x o(f>) + F t ■ (t x 。 0) + {F} x , 

where {F} x = F x + F u ■ p + F p ■ q + F q ■ r, 


all partials of F being evaluated at (jc, y,u, p, .. .) 

On the other hand, we always have 

r' = (r x o<f)) ■ x + (r y o<j>) ■ y' 
s' = (5jc o(f>)-x' + (s y o 0) - y'. 


and thus, using equality of mixed partials, 

r' = (r x o<f>)-x' + (s x 。伞、 -y' 
s' = (s x o(f>) ■ X + (t x o (f>) - y'. 


(B) 


We can write equations (A) and (B) together in matrix form as 
(C) 




Now 


X' y' o 

del I 0 x' y' 

F r F s F t 


(x'fFt-x^'Fs + iy'fFr 
(x') 2 (F, - pi F s + pi 2 F r ) by (*1) 
0, since p\ is a solution of (a). 


Consequently 


Moreover, the last column of the matrix 



< 2 . 
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So, as before，we have 

(* 7 ) P\F r s f + F t t f + {F} y y f = 0 


is a linear combination of the first three columns, namely the linear combina¬ 
tion {r x o (f>,s x o 0, t x o 0)，by equation (C )， so this matrix also has rank < 2. 
Consequently, the determinant of every 3x3 submatrix vanishes. In particular, 

( X ， Q / \ 

0 = det I 0 y f s f I = -y f F r r f - x f F t s f - x t {F} x y , \ 

\Fr Ft - {F}J 

using (*1) this can be written as follows (note that we don’t substitute for the 
second 〆 )： 

(*6) P\F r r f + F t s' + {F} x y f = 0. 

Similarly, we have the following equation, which we will number as 

(*8) PiF r i + F t s' + {F} x y' = 0 

Exactly the same manipulations may be carried out by differentiating with 
respect to instead of x. We have the equation 

0 = /^ . ( 〜。 0) + /^ •( 〜 。伞 ） + F t • [t y o 0) + 

together with 

s f = (r y o 0) • + (s y o<j>) • y r 

t r = + (ty o (f>) ■ y', 

which we can write as 


0 0 0 

o o o 

少少少 

s /t 


/ y ^ 


,H OF, 


(as well as an equation involving ' )• 
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We have thus selected 8 equations satisfied by the 8 functions x,y,u, p,q, r,sj 
when w is a solution of (I): 

(*1) P\x' - / = 0 

(*2) P2x" 一 / = o 

(*3) u - px -qy' = 0 

(*4) p' — rx' - sy r = 0 

(*5) q' - sx' _ = 0 

(*6) P\F r r' + F t s' + (F x + F u p + F p r + F q s)y' = 0 

(*7) p\ F r s' + F,t' + (F y + F u q + F p s 4 - F q t = 0 

(*8) p 2 F r i + F,s' + (F x + F u p + F p r + F q s)y = 0. 


We have 

= x(tp($,$)) = x(c($)) = Ci(t), 
and similarly for y. And if u has the initial data for (I), then 

«(?,?) = = u(c($)) = u($), 

and similarly for p,q, ... . Thus, along the line segment S = {(§, ^) ： a < ^ < b} 
the solutions x, y, u _of (*l)-(*8) have the initial conditions 

、 «(^,^) = u($) 

(* 0 ) - f(^)> ?(?,?) = q(^) 

= r($), = s($), t(^$) = f($)- 

The beauty of this particular set of 8 equations is the fact that they auto¬ 
matically lead to solutions of equation (1). More precisely, consider 8 functions 
x, y,u,... ,t satisfying the system (*), with the initial conditions (*o) - are de¬ 
noting the 8 unknowns of our system by simply for convenience— 

we are not assuming that D\u = p, etc. 


11. LEMMA. Letc*,z/ p.qjjj: [a,b] R satisfy (I-l)-(I-4). Suppose that 
at, )\ m, p, q, r, 5 , t satisfy the system (*), with the initial conditions (*o). Then 
( 1 , 少 ） is a coordinate system in a neighborhood of the diagonal line segment 
S = {(^，^) : a < ^ < b}. and u o (jc, y)~ l is a solution of the PDE (1) with the 

initial conditions w, p,q.f,sj on the curve 
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PROOF. Equations (*1) and (*2) show that ( 文’， y f ) and {x\ y y ) are characteristic 
directions, while c f is never characteristic by (1-4). In particular, c’ ( 专 ） is not a 
multiple of U’，/)(m or (jt\/)($,$). 

Our initial conditions on x and y give 

mo + at ' (备，专） ’⑻ 

/(m + = cV( 专 ). 

If we had = 0 then we would also have 〆($，$) = 0 by (*1)，which would 

make (jc\ =〆($)，which we have just noted is not possible. Similarly, 

we cannot have ?(U) = 0. Thus, the map 

0(M) = WM) ， J(M)) 

has Jacobian matirx 



with determinant 

x f x y . (P 2 — Pi) # 0 at all points of S. 

So 0 = (x, y) is a coordinate system in a neighborhood of the compact set 5. 
We next claim that we have 

( 1 ) 0 = F(x,y,u,p,q,r,s,t) [= F{x(^rj),y(^ ")，《($，")，...)]. 

To prove this, we add p\ times equation (*7) to (*6)，and replace y f in equation 
(*6) by p\x f [using (*1)]; we thus obtain 

p\ 2 F r s + p\F t t f + p\(F y + F u q+ F p s + F q t)y f 

+ pi + F t s + p\(F x + F u p + F p r + F q $)x r = 0. 

The coefficient of s r is 

P\ 2 F r + F t = p\F s , 
so after dividing by p\ ^ 0 we obtain 

0 = F r v f + F s s + Fft r + (+ Fup Fp^ + Fqs)x f 
+ (F y + F u q + F p s + F q t)y r . 
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or, with our abbreviations, 


Making use of (*3)(*5) we then have 

0 = F r r f + F s s f + F t t f + F x x + F y y + F u u + F p p + F q q 

=F，, 

On the other hand, since are assumed to satisfy (1-2)，the initial 

conditions (*o) insure that F = 0 on the diagonal line segment S. Therefore 
we have F = 0 in a whole neighborhood of this interval. 

To prove that u o 0 ^ = u o (jc, ^ is a. solution to the equation (I) it thus 
suffices to prove that 

p O 0 _1 = D\{u O 0 - ’)， q O (f>-' = Di{u O (f) - 

r o ♦-' = D x {po<j)~ x ), s o <j)- 1 = D 2 (po(p — 1 )， to(j)- x = D 2 、 q 。 

Note that, with our standard notation d/dx and 3/3 j for the coordinate system 
(jc, y) we have 

,__i 

D\ {u o (j) ) — t ：~ 。 ♦ ， etc .， 

ox 

so what we have to show amounts to 

du du 

9 = d^ 
r = 

By our usual chain rule, we have, for any function a, 


dp — dq 

3〆 


• • 

+ + 

§ lx - 
3-3 3-3 

9-3 3-9 
-- II 

V* - t : v I p 


扣 ajc^^ 


tb - X ts - 

9 13 3 19 


ax a - J 

3 9 3 -9 
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The partials 9 专 /9x，• • • are given by 

fd$/dx = fx' X 丫 1 二 1 f y 

[dr]/dx dt]/dy) x' J 


Thus 


da a f y y — a y y f 

dx x f y y — 


which can be written as 


⑵ 


x a - x a 


ya - y a 


da 

dy 

da 

dx 


da —Qf’x' + Qf'x’ 
dy x f y y — s^y f 


(xV-xV) 

(a ，一 a'). 


Now equations (*6) and (*8) can be written in the form 

^r^^ + F x + F uP+ F p r + F q s = 0 


^+y +F ^ F ^ +F p r + F ^ = ° - 


Hence 


x’ y f x' 


Using (2)，this equation can be written 


(3) 



+ F t 


ds 

dx 


(? 




But 


jc n _ 丄 _ F r 
y f y" P\P2 Ft 


so from (3) we obtain the preliminary result 


( 4 ) 


dr ds 
dy ~ dx 


Next note that we have 


P 


d £ 


X 


丄心 ， 


p r = rx f + sy r 


by the chain rule 

by ㈣ ， 
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so that 


y \s 


On the other hand, the initial conditions (*o) give 
dp — d 

l^ = d^ p{U) 

= 》 ，加 ’(0 + g(mc 2 ’ ⑻， 
while the conditions (1-2) imply that 


so that 




.卜韵 卜-朗 ( m . 


Equations (5) and (6) together give 


C\ f (^) (. 2 ’ ( 专） 


「 dp' 

L 




韵 (⑶ 


Since c f is not a multiple of (x’ ， 〆)，as we observed at the beginning of the 
proof, it follows that we must have 

r(m = #($，$), s(m = ^( 

OX dy 


So, if we set 


then P(m = 0. Moreover, 


P = p' - rx x - sy\ 


P' = p n - r V - s f y y - rx^ - sy r \ 
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while equation (*4) gives 

0 = p n - r y x f - s y y f - rx n - sy f \ 


So we have 

P f = r y x f — + s y y f — s f y y 

=( 芸-告 )( xY _ by(2) 

= 0 by (4). 

Consequently，we have 

(7) 0 = P = p' - rx" - sy' 


in a neighborhood of S. From (*4) and (7) we have 


( 8 ) 

So (2) gives 

( 9 ) 


Similarly，set 


Then we have 


X s p' - x'p' = s(jr'y — JlV') 

yV — y'p s = r(y y x' - 〆？). 


dp dp 

3 ^' S = Jy 


U = u' — px y — qy K 
Q — q ~ sx' — ty s . 


U 




and 


0 = « ,v — p y x r — q'y' — px n — qy '、 from (*3), 

and thus 

(10) U' = -p'x K - q'y K + p s x' + q s y' 

^ —s(x'/ — x'j') - q'y s + q s y' by (8) 

= {q y - sx y - ty')y' - {q - sx' - ty')y' 

= Qy' by (*5) 
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(7 = 0 and (*3) => p =—, 

Q = 0 and (*5) => s = 


Likewise, 


G^-sV-rV + ^V + rV 


r dt ds 
、 3x dy 


)(x'y - xy) 


by (2). 


Now (1) implies, using (9)，that 

dF du dq ^ dr _ 3^ _ dt 

0= ^ = Fx + Fu ^ + Fpr + F ^ + Fr di + Fx dx +Ft ^ 

with a similar equation for dF/dy. Subtract the first of these equations from (*6) 
and the second from (*7)，multiply the resulting equations by x' and y\ respec¬ 
tively, and add them. Taking into account (4)，we obtain finally 


^ ^ 3s 
、 3x dy 




Thus we have 


jQ f + F q Q + F u U =0 

U f = Qy\ 


Along each line parallel to the 专 - axis，this is simply a system of ordinary differ- 
ential equations for U and Q. Since U = Q = 0 on the diagonal segment S y 
we find that U = Q = 0 in a neighborhood of S. As before, 


al/aja?^ 


and this completes the proof. 
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Now we want to know whether the system (*) does in fact have a solution 
with the initial conditions (*o). We introduce the rotated coordinates (/x, v) by 

v = 卜 "• 

Then the segment S = {($ ， 专 ）: a < ^ < b} corresponds to the segment [2a, 2b] 
of the /i-axis, and 

, 9 9 

= - 1 - 

dfi dv 

_9_ _ 9 
3/x dv 

Denoting x, by 0i,... ,0g, our equations (*l)-(*8) can be written as 

the following matrix equation, in which each row of the matrix (2 on the right 
is simply — 1 times the corresponding row of the matrix on the left, except for 
rows 2 and 8, which are equal to +1 times the corresponding row [these rows 
correspond to equations (*2) and (*8) involving ']: 


-p\ 

—1 

0 

0 

0 

0 

0 

0 一 




" d(p\/dv " 

pi 

—1 

0 

0 

0 

0 

0 

0 


d(h/dfx 


d(f>2/dv 

-p 

-q 

1 

0 

0 

0 

0 

0 


903/9^ 


903/9v 

—r 

—s 

0 

1 

0 

0 

0 

0 


d(p 4 /d/j. 

= (2 - 

d(p"dv 

—s 

-t 

0 

0 

1 

0 

0 

0 


dcps/dfx 

d(f>s/dv 

0 

{F} x 

0 

0 

0 

P\F r 

Ft 

0 


d(p 6 /dix 


30 6 /3v 

0 

{F}y 

0 

0 

0 

0 

P\Fr 

Ft 


dcpi/d/i 


d(f)j/dv 

. 0 

{F} x 

0 

0 

0 

PlFr 

F t 

0 _ 


_90g/3/i_ 


— 30 8 /3v_ 


The determinant of the matrix on the left is easily seen to be 

/ P\Fr F t 0 \ 

(P 2 _Pi)det| 0 p x F r F t I =(pi- P\) 2 F r F t 2 ^0. 

\PiFr Ft 0 / 

Writing our equation for short as 

T = (2 • 

we have 

O = 幻沪， 

where 5) is the diagonal matrix with -Ts on all diagonals except for +l，s at 
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positions (2, 2) and (8, 8). So we can write our equation as 

0V 

Since is diagonalizable, Theorem 10 shows that we can solve the sys¬ 

tem (*) uniquely with the initial conditions (* 0 ). So Lemma 11 shows that our 
original PDE (I) has a solution with the given initial conditions. We summarize 
this result in 

12. THEOREM. Consider a second order equation 

F(x, y, 14, Ux-> ^ y-> ^xx-> 以 xy ， ^yy) = 0 , 

an initial curve, and hyperbolic initial data along this curve satisfying (1-1) 
and (1-2), such that the curve is free for the initial data. Suppose that the initial 
curve, initial data, and F have continuous third partial derivatives satisfying 
a Lipschitz condition. Then in a neighborhood of this initial curve there is a 
unique solution with this initial data having continuous second partial deriva¬ 
tives satisfying a Lipschitz condition. 

Actually, the hypotheses could be weakened considerably here (partly by 
weakening the hypotheses in Theorem 10, and even more so by using other 
methods), but we will not worry about this. More important, we would like to 
know that the solution u has a high order of differentiability if F, the initial 
curve, and the initial data do, but we must be content with merely asserting 
this, since we did not prove this for Theorem 10. One thing is clear, however. 
E\ en if F and the initial curve are highly differentiable, or even analytic, there 
may be solutions u which are far less differentiable. In fact, if we have any 
hyperbolic initial data, then nearby initial data will also be hyperbolic. We can 
choose this nearby data to be only C 3 , and then our solution is at most C 3 . As 
\ve will see in the next section, this is in marked contrast to the situation for 
elliptic solutions. 

We briefly indicate the situation for the case where our initial curve is every- 
where characteristic for the initial data. Assuming, as at the beginning of this 
section, that the initial curve is a segment [a,b] of the A-axis, the initial data 
amount to functions 

O O O 

u, q, t 
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on [a, b] satisfying 

(Io) 0 = ⑻， S 〃 ㈡ ， I ' ⑴ J(x ))， 

except that now we have 

(Ic) 0 = F t (x, o, u (x), u(x), q(x), u\x), q(x), t(x)). 

Differentiating (I 0 ) and using (Iq), we find that we must have 

(**) FrU m + F s ^ f + (F x + F u S f + F p ^+ F q °q f ) = 0, 

and conversely, if (**) and (I。) are satisfied，and (Io) holds at one point (Xo, 0 )， 
then it holds everywhere on [a^b]. By choosing a free curve y and initial data 
such that y(0) = (Xo,0) and the initial data for y agrees with our initial data 
along [a y b] at the point (xo, 0), we can then find a solution having this initial 
data everywhere on the characteristic curve [a,b]. 

One particular case will be very important in Chapter 12. We consider an 
equation 

(1) 0 = F(x ， y ， pq ， r ， s ， t) = A(rt -s 2 ) + Br + Cs + Dt + E 

=(Ar + D)t + (Br + Cs + E - As 2 ), 

where A ， .，•， £ depend only on x, y, p, so that our equation is linear in 
r ， s ， I and rt - ^ 2 . Such equations are called u Monge-Ampere equations ，，， 
and they are the kind we will always encounter. A calculation, using (VI) on 
page 50, shows that our equation remains a Monge-Ampere equation when we 
compose with a diffeomorphism of the plane. 

Suppose that along the x-axis we have picked u and q as the first two functions 
for our initial data. We can already see if the x-axis is characteristic, because 
the condition for this is 

( 2 ) 0 = F t = Ar + D, 

which only involves f = 义 ， and $ on the .v-axis. If equation (2) holds，then 
there is no hope of selecting / to complete our initial data unless we also have 

⑶ 0 = Br — Cs + E — As 2 

^long the a- axis. On the other hand, if this equation holds, then any choice 
of ’ will make w, q, t satisfy (1), so if u and q satisfy (2) and (3), we can find 
solutions of (1) with initial data u, q y t for arbitrary functions t. 
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9. ELLIPTIC SOLUTIONS OF SECOND ORDER 
EQUATIONS IN TWO VARIABLES 

The most important topic in the study of elliptic equations is the Dirichlet 
problem, and if this were a book on PDE’s，it would be inexcusable not to devote 
a great deal of time to this subject. But we won’t say another word about it. 
Instead, we will consider another aspect of elliptic equations, which often isn’t 
even mentioned in a first course in PDE’s. We have already noted that every 
solution of u xx +Uyy = 0 is automatically analytic. In this section we will prove 
that every elliptic solution of any second order equation F{x, y, w, p,q,r,s,t )= 
0 is likewise analytic, provided of course that F is an analytic function of its 
arguments. This theorem holds for elliptic solutions of second order PDE’s in 
any number of variables, but the proof we will give works only in the two variable 
case. This deficiency (which doesn’t bother us, since we are interested only in 
the two variable case) is more than compensated for by its conceptual simplicity. 
Moreover, the proof，from H. Lewy [5], has one truly beautiful feature—there 
isn’t a single inequality in it. 

Since the details of the proof become somewhat complicated, it will probably 
help to first examine a special case. Consider the equation 

u xx + u yy = f(x,y,u,p,q), 

where / is a real analytic function of its arguments. We will show that u can 
be extended to a complex analytic function from C 2 to C; consequently u must 
be real analytic. 

We recall first that if 

cx{x,y) = P{x,y)+iy(x,y) 

for real-valued y, then the Cauchy-Riemann equations for a are 

Px = Yy^ ^ ~Yx\ 

these two equations are equivalent to the single equation 

( 1 ) ot x = -ia y . 

We will rewrite our equation for u as 

(2) U X \ X \ + ， 少1 ，以，/ 9). 

We denote the two coordinates in K 2 by x \, y\ so that we can consider M 2 C C 2 , 
where C 2 has coordinates x = x\ + ixi, y = y\ + iyi- Thus we think of u as 
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a function such that u(x\, 0, y\, 0) is defined. We first want to find a complex¬ 
valued extension u(x\,0, y\, y 2 ) of u which is complex analytic in y\ + iy 2 . 
Equation (1) shows that our desired extension should satisfy 

(3) ^X\X] ~ u y> 2 y >2 — y\ + ^ 2 ? W, U X{ , —iu yi ) 

at all points (xj,0,^i,^ 2 )- For each fixed 少 1 ， consider equation (3) in the 
(叉 1 ， j 2 )-pl ane ，with the initial conditions 

(4) w(xi,0, Ji,0) = the original wUi,0, ji,0) 

(5) u y2 {xu0, y u 0) = i - u yx (Xi, 0, 少 1 ， 0)，for the original u(x\,0,y\,0). 

Equation (3) is hyperbolic. Actually this statement is misleading, for the right 
side of (3) is already complex-valued, so we have to allow the solution u to 
be complex-valued; thus we have to consider (3) as an equation for the real 
and imaginary parts of u. However, if we replace (3) by a system of quasi- 
linear equations, and make a new system by looking at the real and imaginary 
parts of all the functions in the old system, then the new system will in fact be 
hyperbolic. The reader may check this (we will write things out explicitly later 
on, for the general case). Then Theorem 10 shows* that we really can solve (3) 
with initial conditions (4) and (5). 

Differentiating (5) gives 

u y 2 y\ = ^ u y\y\ at (xi, 0, yi, 0), 

while subtracting (3) from (2) gives 

u y\y\ u yiyi ~ ^ at (x \, 0, , 0). 

From these two equations we have 

(6) u yiyi =: ^ u y\y2 （ A ， 0, Ji, 0). 

Equations (5) and (6) can also be written 
U yi + iu y2 = 0 

⑺ d at (xi,0,>-!,0). 

^~ ( u y\ + = 0 

*If we use the system of equations derived in the previous section, then Theorem 10 
suffices. If we use the system of equations derived in section 3, then we would need the 
stronger form of Theorem 10 which allows the matrix A to be singular. 
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On the other hand, we can also obtain an equation for a> = u yi + iu yi . To 
equation (3) we apply the operator ▽ = d/dy\ + /3/3> 7 2 ； m the notation of 
Addendum 1 to Chapter 9, would be written Uy. Then we have 

(^x\x\ ~~ ^yiyi — ^( u x\x\ ~ u yiyi) 

= fy^y + /«Vw + f p V{u x '、- ifgV(Uy 2 ) 

since f is analytic (compare pg. IV 320) 

= o + f u CO + jpCO X] — ifqOJy 2 . 

This is a hyperbolic system for co. Thus (7) implies that = 0, by uniqueness 
of solutions. Hence 

(8) u yi (xx,0, + iu yi (xu0, y\,y2) = 0. 

Now we will extend u to E 4 . We do this by considering the equation 

(9) U yy _ ^X2X2 = y(^l ’ ） 2, 少 ，“，—’ “X” ); 

here X\ and are the parameters. We use the initial conditions 

( 10 ) m(xi, 0 ,>1,^2) = the u(x\,0,y\,y2) already obtained 

(11) u X2 (x\,0,yuy 2 ) = i - (xi,0, 

for the w(jvi, 0, 少 1 ， 少 2 ) already obtained. 

Again we obtain a hyperbolic system, so we can solve (9)，with the initial con¬ 
ditions (10) and (11). 

Differentiating (11) gives 

^X)X2 = ^^X\X\ at (.\! ， 0,n ， v 2 ), 

while differentiating ( 8 ) with respect to vi and V2, and then subtracting, gives 
W V| j.l + " V ， V ， = 0 at ， 0 ， .V! ， .' ， 2). 

Finally, subtracting (3) from (9) gives 

^V{V| ^y2}'2 _ ^ x \ x l — ^ X 2 X 2 =0 at (.' 1 ， 0, ） 1 ， .1 2) • 

From these three equations we obtain 

(12) aX 2 X 2 = i^x\,x 2 at (.v*i ， 0, _v ， i ， _) ， 2 ). 
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Equations (11) and (12) can be written 

^ X ] ^ 以尤2 = 0 

(13) a ,. 、 

^ — (“Xi + = 0 

0x2 一 


at (x\,0,y u y 2 ). 


As before, we can also derive an equation for u X{ + iu X2 and conclude that we 
must have u Xl + iu X2 = 0 everywhere. Similarly, we prove that u yi + iu yi = 0 
everywhere. Hence u is complex analytic, and the real-valued solution of the 
original equation u xx + u yy = /(x, y,u, p,q) is real analytic. 


Now we are ready to tackle the general case. We consider an elliptic solution u 
of a general second order equation 

0 = F(x^ y^ u, u x ^ uu xx ， u X y^uyy) = F(xj y, u, 

For convenience, we will often speak as if u were defined on all of M 2 , although 
actually the arguments are entirely local. Ellipticity of u means that 

0 < 4F r F, - F s 2 


[where F r , F s ， F t are evaluated at (X ，少， u(x, y), ...^ ti yy (X ， y))], so that, in par¬ 
ticular, F r , F t / 0. Let p\,p 2 be the two continuous everywhere unequal 
complex-valued functions which are solutions of 

F t - F s p + F r p 2 =0, 

and let 

t 3 3 


dx 


+ Pi 


a〆 


Then we automatically have 


P\X f 一少 ’ = 0 
P2A*' — > ,x = 0. 

Together with the considerations of the previous section we obtain eight equa¬ 
tions 

8 

= 0 

(*) j=i 

8 

^ciij(p/ =0 
^=i 

where 沴卜 ■.. ， 0 8 stand for .v, v ， w,... ， ,， and the Uij are now complex-valued 


i = 1 ， ... ， 6 

/ 二 7,8 ， 
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functions of 〜 ， … ， 0 8 . Since F is assumed analytic in all its arguments, the 
functions are complex analytic in some region of C 2 containing the set M. C C 
where they are defined. We can arrange our equations as in the previous section ， 
with the matrix (ciij) being the matrix !P on page 95. 4 

It will be convenient to use 专 1 ，专 2 ， Oi，W as coordinates on M . Thus we 
regard the as functions with 0y(^i,O, r)\,0) defined; in particular, we have 

r]i,0) = 0i(^i,0, ^i,0) = ^ 1 , 

y{^i ,0, = 02(^ 1 ,0, ^i,0) = r^i. 

The operators ， and ' in the d w)-plane = the U, j)-plane are then given by 


(*0 


W. +Pl ^ 


V ^Wr +P2 ^ 


We consider the functions a t j as already extended to complex analytic functions 
of their eight arguments in a suitable region of C 2 . Now for fixed ^ 1 , consider 
equations (*) as equations in the ( 匕， r? 2 ) - pl ane ，with the operations f and now 
being defined by 


(* 2 ) 


Wi + Wi 


Wi + Wi' 


This is equivalent to taking p\ = 1 and p 2 = 
as the matrix equation on page 95, with pi 
Setting 

4>\ = x h +ix h 

02 = ^3 + i ^4 


1. So we can write our equations 
1 and p 2 = 一 1 ■ 


♦i real-valued, 


and writing our equations in terms of the 也 ， we obtain a matrix equation 

P •〜=Q - ， 


with 


Q = DP, 
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where D is obtained from S) simply by writing each row twice. So by Theo¬ 
rem 10, we can solve (*)，with f and ' given by (*2); as our initial conditions we 
just choose 

0 /(6,O ， rh ， O) = the original 0/( 匕，0 , r/i ，0 ). 

Similarly, we now extend the functions 0, r)\ y 1 ) 2 ) to M 4 by fixing 专 1 

and ^ 2 , and considering equations (*) in the (专 2 , ^i)-plane, with the operations ’ 
and ' now defined by 


(*3) 


时 2 dru 




dh + drji 


Among the extended functions <f>j ， we have “x” = and “ 少”二 - Since the 
<pj are now complex-valued, we have four real-valued functions on M 4 defined 
by 

a ： = xi + ix2, y = y\ + / >2- 

We claim that ^ 1,^2 is a coordinate system in a neighborhood of any 

point in the ($ 1 ， r/i)-plane. To prove this, we have to compute the Jacobian of 
(x\,X 2 , y\, yi)- First of all, since X\,X 2 ,y\,yi are simply 专 1 ，专 2 , 0 i，W on the 
(专 1 ， r/i)-plane，at the point in question we have 

^ d_X 2 = d Jl =0 d _y 2 

妬 -, 拖 - ’ 拖 - ’吣 
3-^1 n dx 2 dyi dy 2 

1^7 = ° 5 ¥ = 0 ， C 1 ， ‘ 

To compute other derivatives，we first write the two complex-conjugate roots 
Pi ? P 2 of Ft - F s p+ F r p 2 = 0 as 

P\ = (^\ + ioi, P 2 = o\ — 102, 02 / 0 . 

The equations y / — p\x f = 0 and y y — pix" = 0, with the two different meanings 
(* 2 ) and (*3) for ’ and \ give the following equations [after making use of (1)]: 


( 1 ) 


0 


0. 


( 2 ) 


dyi 


9>'i 

dr]2 

dyi 


、 .3x2 

dr)2 dr}2 


) 


0 


a + 学 -㈨ 

or]2 or] 2 
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(3) 


^y\ . .3^2 

n 

. . d }'2 

[W2 + ， W2 


1 一 （ d| + io 2 ) 


+ 1 - (ffi - IO 2 ) 


3xi . d\2 \ 

a^ + ， a^J =0 

)=o 

) =0 


dxi . d.x 2 

n 

'd.ri . . 3 x 2 

,W 2 +， W2 
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Subtracting the first equation of (2) from the second gives 


( dx\ … 八 

+ ) =° 


9a- 2 \ 

dr]2) 


dxi . d ,\2 
dr)2 ' drj 2 


o\ 

l — 
02 


=> 


dx\ 


0, 


3x2 ^1 


Then we get 


昝 =( 一 2) ( 1 + f 

OT)2 OTj2 V °2 


drj 2 ’ drj2 o 2 

\ i{o \ 2 + o 2 2 ) 


02 


=> 


3 >'i a dy 2 oi 2 + ct 2 2 

— =0,- — = - 

dr ] 2 or]2 oi 


Similarly, from (3) we get 


(dx\ dx2\ 。 

2 + 2 , 02 ^—+ , —)=0 


dx\ .9x2 
3^2 9^2 


02 




dx\ 
3 备 2 


and then 


dy\ . 9^2 

Wi Wi 


0, 


• 汀 1 


3X2 1 

3^2 ^2 


=\ + (a { + i(j 2 ) —— = i- 
^2 CT2 

3 乃 o dyi 


3$2 的 2 汀 2 

So at the point in question, the matrix of derivatives of Xi,X 2 ,> ? i ,> ? 2 with respect 
to 与 i ， $2, ni^2 is 

^2 y\ yi 


(4) 


$2 


1 0 0 

1 士 0 

02 

0 0 1 

o\ 


0 


0 


0 

02 


or+Q2- 
02 


The determinant equals 1, so (.Vi, A 2 . Vi, V 2 ) is indeed a coordinate system. 

Now all partials 3 / 3 匕， … ， d/dr ) 2 can be written as certain linear combina¬ 
tions of 3 / 3 .vi，... , 3/3 v2- So we can also write 




(5) 跖 + ㈣ 


/ d d \ ( d 


3a*i 


3.vi 




3vi 3.V2 


) 
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Now the equation y r — p\X f — 0, where / has the significance (* 2 )，gives 


( 6 ) 



(>'1 + iyi) - pi 


(4 




3^1 + drj 2 


) 


(•Vi + ix 2 ) 


= 0 . 


But d/dx\ +/3/3x2 gives zero when applied to .Vi +/.X 2 (or any analytic function 
of Xi ， a" 2 ), and similarly for d/dy\ + /3/3»- So when we replace the operator 
3 /3^1 + 3/3^2 in equation (6) by its expression in (5) we end up with 


B\ — p\A\ = 0. 


Note that if we had 山 = 0， then the operator (5) would not be real unless 
C\ = D\ = 0, which is impossible, since 3/3 专 1 / —3/3^2 - So 山 / 0. Thus we 
have 




⑺ W. + dm 


A, 


„ ^ ^ / d d \ 

d7 x +P{A{ d^ + Q 


+ A {^ +i W2 


I， 


and similarly 

(8) - A + J_ 

3^1 dr, 2 

a a ^ f d d \ n ( d d \ 

= - f- P2^2 3 - f" (T 2 ( -- 1- i — ) + £>2 ( 3 - 1- /. -— ), 

OX I 3.V1 \3.vi 3-Y 2 / \dyi dy 2 J 

(9) 

drji 

d d ( d d \ ( d d \ 

=E\- - h P\E\- - 1- G\ ( - 1- i -— ) + 3 - 1- i ^ — ), 

9.yi 3.vi \oa'i o.\ 2 ) \ 9 vi 3j2 / 

d d 
( ). + ‘ 

^ d ^ d ^ / a a \ / d d \ 

= - h P2E2 - - h Gi ( ^ - h / ^ — } + //2 ( -- h / ^ — ), 

o.\\ oy\ \ o\\ 0x2 / V ^y\ 0 v 2 / 


where A\, A 2 , E\, E 2 ^ 0. All quantities A\^ … ， H 2 are simply linear com¬ 
binations of the derivatives of Ai, A 2 , y\, y2 with respect to - For 
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example，we obviously have 



(a d \ 

/Z)l = U + a^J^ 

( a a \ 
iD2 = VW ^^) y ^ 

(d d \ 

lNl= {W2~d^)^ 

(d d \ 

lH2 = \W2 + WJ y2 - 


In particular, at a point in the (^i, ^i)-plane we have, from the entries of the 
matrix (4 )， 


(ii) 


/Cl = 

汀 l 

iD\ - 

(J\ + oi 

= ， 
a 2 

02 

IC2 = 

汀 1 

i D2 = 

G\ 2 +(J2' 

- ， 

02 

a 2 

iG x = 

1 

二 ， 

02 

iH x = 

_ ^1 
一 ， 

02 

1G2 - 

1 

- ， 

iH 2 = 

_ o\ 


02 0"2 


Notice that up till now we have used only the two simplest equations of (*)• 
We will now use the whole set. In the initial plane, the equations (*) hold in 
three different forms, corresponding to the three meanings of the operators f 
and \ namely 


(* 1 ) • 

d a 

= a^ + Pl a^ 

(* 2 ) < 

d a 

~ 叱 + drj2 

fi ^ 

(* 3 ) < 

a d 

3 专 2 dr]\ 


^ (J 0 


' = - 1 - 

9^1 dr, 2 


^ u (j 


From the equations with (* 2 ) we have，making use of (7) and (11 )， 


( 12 ) 




A, 


dx\ 


+ P\A\ 


dy\ 


汀 1 

iG2 





Q-l 2 + CT2 2 
ioi 
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fon = 1， • • • ， 6. From the equations with (*i), we have, after multiplying by A i 

<l>j = 0 




(13) 

j 

for i =\,..., 6 . Subtracting (13) from (12) gives 


(14) 




^l 2 + Oi" ( d 


io2 


、 3 乃 +l dy 2f 


4>j = o. 


If we do the same thing for i = 7,8, except multiply by A 2 instead of A u 
find that (14) holds also for i = 7,8. Since det(o l7 ) ^ 0, it follows that 


we 


(15) 


L^2 


^ d d \ 
+l dx 2 ) 


^1 + ^2 
a 2 


9 V 
+l dy^J_ 


07 =° J = 


Similarly, if we start from the equations with (* 3 ), and then subtract the equa- 
tions with (*i), multiplied by E\ and E 2 , we find that 


(16) 


L^2 




(f>j = 0 


1 ， • • • ， 8. 


since 


^ each Particular 办 ， equations (15) and (16) give two equations for 0 y , and 

det 


we must have 

/ ; 

(17) 

Thus. 


- h i 

dx\ 3x2 


;) 


( 21 

0\ 2 -\-02 2 

[ 0 2 

02 

(丄 

o\ 

\ 02 

^2 

= 0 

and 


.1 # 0 , 


、 3)’i 




+ z i77 勿 =0 - 


we see that the Cauchy-Riemann equations for 0 ； hold in the plane 

x 2 = y 2 = 0 . H 

Now we want to show that the Cauchy-Riemann equations hold for the v, v 7 
variables. Let 


Wx = d7 1 +l d7 2 ' 


^ u u 

y= w. +i w, 


^Ve denote the partials of the functions a u with respect to their 8 variables by 
etc. Because the aij are analytic^ we have 


V y a,=^^Lv y(f >, 


丫 谷 4>! 


da”' 


广 30/ 
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Consider the first 6 equations (*) ， with ， and ' given by (* 2 )； after division by A 1 
they can be written 






+ C i^ + 





Apply V x to this equation. Since we have 

+ 仍忐 + 七 +») 

+ d ^^W, Vx(pl 

= 士 + 卜呈) . ▽々 + ( o . 荔 u 


we obtain an equation of the form 

(18) + [(6" ▽為 • +CijV y (pj) =0 i = 

j J 

Treating the equations for / = 7,8 similarly, except dividing by ^ 2 , we obtain 

(19) + ^2(bijV x (pj +CijVy(l)j) = 0 i = 7,8. 

j J 

Applying Vy similarly to these same equations, we obtain 

(20) + ^(^yV x 0 7 - + eijVy(pj) = 0 / = 1，…， 6 

j J 

(21) [a"(V).0y)' + ^(dij^x^j +〜•▽)， 勿 ）= 0 i = 7,8. 

j J 

Equations (18)-(21) are 16 equations for 16 complex-valued functions V x (pj , 
V v (pj . The matrix of the system is 

(Ulik) 0 \ 

V 0 (a ik )J - 
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So we easily see that the corresponding system of 32 equations for 32 real¬ 
valued functions is hyperbolic. But we know from (17) that = 0 

f or r )2 = 0. By uniqueness of solutions, it follows that V x <j>j = V y <j>j for all 

(与 i ，0， m ，”2). 

In exactly the same way, we show finally that V x <pj = V y (pj =0 for all 
(专 1 ，？ 2 , " 1 ， "2)- Thus all extended (f>j , in particular u = 0 3 , are complex analytic. 
So the original real solution u of our equation is real analytic. 

In this proof we need the (pj to have continuous second partial derivatives 
satisfying a Lipschitz condition (so that the in the last step will have 

continuous partials satisfying a Lipschitz condition). Thus we require u to have 
continuous fourth partial derivatives satisfying a Lipschitz condition. Actually, 
the result holds even if w is C 3 , but that information comes out of other proofs 
(it might also be derivable from the present proof with enough extra work). 
We will merely state this stronger result in the summary of all the work of this 
section: 

13. THEOREM. If w is a C 3 elliptic solution of the equation 
F(^x^ y tlx 9 U y ， U xx ， ^xy ? “” ） =0 ， 

where F is a real analytic function of its 8 arguments, then u is real analytic. 
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ADDENDUM 1 

DIFFERENTIAL SYSTEMS; 

THE CARTAN-KAHLER THEOREM 

Suppose we are given everywhere linearly independent 1-forms ⑴ 
on an "-manifold M. The Frobenius integrability theorem, in the differential 
form version (Proposition 1.7-14), tells us when every point p ^ M lies in some 
(n - /)-dimensional manifold N C M such that all % restricted to N are zero: 
this happens if and only if each dojj is in the ideal generated by the {o)j}. Our 
proof rested on the observation that the da>j have this property if and only 
if the (n — /)-dimensional distribution A = ker coj has the property that 

[X, Y] belongs to A whenever X and Y do. On the other hand, simple direct 
considerations could have shown us that the condition on the da>j is certainly 
necessary. For suppose that C A/ is an (n — /)-dimensional submanifold of M 
on which all 吟 vanish (i.e” i*a)j =0, where i: N ^ M is the inclusion map). 
Then the dcoj also vanish on N, since 

i*(do)j) = d(i*a>j) = 0. 

But the 2-forms o)j a o)k also vanish on N, and because the o)j are everywhere 
linearly independent, at each point p G N the {o)j(p) a o) k (p)} already span 
the set of all elements of Q 2 (M P ) which vanish on N p . Thus dojj(p) must be 
a linear combination of the {(Oj(p) a o)k(p)}- 
We could also have given a direct proof that this necessary condition is suf¬ 
ficient, without appealing to the first version of the Frobenius integrability the¬ 
orem. We will briefly outline this proof, for it not only shows just how the 
condition on the doji is related to the classical integrability criterion, but it is 
also similar in approach to the proof of the main theorem which we will be 
proving later. 

For convenience we set k = n — l ， and number our forms as ⑴ k+i ，• • • ， ⑴ n. 
Since the result is essentially local，we can assume that M = R n , that the point 
p e M in question is 0 G M” ， and, by changing our axes if necessary, that 
(Lx 1 ， … ， cL\ k ， (o k+i ， … ， o) n span (R”o)*. This means that near 0 wc can write 

k n 

(1) dx^ = 〉: A^p dx^ 1 + 〉: B r pO) r p — k 1 ，•••，”. 

h=\ r=k+\ 

Now take d of equation (1), and consider the coefficient of a term dx l A d.\ j 
(/ < j < k), when the right side is expressed in terms of the 2-forms 

dx l A d.\ j , d.\ l A (O r , 0) r A d) s , 
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which are linearly independent near 0. When we write dco r in this way, the 
coefficients of dx l a dx J must vanish, since by hypothesis dco r is in the ideal 
generated by the co r . So we obtain 

k 

0 = coefficient of dx l a dx j in ^ dA^ p a dx h 

h=\ 

. . k n ?iAu 

=coefficient of dx l a dx J in — ~~ - dx° a dx h 

—L dx a 
h=\o=\ 

dx l dxJ’ 

k n k r,, 

+ coefficient of dx l a dx^ in EE E 帶 “一 

h=\ o—k-\-\ i=l 

by (1) 

and thus, finally, 

(O') 0 — 3 為 > I f 4 ^ A ip A 

o=k+\ a=k-¥\ 

But now the classical integrability result (Theorem 1.6-1) shows that we can find 
functions f k + l ” • •，尸 in a neighborhood of 0 in R k such that 

Sfp 

⑶ dx^ 1 (又 1 ， • • • ，外 、 = ， • • •，^:，/灸+1 ( 久 1 , . . . , , f n (Xi ， • • • ， X^)). 

Equation (3) is precisely the condition that the co r vanish on the submanifold 
{(Xi，• • • ， f kJrX (Xi ， ••• ， x^), … ， /”(Xi, • • •, x 灸 ))}, so the proof is complete. 

Now we want to consider a more general question. Suppose we are given an 
ideal i of differential forms on A/, not necessarily generated by 1-forms, which 
satisfies dl c i. When is there a submanifold N C M such that all forms 
of J vanish on M? We warn right away that everything is going to be much 
more complicated. The basic information regarding this situation is contained 
the Cartan-Kahler theorem (first proved by Cartan when i is generated by 
1-forms and 2-forms, and then generalized by Kahler). We will never use this 
result, except to give an alternative proof of a theorem, in the Addendum to 
Chapter 11, but I felt that it should be included here, not only because it is an 
application of the Cauchy-Kowalewski theorem, but also because it plays such 
a cruc ial role in the work of E. Cartan. It enables one to say, in a sense that will 
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be clarified later on, “how many” different submanifolds of R w satisfy a given 
geometric condition, e.g.，the condition that H is constant [here we are consid¬ 
ering the local theory of submanifolds, without any completeness requirements], 
numerous such examples are worked out in E. Cartan {2}. The Cartan-Kahler 
theorem may be thought of as a result about intcgra.bility conditions for systems 
of partial differential equations, of a more complex type than (3). Nevertheless, 
the systems to be considered are still very special, since they come from dif¬ 
ferential forms — one could compare this situation with the Poincare Lemma, 
which also involves integrability conditions of a very special sort. 

Before we can state the Cartan-Kahler theorem, some preliminary definitions 
will be required. First we want to be more precise about ideals of differential 
forms. Let Q k (M) be the vector space of all /:-forms on M. Then the direct 
sum fi(M) = fi°(A/)©- - is a ring under A. For any ideal i C Q(M )， 

we set ife =We will consider only ideals i which are homogeneous, 
meaning that 

』 = 』 o ㊉』 1 

Thus, for example, if 1 contains a>\ + (i >2 where a>\ is a 1 -form and ⑴ 2 is a 
2-form, then i must contain a)\ and (so i could not be the ideal generated 
by a>\ + 0 ) 2 ). For a homogeneous ideal i it is certainly clear what we mean by 
the condition C 』： for each k-fovm the (k + l)-form dco must also 

be in i. A homogeneous ideal with this property is called a differential ideal, 
or sometimes a differential system. For the present we will assume that our 
differential system i does not contain functions, i.e.，that io = 0- 

Let i be any homogeneous ideal with 』o = 0 (not necessarily satisfying 
di C i). An /-dimensional submanifold N C A/, with inclusion map 1 : N ^ 
A/, is called an integral submanifold of J? if i* 0 ) — 0 for all forms 0 ) G It is 
easy to see that, because i is an ideal, this condition holds if i*o) = 0 for all 
forms o) G i/. It is also easy to see that if i is generated by a set of elements S, 
then it suffices to have i*a) = 0 for all ⑺ e S of degree < /. In order to analyze 
integral submanifolds of i, we consider the possible tangent spaces for them. 
A 11 /-dimensional subspace W C M p of M p is called an (/-dimensional) integral 
element of i if all co(p) are zero when restricted to W, for all a) e again, it 
suffices to have this for all to G i/, or for all 0 ) of degree ；£ / in a generating 
set S. Notice that a subspace of an integral element is also an integral element. 
We will also allow the 0-dimensional subspace of M p , which we will identify 
with p. It is always an integral element, since we are assuming that io — 0- 
When the ideal i is generated by 1-forms, we must assume, for the Frobenius 
integrability theorem, that locally i is generated by a fixed number of linearly 
independent 1-forms. The analogous requirements for an arbitrary differential 
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system i are more involved. Let W C M p be a /:-dimensional integral element ， 
and let X \,..be any basis. We define the “polar space” 

8(W) = {X eM p : co(p)(X u ...,X k ,X) = 0rov all ⑴ e 4 +1 }. 

[For k = 0, this means that 8(p) = {X G M p : co(p)(X) = 0 for all co e ii}.] 
This definition is clearly independent of the basis X\,., X k ^ and we have 
W C 8(W). Using the fact that 1 is an ideal, we easily see that for all X e 8{W) 
and A\ h < k we have 

⑴ （ p)(Xi ',..., ) = 0 for all co G Jf/j+i. 

This means that for every X e. 8(W) which is not in W, the space VK ㊉ H is 
an extension of W to a (/c + l)-dimensional integral element; conversely, any 
(k + l)-dimensional integral element extending W is of this form. We will also 
find it useful to consider explicitly the ordered bases (A'i, ..., X^) of integral 
elements. Let 

掀 /c = {(P, A^i,..., Xk) : X\,.. .,Xk span a 

-dimensional integral element of M p } 

C M x TM x • • • x TM • 

For each (p, X\,..., X^) e Mk, we define 

S(p,X u ...,X k ) 

={X e M p : a)(p)(X \,..., Xk, /) = 0 for all ⑴ e 』 a ： +i} 

=-dimensional integral element spanned by X\,..., X^). 

We now define regular integral elements inductively as follows. The point p 
is a regular O-dimensional integral element if dim 8\(p f ) = dim 8\(p) for all p f 
in a neighborhood of p. A -dimensional integral element W is regular if 

(a) W contains a (/: — l)-dimensional regular integral element, 

(b) dim for all /:-dimensional integral elements 

W r in a neighborhood of W. 

In order to talk about a neighborhood of IV, we have to specify the topol- 
°SY involved. The A:-dimensional integral elements are topologized as a sub- 
set of the set of all /:-dimensional subspaces of all M q \ locally this looks like 
x (^-dimensional subspaces of R n ), and we use the obvious topology on 
^-dimensional subspaces of R n (described in detail in Chapter 13, section 2). 
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Equivalently, W is regular if it has some basis X\,..., such that for each 
h < k we have dim 8h+\ 、 p ’ ， •. • ， X f h) = dim Sfj + i(p ， X\,..., X^) for all 
(〆， X\,..X f h) ^ Mh in a neighborhood of (p, X\ 9 .. Notice that the 
definition does not preclude the possibility that the regular /c-dimensional inte¬ 
gral element W contains a (A: - l)-dimensional integral element which is not 
regular. That is why our second criterion for regularity merely requires the ex¬ 
istence of some basis {X u ...,X k ) with the requisite property—there may also 
be bases which do not have this property. A basis (A^i, …， X^) which does have 
the required property will be called good. 

For a A:-dimensional integral element W, consider the codimension 

c k+ \{W) = n- 

similarly, for (p,X\,..X^) e set 

C k+\(P^ , X^) = n — dim X\,.X^). 

Clearly (Vl^) is the maximum number of (/c + l)-forms ⑴⑴，⑴⑵，… e ^k+\ 

such that the c k+x (W) linear functions 

Y ^ co (a \p)i,X x ,...,X k J) Y eM p ((^,..., ^) a basis of W) 

are linearly independent. It follows that the function W is lower 

semi-continuous on the set of all /c-dimensional integral elements [that is, the 
value of this function may be greater than c k+x (W) arbitrarily close to W, but 
it cannot be less than Ck+\{W) arbitrarily close to W], Consequently, the func¬ 
tion W dim Sk+\(W) is upper semi-continuous. It follows easily that condi¬ 
tion (b) holds on an open dense subset of the set of all /c-dimensional integral 
elements. It certainly holds if dim (W) has the minimum possible value. 
[In particular, condition (b) holds if dim & + i(W0 = 0, in which case there is 
no (k + l)-dimensional integral element containing W.] It is easy to see that 
if A/ is a connected analytic manifold, and we consider only analytic forms, then 
condition (b) is equivalent to dim having the minimum possible value. 

The appropriateness of the regularity condition is attested to by the following 

14. LEMMA. Let i be a homogeneous ideal with io = 0- If G 

Mp is a good basis for a regular k -dimensional integral element of d, and 
X k+x G 8 k+ \ (/?, X k ) is linearly independent of X u ...,X k , then near 

X k+x ), the set Mk+\ is a submanifold of A/ x TM x … x TM, of 

dimension 

n(k + 2 ) — C\(p) — C2{p, X \) —…一 X\,..., X^). 
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PROOF. We can assume that M = W. Recall that for Y G M n , we let Y q = 
(q,Y) be the corresponding tangent vector e M n 9 . Choose A u ...,Ak with 
X ( - = (Ai) p . Set ' 

M k+ x - {(in ， … ， a + 1 ) e ir( fc+2 ): e M k+X }. 

Then is the image of under an imbedding 『 ( 灸 + 2 ) x TW 1 x 

… x TM' so it suffices to prove that Mk + \ is a manifold. We will use induction 
on k, the case k = 0 being easy. So suppose that Mh C is known to be 

a submanifold, of dimension 

(1) dim Mh =n(h + \) - c { (p) - c h (p, X x ,...,X h ^ x ). 

For convenience, set 

^h+\ = f 1 ， • • • ， Xfj)• 

Choose Ch + \ (h + l)-forms ⑴⑴，⑴⑵，… e ih+\ such that the q +1 linear func¬ 
tions 

W Y ^(o {a) (p)(X u ...,X k ,Y p ) 

are linearly independent. We adopt the convention that if q ， Fi ， … ， Yh + \ e M w , 
then 

⑺ (0 °(A Y\,...,Y h+x ) denotes ^ (a) {q){{Y\) q ,..., {Y h+X ) q ). 

Thus we can consider ⑴⑻ as a function on M w(/,+2) . Since Xi,..., is a good 
basis, we know that for {q,Y\,... ,Y h ) e Mh close to (/? ， 山 ， • •. ， Ah), the linear 
functions 

Y^o ) (a) (q,Y u ...,Y h ,Y) 
already span the set of linear functions 

Y ^ o)(q, Y\,... ,Yh,Y) for all co e 』“卜 

This means that near (p, Au..., A k ), the set Mh+\ is precisely the set of 
Yh, Yh^x) such that 

I (q,Y u Y h )€M h 

1 ^ a \q, ^i, • • •, Yh+\) = o a = .,Ch+\. 

Thus, if we define 


F: M h xR n -> R c * +1 
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by 

F(q, Fi,..., Yh, Yh + \) 

— (co^ ... ,Yf,, Yf,+ \ ), ⑴⑵ (g, \ . -,Yh, h+i )，...)， 

then Mh+i is just F _1 (0) near {p, A\,. .., Ah, Ah+\). Let Z \,... ， Z„ denote the 



last « basis vectors of R n(h+2) . Then the linear independence of the functions (*) 
shows that the vectors 

尸 Hu “ +1 ))en 

are linearly independent. Thus i 7 * has rank Ch+\ at (p, Ah, A+i). So 

in a neighborhood of (p, Ai,, Ah ， A^x) the set 

= F _1 (0) C Mh x 

is a manifold, of dimension 

dim Mh+\ = d\m(Mh x M w ) — q+i 

= n(h + 2) — C\(p) — ■ ■ • — Chip ， X\，... ，— 4 + 1 ， by (1). ♦♦♦ 

Our goal is to show that if our ideal i is a differential system (rfi C i), then, at 
least in the analytic case，a A-dimensional integral element at p which contains 
a (k - l)-dimensional regular integral element (but which need not be regular 
itself), is the tangent space at p of some A-dimensional integral submanifold 
of i \Ve will derive this result as a corollary of a more precise one, which 
tells when a ^-dimensional integral submanifold of i can be extended to a 
(k + 1 卜 dimensional integral submanifold. 

Suppose W C M p is a A-dimensional regular integral element of i which 
is the tangent space at p of some k -dimensional integral submanifold N oi i. 
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Suppose that dim ^ +1 (> k, so that there is a vector X e ^ +| (^) which 
is not in W, then W ㊉ Rl is a (k + 1 )-dimensional integral element. We 
will show that there is a (k + 1 )-dimensional integral manifold N' Z) N whose 
tangent space at 尸 is W 7 ㊉ H We can also say precisely how many such 
integral rrtanifolds jV ，there are. To do this, we choose a submanifold of A/ 
of dimension 

dim P = k + \ + c> +1 (iy), 

such that 

(a) P D N 

(b) P p r)S k+] (W)^ 

We will show that near p there is an (essentially unique) (k + 1 )-dimensional 
integral submanifold N' of i with N C N f C P and N' p =■ VK ㊉ H 



All such submanifolds P can be described locally as follows. Choose Z C M p 
vvith % +1 (V^) ㊉ Z = M p , so that 

dim Z = n - dim =： c>+i(W>. 

Then W ㊉ M. i ㊉ Z has dimension 
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Also choose U C M p with W ㊉ R . ㊉ （/ = (W)^ so that 

dim U = dim (W) — k — \. 

Then P can be written as the graph of a function from W ㊉ R Y ㊉ Ztof/. 
In classical terminology, the submanifolds 尸 ， and hence the desired integral 
manifolds N\ “depend on dim (W)-k- \ arbitrary functions of /: + 1 + 
c^\{W) variables”. 

To prove that N f exists, we can assume without loss of generality that M = 
R n , with p = 0 £ and that 

(幺 1 ) 0 , …， (^)o is a good basis for W 
X is (^+i)o 

is spanned by (q)o, … ， (^)o, (q+i)o, …， (^/)o 
Z is spanned by ( 幺 /+i)。，• • • ， (^n)o 
U is spanned by (q+ 2 )o, … ， ( e l)o- 

By Theorem 1.2-10(2)，we can assume, by composing R n with a diffeomorphism, 
that 

(1) P = {(•x 1 ， ... ， x 々 +1 ， 0 ， ... ， 0 ， .x /+1 ， ... ， x”)}. 

Let N be 

n = Kx 1 ,..., fk+\ (x 1 ,..., • •. ， •.. ， / ))}， 

for certain functions fk +\，•••，/« with 

(2) Di ft =0 / = 1,. /=/c + l ， 

In order to have P D N we must have 

A + iU 1 ，...，/):# 1 
+2(.' 、 … ， ' 乂 ) = … =//(a* 1 , ... ,.v^) = o 
f v {x x ,.. .,x k ) = X V VJ = / + 1 ， … ， w. 

Now the map 

(a* 1 , . . . ,.v w ) (X 1 ,... W + 1 — /z + lU 1 , . . .,X k ), . . . , A* W - /„ (: c 1 , • . • ， X 々 )) 
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has Jacobian matrix equal to the identity at 0, by (2); so by another application 
of Theorem 1.2-10(2) we can assume that 

⑶ N = {(x 1 ，...，/，。,. ••，())}• 

The required N r must be of the form 

(4) N' - {(.v 1 ， … ， /+ 1 ， 0, • • •, 0, 幻 +1 (x 1 ，…， 

where the functions g v satisfy 

(5) 《 “x 1 ,...，/，。）= 0 v = l + 


If 

oi = ^ dx 1 ' 八…八 dx ，k+l 

is any (k + l)-form, then o) restricted to N f is zero if and only if the coefficient 
of dx^ 八 • • • 八 dx k+x is zero when we replace 

叫 …。 +1 b y 

(x 1 ， ... ’ ,v* +I ) (Oi x ... ik+{ x* +1 ,0, g /+ i (x 1 ， ... ， x k+l ), 

...,g n (x\...,x k+i )) 

dx J by 0 j =k + 2,...,l 

k+\ r , 

dx v by dx 1 = / + 1 ， 

^ ox 1 

Thus 0 ) restricted to is zero if and only if 

n 

X) 叫 2 ... p ， … ， A-* + 1 ,0, ...,0,g/ + 1 (A- 1 ,...,X i+1 ), 

dg^L 


..., g „( x u ..., x k+ '))： 


dx k+x 

=certain terms involving the dg p /dx h , h < k. 

We can write this as 

dgn 


( 6 ) 


D C ll (x\...,x k+ \gi + i,...,g n ) - 

M=/ + l 


dx k+l 


D x 1 ，• • • ， 


x 


k+\ 




dg P 


[all g p and dg p /dx h evaluated at (x 1 ， … ,x^ +1 )], 
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where 

⑺ QCX 1 , …， X kJr \gl^\ ”••，《《) 

⑴ 1 2 … /x (X ^ ^ X ， 0 ， ••• ， () ， • ，发 /i). 

Choose n - I (k + l)-forms 

⑴ ’+ 1 ， • ,.,a) n e 

so that, with the conventions of the proof of Lemma 14, the n—l linear functions 

r hW v) (o ，幻 ， … ， q ， r) 


are linearly independent. This means that 

0/det(a> (u) (0,^i,...,^^/x)) / + 1 < M ， v < «. 

So if we write ⑴⑻ as 

w(v) = E dxh 八…八 dxik+ ' ， 

h 

then 

(8) 0# dC*〆 ⑼） J + \S^v<n. 

Consider the equations (6) for each o>( v ): 

n 

(9) E C A X 

M=/+l 


l ,...,x k+l ,gi + i,...,g„) 


dgp 


dx k+y 

D (x\...,x k+l 


， … ， gp ， … ， dx h ”.. J. 




Equation (7), together with (8), shows that 

0 # det(C^)(0)) I + \ < fj-,v < n. 
So equations (9) can be written, near 0, as 

(10) -^- = E V (x l ,...,x k+1 ,...,g P ,.... den 


dx k+1 


dx h， 


Now we have arrived at a familiar looking problem. 
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15. THEOREM (THE CARTAN-KAHLER THEOREM). Let M be an an¬ 
alytic manifold, and let i be a differential system (of analytic forms) with = 0. 
Let W C M p be a regular A:-dimensional integral element, and let be a 
^-dimensional integral submanifold of i with N p = W. Let X e % +1 (W) be 
a vector not in W, and let P be an analytic submanifold of M of dimension 
k + \ + c^xiW) such that P D N and P p PI 8k+\{W) = W ㊉ H. Then 
there is a unique analytic (k + l)-dimensional integral submanifold N f of i 
with C A^ r C P and N f p = 

PROOF. The previous considerations show that the existence of N f is equiva¬ 
lent to the existence of functions g v satisfying 

g v {x\...,x k ,0) = 0 v = l + \,... ,n 

and also equations (6) for all a) e ik+i- In particular, the functions g v must 
satisfy (10), with the above initial conditions. The Cauchy-Kowalewski theorem 
(together with the considerations at the end of section 3) shows that there are 
unique analytic functions g v with this property. This already proves uniqueness, 
and proves the existence of N\ with inclusion map i : N f R 71 , satisfying 

= • ••: = i*o) n = 0. 


To complete the proof of existence we must show that i*a) = 0 for all a) e 
Here is where the regularity of W is required. 

We will continue to use the convention in the proof of Lemma 14. For each h < 
choose {h + l)-forms such that the linear functions 

(a) 

^ ^ , . . . , , F ) Oi = 1, . . . , = Qi + l (0, ^ 


are linearly independent. Thus the forms are the forms ,... ,a> n 
introduced previously. Consider the {k + l)-forms 


(I) 


o)[ a) A dx 1 A dx 3 八…八 dx k+x 
0 )^ A dx 3 A … A dx k+x 


(X = 1，…， Cl 
a = 1 ，…， C 2 

Of = 1 ， • . . ， 1 • 


We use all of these forms to construct a map G : R”( 々 + 2 ) — ® c i + ” + c /c+i ， defined 
by 


G{q, Fyt+i) = A dx 2 A • •. A dx k+l ){q, Kj,. ..,Y k+l ), 
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Since 

0 )j a) g ii => (co- a) a dx i+x a • • • a dx k+l )(0, e k+x ) = 0, 


the Jacobian matrix of G has the form 
q Y x Y 2 Y 3 

I 








^+1 

0 

0 


A3 


at (0, q ， ... ， \). 


Ck + \ 


^k+\ 


By our choice of the o^_) p the block A h+ \ has rank Ch + \. So the whole matrix 
has maximal rank C\ + … + q ； +i. Thus G _1 (0) is an (analytic) submanifold 
of R c, 十 …+ 如 1 near (0, q ，…， q+i )， of dimension n{k +2) - C\ - Q ：+ 卜 

But the forms (I) are all in the ideal i, so G~ l {0) contains the manifold M^ + \ 
in the proof of Lemma 14. It also has the same dimension as this manifold，so 
it equals this manifold near (0, , e^ + \). We will write the forms in (I) as 


(II) 


^Adx k+l 



P = l, …， d = c\ + - 1 - Ck 

Of = 1 ， • • • ， Q +1 ， 


where the forms Y]^ are all in 

Now consider an arbitrary (k + l)-form co G 』灸+卜 Since is a regular 
integral element, we know that we can write 


C/c + l 

a)(q,Y u ...,Y k ,Y) - B a {q,Y u ...,Y k ). co^iq, h,...,Y k ,Y) 


a=\ 


for all (q,Y\,...,Y k ) e Mk close to (0, q，• • • ， e k ). The functions B a can be 
solved for explicitly by Cramer’s rule, so they are actually analytic functions in 
a whole neighborhood of (0 ， q ， … ， q) in M w ( 々 +1 )， even though the equation 
need hold only for (q,Y\,... ,Y k ) € Mk- We may express this situation as 
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follows: 

the function 

C/c + l 

(a) co ― E B a o >( a 、 

a=\ 

on 灸 + 2 ) vanishes on the submanifold x M”，and hence on the 
(analytic) submanifold ^{ 灸 +i，defined by the equations 

(b) r] m A dx k+x = 0, O 0. 

It follows easily (Problem 1) that locally the function (a) is a sum of analytic 
functions times the functions in (b). Consequently, we can write 

⑴ (7 ， ， • • • ， Yk +1) 

C/f+l 

= Y k+l ). (o ia) (q, Y u ..., & +1 ) 

a=\ 

d 

+ ^2 D p( c l^ Y \^-^ Y k+\) - (f ] ⑻ Adx k+l )(q,Y u ...,Y k+i ), 

卢 =1 

for analytic C a and D^. This implies that if ^ G N\ and Y \,..are 
tangent to N\ then 

{i*(o)(q,Y u ...,Y k+l ) 

d 

= 0 + K ，…， Y k+X )i*{^ ^ dx k+x ){q, Y u ..., Y k+i ). 

卢 =1 

So it suffices to show that 

/*(" ( 卢)八 rfx 灸 +1 ) = 0 P = I ， … ， d• 

From the form of N f (equation (4) on page 119) it is clear that x 1 ， … y x k+x 
is a coordinate system on N\ So we write each /*q( 卢 ） as 

k+\ 

— y^{-\) j+x h ( P dx x A • • • A dx J ' A • • • A dx k+x . 
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Now the above analysis for the (k + l)-form co e can be applied, in 

particular, for co = r]^ Adx^. Thus each Adx^) is a linear combination, 

with analytic coefficients, of the forms /*(" ⑹八 dx k+l ). Since 

/*(W 八 t]^) = dx^ A i*r]^ = dx x 八…八 dx k+l y < 

r(dx k+x A r] m ) = dx 1 a …八 dx k+x 

= H ⑻ dx' f\ … f\ dx k+l , say ? 

this shows that we can write for j < A: as an analytic linear combination 
of the H ⑼, 

h m E * H 、 Y 、- 

y=i 

Since dl c i, we can also write each i*dr]^ as a linear combination of the 
i*(rj ⑼ Adx k+l )， 

d 

= [ Fp y H( Y 、 dx' 八…八 dx k+{ . 
y=l 

But 


i*dr]^ = di*j ] ⑼ 

—d[ dx x A • • • A dxj 八…八 dx k+x 


+ dX A ■■- Adx 




Comparing with the original expression for i*dr ] ⑼， we see that we have a 
system of equations 


(*) Q^k+i = F ^y H v + Yl G j^y 


dx-f 


3 i ，…， d ， 
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with everything in sight being analytic. Finally, we have to use the fact that the 
original manifold N (equation (3) on page 119) is an integral submanifold of I. 
This implies that all forms r / ⑻ vanish on N, which means that 

(*o) H {p) (x\...,x k ,0) = 0, P 

The uniqueness part of the Cauchy-Kowalewski theorem shows that the only 
solutions //( 奶 of (*) with the initial conditions (* 0 ) is = 0. Thus all 
hj^ = 0, so all ( 扔 =0. 

As an immediate consequence we obtain 

16. COROLLARY. Let A/be an analytic manifold, and let i be a differential 
system (of analytic forms) with io — 0. Let W C M p be a 々 -dimensional integral 
element which contains a regular (k — 1)-dimensional integral element. Then 
there is a (-dimensional analytic integral submanifold N of ： d with N p = W. 

PROOF. Choose a good basis X\,.. .,X/c of W, and consider the subspaces 
C W 2 C ■ ■ ■ C W k with W t the subspace spanned by The 

desired result then follows by induction from Theorem 15, starting with as a 
0-dimensional integral submanifold. <♦ 1 

The reader may easily check that if i is an ideal generated by linearly inde¬ 
pendent 1-forms a)i,...,Q)i, then for every /:-dimensional integral element W 
we have ^+ 1 ( 1 ^) = n-l. Consequently, every integral element is regular. Thus 
the Frobenius theorem follows, in the analytic case, from the Cartan-Kahler 
theorem. 

As a final remark, we point out that it is not hard to take care of the case 
/ 0. One merely has to assume that {q e M : f{q) =0 for all / g io} is 

a submanifold M f C M near /?, and then apply the previous considerations to 
i\M ! . 
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ADDENDUM 2 

AN ELEMENTARY MAXIMUM PRINCIPLE 

It is well-known that if u is harmonic (d 2 u/dx 2 + d 2 u/dy 2 = 0), then u cannot 
have a relative maximum at an interior point of an open set. A more general 
principle holds, and its proof, although tricky, is elementary. 

On an open set U C consider the second order differential operator L 
defined by 


(*) 


dx/dxj 


du 

/ =1 


for certain functions afj,bi,c on U. We assume that a” = a”, and that the 
matrix A = (a") is everywhere definite. [Thus the equation Lu = 0 is the 
most general second order linear elliptic equation.] To be more specific，we will 
assume that A = (a") is positive definite. Thus E/j a ij^j > 0 for 0 / ^ € R n ; 
equivalently, if 1 denotes the transpose, the 1 x 1 matrix 

^ A ^ >0 for 0 / 专 e IT. 

An elementary observation about definite matrices will be needed. Suppose 
that B is also positive definite, so that 

I B • 0 > Q for 0# 专 e IT. 

For any non-singular matrix P we then have 

^ . PBP t • ^ = ^P)B^P) 1 > 0 for 0 参专 e IT ， 

so PBP i = C = (dj) is also positive definite. Now the symmetric matrix A can 
be diagonalized — there is an orthogonal matrix P such that 

入 1 . 0 

0 、 

Then 

trace A B 


PAP- 


PAP 1 


入 / >0. 
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Similarly, we have trace AB > 0 if B is positive semi-definite, and trace AB < 0 
if B is negative semi-definite. 

Now consider the operator (*)，where we assume that 


(i) c < 0 in U. 

Suppose that w: (/ ^ JR is a twice differentiable function with a relative maxi¬ 
mum at some point p € U. Assume ， moreover，that 

(ii) u(p) > 0. 

From (i) and (ii) we have 

d 2 u 

(m) 2_j = ~~ c (p) u 、 p) 匕 Lu(p). 

， J = 1 

On the other hand, since u has a relative maximum at />, the matrix 

(d 2 u \ 

(硕⑻） 

is negative semi-definite. Hence we have 


(iv) 


0 > trace A(p) . B 


= a i i 

ij=\ 


d z u 

dxidxj、P 


Since (iii) and (iv) imply that Lu{p) < 0, we find 

(A) If the operator (*) has (a”) positive definite on U and c < 0 on U, and 
the twice differentiable function u satisfies Lu > 0 on (/, then u cannot 
have a non-negative relative maximum on U. 

The significant fact is that we can replace the condition Lu > 0 by Lu > 0, 
provided that we consider actual maxima rather than relative maxima. 


17. THEOREM (E. HOPF). Consider a second order differential operator 


r _ 3 2 W 




+ cu 


c < 0 
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on a connected open set U C Assume that the functions bi and c are locally 
bounded, and that in a neighborhood of any point of U there are constants 
e,M > 0 such that the matrix {atj) satisfies 

•i> 2 ㈣”. 

i ， j=i ，=1 

Suppose that w is a twice differentiable function on U satisfying 

Lu > 0. 

Then u cannot have a non-negative maximum on (/, unless w is a constant. 

PROOF. Suppose u has a maximum 3i p ^ U, with u{p) >0. If u is not 
constant, then there is clearly a. point q G U and an open ball B centered 
at q with B C U such that u(q) < u{p), but u{p*) = u{p) for some p* G 
boundary B. Moreover，by choosing the smallest ball B with this property，we 



can assume that u < u{p) in B. Let r be a point on the open segment set 

p = d(r ， p*) and choose 0 < 〆 < p. 

Let B f be the open ball of radius p f around /?*; assume p f chosen sufficiently 

small so that B f C U. 

Now consider the function 

u(x) = e^ kd(r ' x)2 - e~ kpl 
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where is a constant. We find that 

Lv(x) = e ~ kd(r ' x)2 4k 2 ^2aij(xi - n)(xj - rj) - 2k />,-(x,- - n) 

L ij i J 

c e ~ k P 2 _ e —kd(r ， x ) 2 

By choosing k sufficiently large, we will obviously have Lv > 0 at all points 
of S’. So for all 入 > 0 we will have 

(1) L(u + Xu) — Lu XLv > 0 in B f . 

We also have 


(2) v(p*) = 0 => (u + Xv)(p*) = u(p*) = u(p). 

Now consider S f = boundary B f . It is the union of a set C and a closed set D 
such that 


x e C => d(x, r) > p 
u(x) < 0 

X G D => X G B u{x) 

This clearly implies that for sufficiently small 人 > 0 we have 
(3) u + Xv < u(p) on S’. 

But (2) and (3) imply that w + 入 u has a maximum > u(p) > 0 on B f . Together 
with (1)，this contradicts (A). ♦ 


< u(p). 



The example 


Lu 


u = -(x 2 + V 2 ) - 4 

92m ■ 92m M = .^ + />0 


dx 2 dy 2 
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shows that the function u in Theorem 17 may well have a negative maximum 
on U. The example 


u = -(x 2 + y 2 ) + 5 


Lu = 


d 2 u d 2 u 
3x 2 + dy 2 


+ u = \ - ( x 2 + y 2 ) >0 


for x 2 + y 2 < l 


shows that the hypothesis c < 0 is essential. If we assume c = 0, then we get a 
stronger conclusion: 


18. COROLLARY. Consider the operator L of Theorem 17, with c = 0. If u 
is a twice differentiable function on U with Lu > 0, then u cannot have a 
maximum on U unless w is a constant. 

PROOF. Suppose u has a maximum at /?. Let v = u — u(p). Then v has a 
maximum of 0 at p. Moreover, 


Lv — Lu > 0. 


So Theorem 17 implies that u is a constant. 

As an application, consider a function /: M R on a. Riemannian mani¬ 
fold M. Then we have the Laplacian A/, defined in Addendum 1 to Chapter 7. 
In a coordinate system (x 1 ， ... ， x”）on M，the formula for A / (pg. IV 133) is 
precisely of the form considered in Corollary 18. So if A/ > 0, then A / can¬ 
not have a maximum on A/，unless / is a constant function. This gives another 
proof of Bochner’s Lemma (Lemma 7-60). 

In contrast to Corollary 18, where we assume c = 0, there is another result 
where c is arbitrary. 


19. COROLLARY. Consider the operator L of Theorem 17, with arbitrary c. 
If w is a twice differentiable function on U with Lu > 0 and w < 0, then u cannot 
have the value 0 anywhere on (/ unless u is identically 0. 


PROOF. Let 


Pu 


E 〜 


d 2 u 
d.\/ dxj 


+ f> 

/ =i 


du 

3a 、- 


Then we have 


Pu + cu = Lu > 0. 



Hence 


And Now a Brief Message from Our Sponsor 


131 


Pu +min(c,0)M = [min(c,0) - c]u + Lu. 

Now 

min(c,0) < 0 

min(c ， 0) - c <0 => [min(c, 0) - c]u > 0 since u <0 
=> [min(c,0) - c]u + Lu >0. 

Applying Theorem 17 to the operator Pu + min(c ， 0)w, we conclude that u 
cannot have a non-negative maximum unless it is a constant. 

There is also a version of Theorem 17 when u has its maximum at a boundary 
point of U. 

20. THEOREM. Consider a second order differential operator L as in Theo¬ 
rem 17. Let w be a twice differentiable function on U satisfying Lu > 0 and such 
that at some point p e boundary U the function u has a maximum u(p) > 0 

on " U {p}. Suppose moreover that there is some closed ball 5 p (r) C U U {p} 
containing p on its boundary, and that the directional derivative of w at in the 



direction from to r is > 0 (all directional derivatives in directions tangent to 
the boundary of B p {r) are clearly equal to 0). Assume, finally, that the functions 
a ij ， bi，c have the same properties as in Theorem 17, but in U U{p}. Then u is 
a constant function. 

PROOF. Suppose u is not a constant function. Choose 0 < p\ < p = d(p,r), 
and let ’ ’ 
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Again define 

、 v{x) ^ e~ kd ^ x)1 - e~ kpl . 

The boundary of K is the union of a closed set C C f/ and a closed set D 
on which i; = 0. Theorem 17 implies (choosing p smaller if necessary) that 
u(x) < u{p) for x e C. So for sufficiently small 入 > 0 we have 

-Xv{x) > u(x) - u{p) for x G boundary K. 

But for sufficiently large k, we have Lv > 0 in K. So 

L(u — u{p) + Xu) = Lu — cu{p) + XLv > 0. 

It follows from (A) that 

— 入 > w(x) — u(p) for all x e K. 

So the directional derivative of u at p, in the direction from p to r, is less than 
or equal to this directional derivative at p of —Xv. But we easily compute that 
the latter directional derivative is 

-2Xkpe~ kp2 < 0, 

contradicting the hypotheses. 


Naturally, there are analogous versions of Corollaries 18 and 19. 


PROBLEM 

1. ( a ) Let /: M w ^ M be a C°° [respectively, C w ] function such that / = 0 
on the points (0, •. .,0,x n ~ k+ \ •••，，）near 0. Show that there are C 00 [C^] 
functions hi near 0 such that 

k 

f = [ w. 

i=i 

[The C w case is actually trivial; the C°° case can be proved by generalizing the 
argument in the proof of Lemma 1.3-2.] 

(b) Let g ： 3R n -> be a C°° [C ⑴] function whose Jacobian has rank k on 
g _1 (0), and let /: ^ E be a C°° [C w ] function which vanishes on g _1 (0). 
Then near any point of g _1 (0) there are C 00 [C^] functions /?, such that 

f = J2 higi - 



CHAPTER 11 

EXISTENCE AND NON-EXISTENCE 
OF ISOMETRIC IMBEDDINGS 


I n the past we have had some very special results about the non-existence of 
isometric imbeddings of certain Riemannian manifolds in other Riemannian 
manifolds. For example, a compact surface of everywhere negative curvature 
cannot be isometrically imbedded，or even immersed, in M 3 , nor can a complete 
surface of constant negative curvature be isometrically immersed in M 3 . Ideally ， 
differential geometry should be replete with such results, so that we could have 
a reasonable chance of finding the smallest dimensional Euclidean space into 
which a given Riemannian manifold can be isometrically imbedded. But at 
present only quite isolated facts are known，and a general theory can hardly be 
said to exist. 

There are，first of all, purely topological, or at any rate differential-topological, 
questions which have to be considered in any imbedding problem — for there is 
no point trying to isometrically immerse or imbed a Riemannian manifold in 
unless its underlying differentiable manifold has some differentiable immer¬ 
sion or imbedding in R m . Generally speaking，the methods used to settle such 
questions are of little interest to differential geometry per se. We note ， however, 
that one special result of this sort has already been proved in Volume I: A 
compact hypersurface imbedded in R m is always orientable (Theorem LI 1-14). 
Thus，for example，there is no imbedding of the projective plane P 2 in R 3 . We 
can supplement this result with a simple differential geometric one: If < , ) is a 
metric on P 2 with > 0, then (P 2 , ( , )) cannot even be isometrically immersed 
in R 3 ； this follows directly from Hadamard’s Theorem (Theorem 2-11). 

At the other extreme from these global topological restrictions, there are cer¬ 
tain purely local results. For example，if a? > 3 ， and M n has all sectional 
curvatures < 0, then M n cannot be locally isometrically imbedded in M w+1 ; for 
the principal curvatures k\ ，…， k n would have to satisfy ktkj < 0 for all z, j\ 
while some pair ki，kj must have the same sign. Similarly, Theorem 7-50 shows 
that if « > 3, and M n C M w+1 has Ricci tensor Ric = 0, then M is flat; so for 
w 2 3 ， a non-flat M n with Ric = 0 is not isometrically imbeddable in 
Historically, this was first used to show that the 4-dimensional Schwartzschild 
metric of general relativity is not imbeddable in E 5 . 


1 <22 
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To obtain purely local results for higher codimension, we need to replace the 
trivial algebraic considerations used previously by something more substantial. 

1. LEMMA. Let 5 : x ^ be a symmetric bilinear map, and let (,) 

be a positive definite inner product on R k . Let S n ~ l C R n be the unit sphere 
(with respect to the usual inner product < , 〉 on M w ), and consider the function 
f(x) = |^(x,x)| 2 for x e S n ~ l . 

(1) If jc € S n ~ l is a critical point of /, then 

(.s(x,x),5(x, j)) = 0 for all y with {x,y) = 0. 

Consequently, if f(x) ^ 0, then 

s(U) 二 0 => {x,y) — 0. 

(2) If jc G S n ~ l is a minimum point of /, then for all y G S n -' with {x,y) = 0 
we have 

(s(x,x),s(y,y)) +2(s(x,y),s(x,y)) > (^(x,x),5(x,x)). 

PROOF. (1) Using the fact that the derivative DA{x) of a linear transforma¬ 
tion A is always A itself, we easily see that the map S: defined by 

S(x) = s(x,x) has derivative DS(x) : R n R k given by 

(DS)(x)(y) = 2s(x,y). 

It follows that 

(Df)(x)(y) = 2(S(x)(y), S(x)) = 4{s(x, y),s(x,x)). 

Since x G S n ~ l is a critical point for /, we must have (Df)(x)(y) = 0 for all 
y e S n ~ l x , i.e., for (x, y) = 0. 

Now suppose s(x,y) = 0 and s(x,x) ^ 0. Writing y = Xx + y\ with 
(.V,/) =0 => (s(x,x), s(x, /)) =0 by the above paragraph, 
we have 

0 = (5(X,.Y),i(.V, > )) 

=(5(.V,.x),i(.V,A.x)> + (s(a-,.y),5(.y,> / )} 

= (s(.\,x),s{x,Xx)). 
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Since s(x,x) 7 ^ 0 , this implies that X = 0 . 

(2) Let c be the curve in S n ~ l defined by 

c(t) — (cos/)x + {sin t)y. 


Since x is a minimum of / we have 


0 


d 2 

< —— 
一 dt 1 


t=o 


A short computation shows that the right side is 

4[~(s(x,x),s(x,x)) + { 5 (x,x), 5 (>',>')) + 2(5(x,>0,5(x, >'))]■ ❖ 


From this we derive, first of all, a purely local result. 


2. PROPOSITION. Let be a manifold of dimension 2n~2 with all sectional 
curvatures > Kq, and let A/ be a manifold of dimension n with all sectional 
curvatures < Kq. Then M cannot be isometrically immersed in The result 
also holds if all sectional curvatures of N are > A^o and all sectional curvatures 
of M are < A^o- 

PROOF. Suppose we could isometrically immerse M in N, and let s be the 
second fundamental form. For any p G M, and orthonormal X,Y G M p , 
Gauss’ equation gives, under the first hypothesis, 

K 0 < (R\X, Y)Y,X) 

=(R{X,Y)Y,X) + (s(X,Y),s(X,Y)) - (s{X, X),s{Y,Y)) 

<K 0 + (s{X,Y),s{X,Y)) - (s{X,X),s{Y,Y)). 

Under the second hypothesis the < and < are interchanged. In either case, we 
obtain 

(1) W ， AW ， n)-W ， lW ， ” 〉 <0, ifnearfy dependent 

(for this final inequality we do not need X, Y to be orthonormal). Choose 
X e M p io be 3. minimum point of X ^ \s(X, X)\ on the unit sphere of M p . 
Since {Y : Y) == 0 } has dimension > 2 , there is a unit vector Y linearly 

independent of X with 

(2) s{X,Y) = 0. 

From (1) and (2) we see that we must have X) ^ 0 . But then Lemma 1(1) 
implies that (X, Y) — 0, so Lemma 1 (2) gives 

(s{X, X),s(Y,Y)) + 0> (s(X,X),s(X,X)) > 0, 
contradicting ( 1 ) and ( 2 ). ♦♦♦ 
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In particular, an «-manifold M of constant curvature K < Kq cannot be 
locally isometrically immersed in a (2n — 2)-manifold N of constant curvature 
Kq. An example of a (non-complete) ” -manifold of constant negative curvature 
in M 2w_1 is given in Problem 1. It seems reasonable to conjecture that there 
is no immersion of a complete ^-manifold of constant negative curvature in 
脫 2 /i-i ， b u t this has not been proved (whether one can be found in M. 2n is any 
body’s guess). It is known, however, that no such immersion exists if M is 
compact. This follows from the next theorem, whose proof combines the local 
information from Lemma 1 with just a smidgen of globalness. 

3. PROPOSITION. Let N be the complete simply-connected (2n — ^-dimen¬ 
sional manifold of constant curvature Kq < 0 ， and let M be a compact 
^-manifold with all sectional curvatures < 0. Then M cannot be isometrically 
immersed in N. 

PROOF. Suppose there were an isometric immersion f: M ^ N. Let qo G N 
be a fixed point, and choose p e M so that f{p) is furthest from q 0 . Then 
(pg. IV118) there is ^ G Mp 1 - with 

(1) > ^Ko =» > -Ko for X 6 M p . 

Choose X e M p to be the minimum point of ^ X)\ 2 on the unit 

sphere in M p , Since {Y : Y) — 0 } has dimension > 1 , there is a unit 

vector Y e M p with 

(2) s(X, K) = 0 {X, y〉= 0 by Lemma 1(1). 

Then Lemma 1 (2) gives 

(3) (s{X,X),s{Y,Y)) > (siX^XlsiX.X)) > -K 0 , by (1). 

Moreover, applying Gauss’ equation to the plane P C M p spanned by the 
orthonormal vectors X, Y, we have 

K{P) = (s(X,X),s(Y,Y)) - (s{X,Y),s(X,Y)) + K 0 
> —Ko + 0 + Ko by (2) and (3). 

This contradicts the assumption that K(P) < 0. <♦ 

Remark: More generally, if each tangent space M p contains an /-dimensional 
subspace on which all sectional curvatures are < 0 , and the compact mani¬ 
fold M can be isometrically immersed in the complete simply-connected (n+k)- 
dimensional manifold of sectional curvature Ko < 0 , then we must have k > l. 
Proposition 2 can be generalized similarly 
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4. COROLLARY (TOMPKINS). An /7-dimensional compact flat Riemann- 
ian manifold cannot be isometrically immersed in E 2 ” 一 1 . 

Obviously 2 « - 1 is the best possible dimension here, since the flat «-torus 
S 1 x ••• x S 1 is isometrically imbedded in M 2 ". It is also isometrically imbedded 
in H 2n (K 0 ) for any K 0 < 0 , since it is isometrically imbedded in S 2n ~\ and 
there are spheres of all curvatures in H 2n (K 0 ). I do not know if there is a 
non-flat compact ^-manifold in R 2n or H 2n {K 0 ) with all sectional curvatures 
< 0 . 

The proof of Proposition 3 breaks down if is a sphere, with constant cur¬ 
vature Ko > 0 , since we cannot guarantee the existence of the requisite point 
p ^ M unless we know that M lies in a hemisphere. Indeed, the «-dimensional 
flat torus 5 1 x • • • x 5 1 can be isometrically imbedded in S 2n ~ x . It seems rea¬ 
sonable to assume that M n cannot be isometrically immersed in S 2n ~ l if all 
sectional curvatures of M are > 0 and < 1 • For the special case where M has 
constant curvature, see Problem 2. 

Now we are going to consider some more elaborate algebraic results. Let V 
be a real vector space, and let 少 ： F x F M be bilinear. With we can 
associate a linear transformation 杰 ： F — K* by 

<l>(i;)(u;) = 0(v, w). 

A collection 少 1 ， • • • ， of bilinear forms on V is called exteriorly orthogonal if 
for all V\,V 2 ^ V we have 

n 

^(Wl) A =06 

i = l 

equivalently, 

n 

for all ui, U 2 , W\,U )2 € V. Before stating the main result about exteriorly orthog¬ 
onal bilinear forms, we make a simple observation. If ^^Ois<l> = 0(8)0 
for some 0 € K*，so that <^(v,w) = (f>(v) - (f>{w), then <l(u) = (j>(v) - 0 , and 
consequently range ^ C V* is 1 -dimensional. Conversely, if range $ C K* is 
1 -dimensional, then 泰 must be of the form 

^(v)(w) = • <p(w) 

for 0, g V*, If, moreover, <1 is symmetric, so that \j/(v) - (f>(w) — \//(w). (j>{v) 
for all v, w, then we must have (f> = ^/ [since (0 — \/r){w) = 0 for some u; ^ 0 ], 
so <t> is of the form $ = 0 ® 0 . 
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5. THEOREM (E. CARTAN). Let K be a real vector space of dimension 
and let ^) 1 , ..., be n exteriorly orthogonal symmetric bilinear forms on V. 
Suppose that 

n 

(*) 0 = 门 ker4>’ = {v e V : $ 7 (u, k;) = 0 for all u e K and all /}• 

/ =1 

Then there is an orthogonal n x n matrix A and linearly independent 0 1 ，• • • ， 
<j> n e V* such that 

n 

<D’ = Ai j^ 

)=1 

PROOF. We claim that there is a vector v G V such that the G V* 

are linearly independent. To prove this, let Vo € V be a. vector such that the 
subspace 

c V* 

spanned by the <l> 7 (i ； o) has maximal dimension d < n, and suppose that d < n. 
Replacing the {4>’} by an orthogonal linear combination of them changes nei¬ 
ther the hypotheses nor the conclusion of the theorem, so without loss of gen¬ 
erality we can assume that 

泰 1 (uo)，• • • ， ^^(” 0 ) are linearly independent, 

(i^o) = • • • = 4> w (i ； o) = 0. 

Then for any vector u e K we have 

d 

A 扣 ⑻ = 0. 

/ =1 

Cartan’s Lemma thus implies that for i = 1， •. • ， d，the ^ l (v) are a linear com¬ 
bination of the i = I ， ... ， d. Consequently 

V = { 如 ⑼: v € V, l < i < dj C V* 

also has dimension exactly d. Since d < n, there is a vector Q ^ w € V such 
that (f>(w) = 0 for all (f> G V. But by (*) there is some i and some v € V such 
that w) ^ 0; clearly i > d. Now consider the vector i；o + sv. If ^ > 0 is 
sufficiently small, then 

dimf^) 1 (i; 0 + sv ),..., + sv)] = dim [杏 Vuo), • • • ，泰 "(uo)]=" 

[ 杰 1 ( 1；0 + W)，..., + ⑼)] = 兄 since dim y — d. 
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But + ev) ^ V, by the choice of v and i. So 

dimf^^uo + £v), ... ，杏 ”…。 + sv)] > d, 

contradicting the definition of d. This establishes the claim. 

Now choose a basis v\,... ,v n of V such that 杏 1 (q)， …， are linearly 
independent. Since 

n 

^<J> ， - (Ul) A ^>'(Vj) = 0, 

/ =1 

Cartan’s Lemma implies that there is a symmetric matrix C(j), with C(l)= 
identity, such that 

^(Vj) = ^€0)^^). 

h = l 

The equation 

去 V 7 _) 八 叫 ）= 0 

h 

implies that C(j) and C(k) commute. Then a well-known theorem of linear 
algebra (Problem 3) states that there is an orthogonal matrix B such that the 
matrices B - C{i) - B x are diagonal for all /, where x denotes the transpose. If 
we set 

h 

then 心 ⑼） is a constant times ^ 7 (ui). Thus range 由 ， is 1 -dimensional, so 
® for some <p l G V*. We choose A = B~ x . The 0’ must be linearly 
independent, for otherwise there is 0 u € V such that (f> l (v) — 0 for all /, 
contradicting (*).♦:♦ 

The hypothesis (*) in Theorem 5 may be interpreted as saying that the set 
{^ 7 } “depends on n variables” 一 we cannot find 0 1 ,..., (f> n ~ x G V* such that 
each <^ 1 is a linear combination of the ®(j) k ^ 1 < j\k < n — \. More generally, 
if <^\... ,<^ k are bilinear forms on V, then the set {<^ 1 } depends on q variables 
if the subspace Plf =1 ker has codimension q. 

6 . COROLLARY. Let F be a real vector space of dimension n, and let ^ 1 , , 
be k exteriorly orthogonal symmetric bilinear forms on V which depend on 
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l > k variables (so necessarily k < n). Then / = k and there is an orthogonal 
k x k matrix A and linearly independent ， … ，中 k e V* such that 

k 

7 = 1 

In particular, k exteriorly orthogonal symmetric bilinear forms always depend 
on < k variables. 

PROOF. Without loss of generality, we can assume that l = n [by applying the 
result to a subspace of V complementary to ker <^ 1 ]. If A: < / = «, we set 

少& +1 = . • • = = 0. 

The n bilinear forms 少 1 ， ... ， <1^ are then exteriorly orthogonal and H/=i 
= 0. By the Theorem, there is an orthogonal n x n matrix A, and linearly 
independent 0 1 ， … ， 0 ” e F* with 

n 

<^ 1 = ^ ® 0 7 . 

7=1 

So we cannot have = 0 for any /， which shows that actually k = n = l. ^ 

These algebraic results were used by Cartan for a systematic local study of 
«-dimensional manifolds M of constant curvature 尺 isometrically imbedded 
in an (n + /c)-dimensional manifold N of constant curvature Ko > K. For 
an adapted orthonormal moving frame Xi ， … ， X m on M C we have, as in 
Chapter 1 ， 

Vj ， S u = 

i 

the second fundamental forms II r are given by 

ir ^ ei - 

We also have 

KqO 1 a e j = A 

r 

=K6 { a e j 
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( 1 ) / — s u s kj^ = (K — Ko)(SijSfci — SiiSicj). 

r 

If we define 

屮 = y/Ko- K 

then equation (1) says that the 众 + 1 bilinear forms {II r ，屮 } are exteriorly or¬ 
thogonal. The collection {II r , certainly depends on all n variables, since 屮 
alone does. So Corollary 6 implies that n < k + \, showing once again that M n 
cannot be isometrically imbedded in N ln 一 1 . Cartan showed, using his theory 
of exterior differential systems (Chapter 10, Addendum 1) that the analytic local 
imbeddings of M n in N ln _' depend upon n(n — \) functions of one variable. 

Another consequence of Corollary 6 depends on two definitions, one intrinsic 
and one extrinsic. For a point of a Riemannian manifold M n , we define the 
index of nullity at p to be 

fi(p) = dim{X e M p : R(X, Y)=0 for all Y G M p ). 

Equivalently ，n — fi(p) is the minimum number of 1 -forms in terms of which we 
can express the collection of 2-forms {fij(/?)}. For M n C with second 

fundamental form s, we define the index of relative nullity at p to be 

v{p) = dim{A" G M p : A^(X) = 0 for all § G A//} 

=dim{A" € M p : s(X, K) = 0 for all Y € M p ). 

Equivalently, n — v{p) is the minimum number of 1 -forms in terms of which we 
can express the collection of forms {II r (/?)}，for an orthonormal set v n+ \ .…， 
v n+k e M p l . 

7. PROPOSITION. For M n C R n+k we have 

^(f) < flip) < ^(p) + rank s(p) < v(p) +k. 

PROOF. The first inequality follows from Gauss’ equation，which shows that 

{X e M p : s(X, Y)=0 for all Y e M p ) 

C{X e M p : R(X, Y) = 0 for all Y € M p }. 
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For the second we can assume, by choosing the v r appropriately, that II W+1 (p), 

•.., \\ n+d {p) are linearly independent, for d = rank 〆/?)，while the other IV(p) 
are all 0 . Then Gauss’ equation shows that ll n+l (p) ， … ， ll n+d (p) are exteriorly 
orthogonal when restricted to {X e M p : R(X, y) = 0 for all Y e M p ). Let W 
be a subspace such that 

{X eM p : R(X, Y)=0 for all Y e M p } 

=VK ㊉ e : s(X, F) = 0 for all Y G M p }. 

Then ll n+l (p),... ,ll n+d (p) are exteriorly orthogonal on W, and depend on 
all variables of W. Corollary 6 implies that d > dim W = v(p) — ❖ 

Remark: We have a similar result for M n C N n+k , where N n+k has constant 
curvature Kq, provided we redefine 

fi(p) = dim{A^ e M p : R(X, r)Z- K 0 [(Y, Z)X-(X, Z)Y]}. 

8 . COROLLARY. If M n is a compact manifold immersed in R n + k , then 

k > min 
peM 

PROOF. Proposition 7-30 shows that for some G Af we have v(p) = 0. ❖ 

Note that Corollary 4 is a special case (admittedly the only reasonably general 
consequence we can give). Recently Corollary 6 has been used to prove results 
of quite another sort, which we will mention in the next chapter. 

This ends our treatment of non-imbeddability theorems, and pretty much ex¬ 
hausts the subject in its present state (a few other special results are mentioned in 
the Bibliography). Now we will take a more positive approach to life and try to 
prove that under certain circumstances isometric imbeddings do exist. We first 
consider the purely local problem of isometrically imbedding a surface in M 3 . 
So we assume that we are given functions gij (= E, F, G) on a neighborhood of 
0 G M 2 , with det(gij) > 0, and we want to find a function /: U M 3 , on some 
smaller neighborhood of 0 G M 2 , such that Iy = /*〈，〉has components gij. 
This means that the component functions f a of / must satisfy 

3 

gu = TM a “严 a 
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so that we have three (non-linear) partial differential equations in three un¬ 
knowns. We also know that / can be found once we have functions /" satisfy¬ 
ing Gauss’ equation and the Codazzi-Mainardi equation, which again gives us 
three equations in three unknowns. There is also a way of introducing a single 
second order equation, which was used classically. Suppose that the required / 
exists; let N be its normal map, and let //y be the components of II,. Then for 
each component function f a of / we have the Gauss formulas 

Ai — 尸 2 = 

⑴ f' 2 -r' l 2 f'm = ! l 2 N a 

-r 2 2 2 / a 2 = / 22 ，. 

If we denote these component functions of / by w, v, w, then 
N _ f\ X h _ (m,t ； i,K ； i) X (u 2 ,V2,W 2 ) 

Vdet(gij) Vdet(gij) 

(V\U)2 — V2W\ y W\U2 — U\W2, U\V2 — ^2^\) 

Vdet(gij) 

So, for example, the third component N 3 of N satisfies 
det(g") . (A^ 3 ) 2 = (u { v 2 - u 2 vi) 2 

=(u\ 2 + V\ 2 ){U2 2 + V2 2 ) - (U\U 2 + V\V2) 2 
=(gll _ Wi 2 )(g 2 2 - W 2 2 ) - (g \2 - W\W 2 ) 2 
= det(g/ 7 ) - (g22W \ 2 - lg\2W\W2 + g\\W2 2 ). 


Using equations (1) for a = 3, we obtain 

(*) ( 切 li — — rj 2 ju ； 2)(u；22 — — r^ 2 u ； 2) _ ( 出 i2 — — r| 2 ^2) 2 

", , 2 、 {det(g/;) - (g 22 ^\ 2 - 2 g\ 2 l^\lV 2 - g\\W 2 2 )} 

— M1H22 - M2 ) - - ^； - x - 

det(gij) 

= K{det(gij) - (g2im 2 - 2g\ 2 miv 2 + g\\W2 2 )}, 


where the Ps and K are all computable in terms of the g". We thus have a 
certain non-linear second order partial differential equation (*) for w. Notice 
that this equation does not contain w explicitly. If w is any solution, then so is 
w + constant, so we can always specify w(0) arbitrarily. 
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It is easily checked (and is a priori clear on symmetry grounds) that u and v 
also satisfy equation (*). On the other hand, it is by no means true that (w ， u ， u;) 
is a solution of our problem whenever u, v, w each satisfy (*), even if (u, v, w) 
is an immersion. In order to obtain more precise information, we must use 
a different procedure, due to Darboux. Suppose first that we are given an 
immersion / = (w, v, w) such that I / has components E,F,G\ thus 

(1) du®du+dv®dv-\-dw®dw = E dx®dx + F[dx®dy+dy®dx]-\-G dy®dy^ 

where {x, y) is the standard coordinate system on M 2 . By composing / with a 
Euclidean motion，if necessary, we can assume that 

(2) 叭 (0,0) = w 2 {0,0) = 0 


( 3 ) 

Consider the tensor 




is nonsingular at (0,0). 


{ , ) f = Edx®dx + F[dx ®dy + dy®dx] + G dy ® dy ~ dw ® dw 
={E - w\ 2 ) dx ® dx + (F - wiw 2 )[dx ® dydy ® dx] 

+ {G - w 2 2 )dy ® dy. 

Using (1) we can write 

(4) 〈，〉’ = dw ® ® 心 . 

This is positive definite at (0,0) by (2), and hence positive definite in a neighbor¬ 
hood of (0,0). Moreover, (w, v) is a coordinate system for R 2 in a neighborhood 
of (0,0), by (3). So equation (4) says that 〈，/ is flat, and thus has curvature 
IC =0. 


Recall (pg. 11.131) that the metric with coefficients E, F,G has curvature K 


given by 

(5) K(EG - F 2 ) 2 = det 


G\\ + F\2 — 士 £*22 F\ — 

f 2 -\g x 




E 

F 


F 

G 



To obtain the condition K f = 0, we set the right side equal to 0 after replacing E 
by E — wi 2 , etc. With the standard notation 


p = q = w 2 , 

r = W[\, S = W 12 , t — W22, 
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the (1,1) term in the first matrix becomes 

1 2 1 ? 1 1 . 

--(G — W 2 )\\+(F — W\W 2)\2 — ^(E — W\ )22 = ~^G\\ + F\ 2 -^E 22 -\-(s z —rt), 

all third derivatives canceling. We thus obtain a second order equation for w, the 
“Darboux equation”，which written out explicitly becomes 

(**) 0 = —4(EG - F 2 )(rt — ^ 2 ) 

+ 2pr\2GFi — GG\ — FG 2 ] + 2qr[EG2 4 - FG\ — 2 FF 2 ] 

+ 4ps[FG\ — GEi] + 4qs[FE2 — EG\] 

+ 2pt[GE { + FE 2 - 2FF { ] + — EE 2 - FE { ] 

+ (E-p 2 )[E 2 G2-2F l G 2 + (G i ) 2 ] 

+ (F — pq)[E\G2 ~ £ 2^1 — 2 E 2 F 2 ~ F\ + AF\ F 2 ] 

+ (G-q 2 )[G l E l -2F 2 E l + (E 2 ) 2 ] 

+ 2[EG — — Gp2 — Eq^ + 2Fpq\ - \1F\2 ~ E 22 ~ G 11 ]. 

Brute force computations will show that equations (*) and (**) are，in fact, the 
same (a somewhat more refined approach is given in Problem 4). But our deriva¬ 
tion of (**) now enables us to relate solutions of (**) with functions f = (w, v, w) 
satisfying (1). For suppose that u; is a solution of (**) satisfying (2). Then { ， ）’ 
is positive definite, and has curvature K f = 0. So there is a coordinate system 
(w ， u) satisfying (4)，which implies that (w, v, w) satisfies (1). The possible coor¬ 
dinate systems (u, v) for the flat metric 〈，〉’ all differ by a Euclidean motion 
of M 2 , so (u, v) is determined by specifying 

w ⑼， u ⑼， 

w(0 )， w 2 (0 )， u“0 )， u 2 (0), 

where the w,.(0) and i^.(0) have to be chosen so that (1) holds at (0,0) . Notice 
that u and u will automatically satisfy (**)， since this equation is equivalent 
to (*)， which is satisfied by all component functions / = (u y u, w) satisfying (1). 
We thus have the paradoxical situation that w, v, w all satisfy (**) = (*), but that 
once we pick the initial conditions W\, Wi along the .Y-axis which determine u;, 
then we have almost no choice left for the initial conditions for u and u; of 
course, we could just as well pick the initial conditions for w ， say, and then be 
stuck with those for v and w. 

The Darboux equation is not linear，but it is linear in (rt — s 2 ), r, s, t; as we 
mentioned in Chapter 10, section 8, equations of this sort are called “Monge- 
Ampere equations”. We can write our equation as 

t(r + Ap + Bq) + C = 0, 
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where >4, B, C do not involve t, and thus we can solve for t in terms of the 
other quantities, 


( 6 ) 


—C 

r + Ap + Bq 


= g(x ， y ， p ， q ， r ， s). 


More precisely, if we are given initial conditions along the x-axis such that 
Ap + Bq + r ^ 0 2 it (0,0), then we can write our equation in this form near 
(0,0). In Chapter 10, Part 4, we showed that the Cauchy problem for such 
an equation is equivalent to the Cauchy problem for a quasi-linear first order 
system, which can always be solved, by the Cauchy-Kowalewski theorem, if all 
functions in the equation, and the initial data, are analytic. Thus we see that 
the required isometric imbedding f exists locally if E ， F，G are analytic. 

Naturally we would like to know to what extent this restriction to analytic 
E, F,G and analytic initial data is necessary. Recall that a solution u; of a 
second order PDE 

F(x,y,w,p,q,r,sj) =0 


is elliptic [respectively, hyperbolic] if and only if 


AF r F t — F s 2 > 0 [respectively, < 0]. 


We consider the Darboux equation in the form (*) on page 143. Our condition 
becomes 

4(u ；22 — - r| 2 ^2)(^ll — 厂 ⑴ 1 _ — 4(U>12 一 r/ 2^1 ~ r^2W ； 2) 2 

>0 [respectively, < 0]. 


Using equations (1) on page 143, this becomes 

(jV 3 ) 2 (/ 22 ’u — l\ 2 2 ) > 0 [respectively, < 0]. 

So at all points where N 3 ^ 0, the solution u) is elliptic [hyperbolic] if and only 
if the corresponding surface (obtained by choosing w，u as before) has 尺 > 0 
[尺 < 0]. Thus the cases K > 0 and K < 0 require separate treatment. 

We note first that Theorem 10-13 shows that if 尺 > 0 everywhere and E, F，G 
are analytic, then every imbedding / such that 1/ has components E ， F，G 
is automatically analytic, so there is no point considering initial data which 
are not analytic. Expressed somewhat differently, if a surface A/ C M 3 has 
K > 0 everywhere and a metric which is analytic in some coordinate system, 
then M is actually an analytic submanifold of M 3 . In particular, if M is any 
(C 3 ) surface of constant positive curvature, then M is automatically analytic. 
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When E ， F，G are not analytic, there is no known criterion on the initial data 
which will guarantee the existence of a solution of the Darboux equation (**). 
However, we might simply ask if there is some solution of the Darboux equation 
(without specifying initial conditions), and hence some imbedding / such that I f 
has components E ， F ， G. The fact that a second order equation like (**) actually 
has solutions has been “known” for a long time—an actual proof may be found 
in Jacobwitz [1]. 

When K < 0 there is no problem. Theorem 10-12 shows that for any initial 
conditions with F t = r + Ap + Bq 0, there is always a solution w of (**) in a 
neighborhood of (0,0), and we can obtain solutions less differentiable than the 
functions E, F ， G. (In the next chapter we will have occasion to examine the 
case where the initial conditions are such that F t = 0.) We see, in particular, 
that there are surfaces of constant negative curvature in M 3 which are C°° ? but 
not analytic. 

By the way, it is interesting to note that a surface of constant mean curvature H 
is always analytic (the sign of H couldn’t be relevant, since it is not even well- 
determined). For suppose that M C M 3 is a surface with H = C, given locally 
as the graph of a function h. Then formula (B') on pg. III. 137 gives 

0= F 、 x ， y,h ， p ， q ， r ， s ， t) 

=(1 + q 2 )r - 2pqs + (1 + p 2 )t - 2C(1 + p 2 + q 2 ) 3/2 y 


4F r F, - F s 2 = 4[(1 + q 2 )(l + p 2 ) - p 2 q 2 ] = 4(1 + p 2 + q 2 ) > 0, 


and h is analytic by Theorem 10-13. 

We now consider the general problem of locally imbedding an n-manifold in 
We are given g" on a neighborhood of 0 G R w , and we seek f' U — R w ， 
on some smaller neighborhood (/, such that 


(i) 


gij = 


D/w = E 


df a df a 

d.Xi dXj 


Since this is a set of s n = n(n + 1)/2 equations, it seems unlikely that we can 
always find / if m < s n . In fact, if (1) is to hold, then all equations obtained 
from (1) by partial differentiation must also hold. If we evaluate these equations 
at 0, we obtain polynomial formulas expressing the derivatives 


( 2 ) 


a ri + … + r ”g" 

3 ri Xi … d rft x } 


( 0 ) 


0 ^ V n ^ V 一 1 
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in terms of the derivatives 


⑶ 


gn+ … +r„ j'a 

d r[ X\ - - - d rn X n 


⑼ 


1 in + • • • + < t . 


For each g"，the number of derivatives in (2) is the binomial coefficient ( n+r n *) 
[=：the number of ways of picking n things from n + r - \ things] ， for we can 
associate to each set < a 2 < • • • < of integers from 1 to /i + r - 1 the 
numbers 


= 0 l \ — 1 ， ^2 = 0^2 _ ^1 一 1， •••， = Oift 一 —1 — 1 • 


Thus ， 


# of derivatives in (2) is a = s n 


r n + r 
< n 


Similarly ， 

# of derivatives in (3) is /> = m • 

Now if m < s n ，then the first of these numbers will be greater than the second 
for large enough r. In fact, 



(n + r)! (« + r — 1)! 

n\r\ Sn n\(r - 1)! 


for r — n(s n — 1). 


But this means that the set of all possible derivatives (2)，considered as a point 
in R a ，is the image of a polynomial map defined on a lower dimensional space 
R' so the derivatives (2) cannot be assigned arbitrarily for a map /: 
m < s„. In other words，not every g" can be obtained from some /. 

It also seems reasonable to conjecture that we can always find an appropri¬ 
ate f when i 7 i ^ s n . With the proper handling of subsidiary considerations, 
the proof of this conjecture can be reduced to the Cauchy-Kowalewski theorem 
(which means that we will have to assume that the gij are analytic). First a 
preliminary definition. Given /: t/ — M w ，consider the space spanned by the 


vectors 


dx l 




3 2 / 

dx l dxJ 


\ Sn 


at a point p G U [this is the direct sum of the tangent space of f(U) at f(p) 
and the first normal space at /(/?)，in the terminology of Addendum 4 to 
Chapter 7]. The map / is called non-degenerate if these n + s n vectors are 
linearly independent, for each p G U. For example, a curve in R 2 C is 
non-degenerate if its curvature is nowhere zero. 
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9. THEOREM (BURSTIN-JANET-CARTAN). Let gij be the components 
of an analytic Riemannian metric in a neighborhood of 0 e W 1 . Then there 
is an analytic isometric imbedding f:U^ R Sn (defined on some smaller 
neighborhood U). 

PROOF. Let Vi be /-dimensional subspaces of R n o with 

h C ••• c K 

and let 

Hi = exp 0 (V；-) C R n 

(the exponential map being defined with respect to the metric given by the 
gij). Since H\ is a curve, we can clearly find an analytic isometric imbedding 
f \： H\ R Sn ; moreover, we can arrange for f\ to be non-degenerate. We 
will now show that if : ^ W n is a free analytic isometric imbedding, 

then fk can be extended to an analytic isometric imbedding : // 灸 +1 — R Sfl 
(defined perhaps in a smaller neighborhood of 0). Moreover ， fork + \ < n we 
will show that fk+\ can be chosen to be non-degenerate [note that l < n => 
l + S[ < &]• This will clearly prove the theorem. 

Step 1. By changing our coordinate system X\^... on we 

can assume that 

Hk = {(x,y) : y=0} 

gi,k+\ = 0 (1 < / < k\ gk+\,k+\ = 1. 

Then the equations g” = 〈 /} ， fj) become 

(fxj 5 fxj) — Sij 

0) {fx n fy) = 0 

Differentiating the first equation with respect to y, and the second with respect 
to Xj, we find that if / satisfies (1), then it also satisfies the following set of 
equations，which are of first order with respect to the y variable: 


(2a) 

(fy^ fxjXj ) = ~^{Sij)y 

(2b) 

( fy ? fxi 〉 = 0 

(2c) 

(fy ， fy、 = Y. 
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Similar manipulations show that f also satisfies the equations 

(3 a) 、 fyy ， fxi 、 = 。 

(3b) {fyy ， fy、 = Q 

(3c) (fyy, fx iX j) = -^Sij)yy + 、 fyxi ， fyxj), 

which are of second order with respect to the y variables. 

Conversely, suppose that / satisfies (3), and also satisfies (2) on 74. We 
claim that / satisfies (1). First of all, since (3b) says that {f y , f y ) y = 0, equa¬ 
tion (2c) on H k implies that (f y , f y ) = 1 everywhere. Consequently, we also 
have (f y ,f Xi y) = 0. So (3a) says that (f Xi , f y ) y = 0, and then (2b) on H k 
implies that {f Xi ,fy) = 0. Thus we have the last two equations of (1). Now 
from 

(/x, , fy) = 0, (f x .,f y )=0, Uy ， fy) = ' 

we obtain 

(i) {fxiXj , fy) + (fxj 9 fx f y) = 0 

(ii) {fxjXi^ fy) + ifxp fxiy) = ^ 

㈣ 〈 /x/ 少， fy) — ^ 

and then 

(iv) {f XjXi y, fy) + {fx fXi ,fyy) + (fx,y, fx iy ) + {fx r f Xi yy) = 0 from ( u ) 

(V) (f XiXj y, fy) + (f Xi y, f Xj y) = 0 from (iii). 

Equations (iv) and (v) give 

、 fxiyy ， fx) = fyy)^ 

so we have 

(f Xj , fxj)yy ― 、 fxiyy，fxj + fx f y) + fx f yy) 

=-^{fx,x r fyy) + fxjy) 

— (Sij )j>' by (3c). 

On the other hand, (i) and (ii) give 

(fxj 9 fxf)y = -:(fxiXj ， fy) 

— (gij)y on Hk ， by (2a). 
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It follows that {fx n f Xi )y = (gij)y everywhere. Since we have {f Xi ,f Xi ) = gij 
on Hk ，we conclude that (f Xn fx,) = gij everywhere, as desired. 

Step 2. Having established this, we now claim that there is an analytic function / 
on Hk such that 


〈 X ， fxiXj) — ~^Sij)y 
(x,f Xi ) = o 
(x,x) = 1 


on 74, 


X is linearly independent of f xn f XiXj . 

The reason for this is the following. At 0, we have (gij)y = 0 (Proposition 
II. 4-1). So x(0) is just a unit vector in R Sn which is perpendicular to all f x . (0) 
and f Xi xj (0) [such a vector exists, since k + < 〜]• In general, we first pick 

a linear combination Xi of the (linearly independent) vectors f Xi , f Xi xj so that 
the first two conditions in (2') hold for /j. Near 0, this makes Xl a vector of 
small norm. Then we add on an appropriate vector orthogonal to the f Xi and 
fx(Xj so that the norm becomes 1. There is no problem arranging for x to be 
analytic. 

Consider the following system of equations for functions /, q : H^\ —^ 


fy = q 

(Qy，fxi )—0 i = l ， • • • ， fc 
{q y ,q) = 0 

(9y ， fxjXj ) = ~~~~^Sij)yy + ) U j = '，•••&， 


with the initial conditions 


/(x ， 0) = f k (x) 

q(x,0) = xix) 


on /4- 


If we have a solutionthen / will be a solution of (3) such that x(^)= 
f y {x,0) satisfies (2) on // 灸 ， so / will be an analytic isometric imbedding extend¬ 
ing in a. neighborhood of 0. Now (*) is rather like the equations considered 
in the Cauchy-Kowalewski theorem, expressing the partials of the 2s n functions 
/】， • • • ， f s,t ,q s ', … ， q Sn with respect to y in terms of their partials with respect 
to X\,.. However, we have more unknowns than equations (except for 

fc = « — 1)，and the q y are not explicitly solved for. Such a problem is handled 
as follows. 
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Step 3. Write the last three sets of equations of (*) as a matrix equation 



(A：-fl+5^)X5,, 5/2 xl (fc + 1 + 从 ） x1 

matrix matrix matrix 


or for short as 

B{f Xi ， q ， f XiXi 、.(ly = g- 

On 74, the rows of B{f Xn q, f XiXj ) are linearly independent, because f k is 
non-degenerate, and by the choice (2’) of So this matrix has a right inverse. 
Moreover, we can pick this inverse analytically — that is, for any f ^ s there is 
an analytic map B B from the r x s matrices of rank r to the s x k matrices 
such that 

B • B 二 r >: r identity matrix. 


[One specific way to define B is as follows. Write 5 as a collection of row 


vectors, B = 
where 



for Vi € R 5 . There is a unique decomposition u/ = 


Wi+Zi, 


Wf € subspace W/ C M. s spanned by ui ，…， u /， • • • ， IV ， z/ 丄咐 ; 


clearly z\ ^ 0. Then 


( v i ， z j) 


(Zi ， Zi) 


SO we can choose B to be the matrix whose columns are 2//{r/ ? z/).] 

Now consider the system of equations 

\ fy = ( l 

、 qy = q ， fxix) • g ， 

with the initial conditions (*o). This equation makes sense in a neighborhood 
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of Hk, since the rows of B{f Xn q, f Xi Xj) are linearly independent there. Any 
solution of (**) will be a solution of (*)，since 

Qy = jx(Xj) * S — ^ f Xi xj) * = S- 

But (**) is a set of equations to which the Cauchy-Kowalewski theorem applies 
[more precisely, it can be reduced to such a set by the method of section 4 of 
Chapter 10]. Thus we have established the existence of the extension /. 

Step 4. We still have to arrange for / to be non-degenerate when k + 1 < n. We 
claim first that we can choose x on Hk so that x satisfies (2’)，and also so that the 
vectors X ， Xx,^ A/, fx(Xj are linearly independent at 0. To do this we again first 
choose Xi to be a linear combination of the f Xi , f Xi xj which satisfies the first 
two conditions of (2 ’)； near 0 we have Ixil < 1. We next choose a : Hk ^ 
to be an analytic map with a perpendicular to f Xi , f XiXj and |af| small. Then 
there is a constant 入 o with |/i + 入 oa| = 1 at 0. We can assume, by renumbering, 
that the vectors of the set 

A = {aAx + - ■ ■ Ax + ^oa) Xh , fx n fxix,} 

are linearly independent at 0, and that h < k is the largest integer with this prop¬ 
erty (A = 0 is a possibility, i.e., there may be no vectors (x + A.o«) X/ in our set). If 
h = k we are done. Otherwise, pick non-zero analytic functions ph+\ ， … ，卢 it 
which are orthogonal to the vectors of A, and also mutually orthogonal. Then 
determine the analytic function 入 so that 

/ k 

lx(^)l = Xi(x) + X(x) - («U) + 

\ i=h+\ 

Thus 入 0 = A.(0). Suppose some linear combination of x ， Xx { ^ fx” fx { x } vanishes 
at 0. I.e.，suppose that at 0 we have 

h 

o = a{xi + + 入 + A. x ,.a-) 

/ =1 
k 

+ ^ ^/((Xi)x/ + ^ a xi + 入 

i=h+\ 

k k 

+ f Xi + bijfxjXj - 

/ =i /,i=i 

Take the inner product with some P t (0) (t = h + I ， … ， k). The )3/ are mu¬ 
tually orthogonal, and 戌 is perpendicular to all vectors of A; moreover, each 
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(X\) Xi + (i = /? + 1 ， • •. ， 々） is a linear combination of elements of A, by the 
maximality property of A. So we end up with 

入(0)仏|戌(0)| 2 = 0 => a t = 0. 

Then we also have a = =bi 二 bij = 0, since the vectors of A are linearly 

independent. Thus x has all the required properties. 

Now in a neighborhood of the + 2k + \ linearly independent vectors 
X( 0 ) ，； U(0) ， /x,(0) ， /x, X/ (0) we can choose an analytic map (v,Vi,Wi,Wij) 
h{v,Vi ， Wi, Wij ) 0 such that 

h(v, Vi, Wi, Wij ) is perpendicular to u, u/, u；/, w". 


Consider the equations 

[fy = ( l 


** 


Qy = B( f Xi ， q ， fx(Xj). g 七 h{q ， q Xi ， fxjXj )? 


with the initial conditions (* 0 ). A solution will again be a solution of (*)，since 
our choice of h gives 


B{fxf ， q ， fxjXj ) * q Xi ? fxi ? fx t xj )= 0 . 

The vectors f y , f yXi ， f Xi ， fx iXi are linearly independent near 0, by our choice 
of x- Then f yy 二 q y will be independent of fy ， fy Xi ， f Xi ， fx iXi ， since 
h(f y , f yXi , f Xi 9 fxjxj) is linearly independent of all these vectors, while our ex¬ 
plicit construction of B makes its columns span the same space as the rows of B, 
which implies that B(f Xn q, is a linear combination of the q, f Xi , f XiXi . 

So / is non-degenerate. ♦:， 


This proof can naturally be applied to the case n = 2, and then there is only 
the step from k=l to k + l= 2. In this case, the matrix B{f x ,q, f xx ) is a 
3x3 invertible matrix, so we just consider the equations 

f y = q 

qy = B{fx ， q ， fxx 、〜 

One can check that this is a hyperbolic system when K < 0, so that Theorem 
10-12 can be applied, with the initial choice f\ : ( a * -axis) — JR 3 being C°° rather 
than analytic; thus we can obtain the same results as we got by looking at the 
Darboux equation previously. Perhaps one could even try to analyze higher 
dimensional cases similarly, when the given metric has all sectional curvatures 
<0. There is not much interest in doing this, however, for although analyticity 
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was required to obtain the “best possible” local result of Theorem 9 , there are 
global results where it is not needed. These results are essentially theorems in 
analysis, rather than geometry [with certain significant exceptions], and gener¬ 
ally require rather involved techniques, some of which were created precisely 
for this problem. So we will merely indicate what these results are, and our 
discussion will be particularly brief since there are now several research reports 
which cover the field quite well. 

One class of global results gives very strong information about the special case 
of surfaces in M 3 . The first such question was raised by Hermann Weyl，who 
asked whether every metric 〈， ) on S 2 with 尺 > 0 comes from an isometric 
immersion in M 3 (necessarily an imbedding as a convex surface，by Hadamard’s 
Theorem). Although Weyl indicated an approach to this problem, the first af¬ 
firmative solution, for analytic metrics, was given by H. Lewy [2]. A proof for 
C k metrics ， 众 > 4, was given by Nirenberg [1]，and the cases 众 = 2 , 3 were 
later handled by Heinz [1]. Already in 1942 ， A. D. Alexandrov had consid¬ 
ered Weyl’s problem from a completely different, totally geometric approach, 
involving polyhedral approximations to the surface. He was able to solve Weyl’s 
problem for C 2 metrics, although his result did not indicate how differentiable 
the resulting surface would be when the metric was more differentiable. But 
this was established by later research, especially that of Pogorelov. At the same 
time, this pioneering work of Alexandrov led him to investigate arbitrary convex 
surfaces (which need not be smooth at all); although such surfaces may not have 
Riemannian metrics，we can still define an isometry between two such surfaces 
to be a homeomorphism preserving lengths of curves, and there are suitable 
generalizations of other differential geometric concepts like curvature (which 
may exist only almost everywhere). In consequence，there has developed an 
entirely disjoint school of differential geometry, whose practitioners are almost 
exclusively Russian mathematicians, which proves certain results in far greater 
generality than classical differential geometry，and has sometimes proved results 
from this field which are still inaccessible by the classical methods. Some exam¬ 
ples of this will be mentioned in the next chapter, and the Bibliography gives 
further references to the Russian school. 

In contrast to Weyl’s problem, which arises by considering the metric {,) 
induced on S 2 by some imbedding of S 2 as a convex set in M 3 , we now consider 
a strictly convex surface M CM 3 and define a function k > 0 on S 2 by 

K(p) =k(v(p)), 

where 尺 > 0 is the curvature of M, and the diffeomorphism v : M ^ S 2 is 
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the normal map. This function k always satisfies certain integral equalities. To 
derive them, we note that we have 


0 = 


f v l dA 

JM 



this follows from the Divergence Theorem (Problem 1.9-13 or Theorem 7-57 )， 
applied to the region D bounded by M. Consequently, if da is the volume 
element of S 2 y and x l /k{x) denotes the function x x l /k(x) on S 2 , then 


(*) 


!S2 k(x) 


.x l da 


.x l da 


Im \k(x) 

f — ? — - v l - v*(da) 
IM k ov 

r i i 

• v 1 • KdA = \ 




K 


v l dA 


fM 


“Minkowski’s problem’，is to show that any function k > 0 on S 2 which satisfies 
the conditions (*) is K o v 】 for some convex M C This problem was solved 
by Lewy [3] in the analytic case，and by Nirenberg [1] in the C 2 case. It should 
also be mentioned that generalizations of Minkowski’s problem have been given 
in higher dimensions, in the style of the Russian school, by A. D. Alexandrov [3] 
and Fenchel andjessen [1], but for the higher dimensional cases little is known 
about the differentiability of the hypersurfaces obtained. 

Less delicate, but much more general, results are now available for the prob¬ 
lem of isometric ally imbedding arbitrary Riemannian manifolds in some Eu¬ 
clidean space. The first results along this line were by Nash [1]，supplemented 
by Kuiper [1]. For a compact «-dimensional Riemannian manifold M, their 
results show that if M has any imbedding in R g , with q >n + l, then it also has 
a C 1 isometric imbedding. Thus compact orientable surfaces always have a C 1 
isometric imbedding in M 3 ; in particular, even the flat torus can be C 】 isometri- 
cally imbedded in JR 3 ! The most important isometric imbedding theorems stem 
from a second paper of Nash [2]，where he proved that every C°° Riemannian 
manifold can be C°° isometrically imbedded in some Euclidean space. We will 
not give the dimensions of the Euclidean spaces involved; for this the reader 
may consult Gromov and Rokhlin [1], which gives a very complete discussion 
of the results known up to 1970 . We merely mention that almost nothing is 
known about the lowest dimensional Euclidean space in which the imbedding 
is possible. 
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ADDENDUM 

THE EMBEDDING PROBLEM 
VIA DIFFERENTIAL SYSTEMS 


Although the general line of argument for the proof of Theorem 9 was pro¬ 
posed by Janet, it was Burstin who gave the first rigorous proof. The result 
is often known as the Cartan-Janet theorem because E. Car tan gave another 
(completely different) rigorous proof, using his theory of differential systems 
(Chapter 10, Addendum 1). We will give this proof here; so we assume that we 
have an analytic Riemannian metric in a neighborhood of 0 G and we seek 
a local isometric imbedding into s n = n(n + 1)/2. 

Let 0(TR Sfl ) be the bundle of orthonormal frames of R Sn , on which we have 
the dual forms 4> a and connection forms ^ (1 < a, ^3 < s n )\ for simplicity we 
do not use bold-face letters for these forms on 0(TR Sn ). The forms ^ 
give a basis for the dual space of the tangent space 0(TR Sn ) u for any u G 
0(TR Sn ). Also let Z 1? ..., Z w be some fixed orthonormal moving frame on 
E w , with dual forms 9 l , connection forms and curvature forms Suppose 
that f: U R Sn is an isometry, for some neighborhood U of 0 in R' Let 
s = d ••• ， y« ， L+i， … U be any orthonormal moving frame on /((/) 
with Yi = /*Z/ for i = 1， •••，《; then s*cj) a and s*^ are its dual forms and 
connection forms. Since / is an isometry, we clearly have 

0 i = = (^o f)*^ i = 1 ， ••• ， 《 

0 = f*(s*(<p r ) — (so f)*(p r r = n + \ ,... ,s n . 

Conversely, if F: U — 0(TR Sn ) is a map which can be written 2 ls F — s o 
and 

0^ = F* V i =■ 1 ， • • • ， 《 

0 = F*(p r r = n + 1,..., 

then / is an isometry. We will look for F, and hence /, by looking for its graph 
in R n x 0(TW n ). We have two projections 

M” x 0(TR Sn ) - n - 2 ― > 0(TU s ") 

丌 1 


R n 
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and for simplicity we will denote 

by n x ^a)) by cd), 

丌 2 > a by 0 a ， 丌 2 *% by 少 ；. 


7t\*^2 l j by Qj, 


We easily see that our problem is solved if there is an «-dimensional manifold 
r C x 0(TW n ) through some point (0 ， w), such that 丌 i*: r(o， M ) — M w o is 
one-one, and such that 

cp l — 0 l = 0 on r i — 1,...,« 

0 r = 0 on r r = n + l,... ,s n . 

We want to find T as an integral manifold for an appropriate differential sys¬ 
tem i. So, first of all, we want J? to contain the (j) 1 — 9 l and the 4> r . Now 

S ,1 n 

d((p i — 6$) = — \// i a a (p a + o)j a 

a=l y—1 

n n s n 

= -—⑴]、 AeJ - w - 〜）一 它伞 x 


dcp r = 


- 


a _ eJ 、- A 0t ' 


so in order to have C i we also want the xj/j — a> l j and the A to be 

in 1. Similarly, since J 

s, t n 

— (o l j) = — ^ A ~ + A ^y 

a—\ h=\ 

n n • 

= - J 2^ h A ^ - 岣、 - -4) a ⑴夕 


- ^}, 
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we also want the 八 to be in Jf. Moreover, we easily see that if i 

is generated by r 


㈨ 

4>' -e 1 

i — ,n 

(b) 


r = n + \, ... ,s n 

(c) 


/"• = 1, …， w 

(d) 

j=\ 

r =n+\,...,s n 


s,l 


㈦ 

J2 - 

i, J = 1 ， • • • ，行， 


r=«+l 


then we have di C i. The Cartan-Kahler Theorem (Theorem 10-15) tells us 
that the desired « -dimensional manifold r C x 0(TR Sn ) exists if for some 
u e 0(rM〜）there is an n-dimensional integral element W C 0(TR Sf1 )(o iU ) 
of I which contains a regular (n — l)-dimensional integral element of i, and 
for which 丌 1 *: W R n o is one-one. We assume n >2, since the case n = l is 
trivial. 

We claim, first of all, that every point of R n x 0(TR Sn ) is a regular 0-dimen- 
sional element of i. To prove this we have to consider each ^((x, w)) for 
(x, u) G x 0(TR Sn ). By definition, 8\ ((x, w)) is the set of all vectors (X,Y) 
[with X e R n x and Y e 0(rR〜） w ] such that the forms (a)-(c) vanish on (X,Y), 
that is: 

( f> i (u)(Y) = e i (x)(X) i = 1, …， n 
(1) < (p r (u)(Y) = 0 r =n + \,...,s n 

xlfj(u)(Y) = (o i j (x)(X) i,j = l , …， n. 

Because the 0 a (w), are a basis for 0 (riR 5 ”） w ，the dimension of 8\ ((x, w)) 

is always exactly the dimension of W 1 x 0(TR Sn ) minus the number of forms 
(a) - (c), and thus a (non-zero) constant. So each (x, u) is a regular 0 -dimensional 
integral element. 

For any tangent vector Y e 0(TR Sn ) u , it will be convenient to consider n 
vectors F( z ) in = 『(” - 1 )/ 2 , defined by 

y (n = ( 少广⑻⑺， ...W ⑻ (n). 

Note that we can always choose Y € 0(TW n ) u satisfying (1) [i.e., with (X, Y) e 
w))] such that the K ⑴ are any given n vectors in M” (” - ”/ 2 . 
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Now at any point (x, w), pick (X\, Fi) G 8\ ((x, w)) with X\ a unit vector so 
that the n — 1 vectors 

\ (1> ，…， r /”- 0 e M n(n - 1)/2 

are linearly independent [this is possible since n(n — 1)/2 > n — 1 for n > 
2], and consider ^2((^, w), (A^i, Fi)). It is the set of all {X2, Y2) such that ( 1 ) 
holds, and such that the forms (d) and (e) vanish on the pair {X\, Y\), (X2, Y2). 
If Xi is a multiple of X\, then ( 1 ) implies that Yi is the same multiple of Y\, 
so we will assume that X2 is linearly independent of X\. Since (X2, Y2) €. 
^2((^. w), {X\, Fi)) implies that any linear combination of {X\, Y\) and (X2, Y{) 
is also in 8 2 ((x,u), ( 不， O), in computing the dimension of this space we can 
restrict our attention to (X2, Yi) with X\, X2 orthonormal. Extend X\, X2 to 
an orthonormal basis X\,... ,X n at u. Then (d) and (e) vanish on the pair 
(^i, Xi), (X2, Yi) if and only if 



( 3 ) r 2 a) - y, (0 - r 2 (0 • Y, U) - (R(X x ,X 2 )Xj,Xi) =0 \<i<j<n. 


where • denotes the usual inner product in Equation ( 2 ) determines 

Y^\ then equation ( 3 ) for / = 1 , 7 = 2 determines a hyperplane H2 C R ” (”一 D/ 2 
in which must lie; then equations ( 3 ) for / = 1 , 7 = 3 and / = 2 , 7 = 3 
determine a plane H3 C of codimension 2 in which must lie; 

etc. [we use here the fact that , Y^ n ~^ are linearly independent]. In 

particular, the dimension of £2((^, w), (X\, Y\)) is the minimum possible. 
Thus (X\, Ki) generates a regular 1-dimensional integral element. Notice that 
^((x, u), (X\, Ki)) does contain some (X2, Yi) [with X\,Xi orthonormal], since 
each H a (a = 2 , …， 《) has dimension 


n(n — 1) 

^2^ 


-(a - 1) > 


n(n — 1) 


(n-l) >0 


for n > 2. 


In the case « = 2 , we have just shown that there is some 2 -dimensional integral 
element containing the regular 1-dimensional integral element generated by 
(X\, Y\), which completes the proof. In the case « > 3 we claim that we can 


choose Y2 so that 


y ⑴ yr(«—1) yr(2) yr(«—1) 

-* \ ?•••?-*! ? ■* 2 9 •••?■* 2 

are linearly independent. We choose Y^ a ) successively for a = 2 ,— 1. We 
want to be linearly independent of the vectors in the set 


A = 




(fi-i) 



r 2 (a_1) }. 
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Now r 2 (a) must He in the plane H a , which is perpendicular to the 


set 


vectors in the 


B 


⑴ y (a — 1) I 


So we just need to have dim// a greater than the number of vectors in the 

a-b = 卜 / 乂 ... ， r/”- ° ， yf)，• • • ， n • 


set 


Thus we need 


or 


dim H a = 



n(n — 1) 
~" 2 ~ 

But for a <« - 1 we have 


-(a - 1) > (n-a) + (a- 2), 
> («-!) +(a-2). 


(n-l) + (a -2) <{n-\) + (n- 3) 
< {n - \) + (n -2) 


^ 1 + ... + W — 1 = 


n(n — 1) 


This proves the claim. 

Now suppose that for some k < n - 
with X! ，…， orthonormal such that 


we have found {X U Y { ),... ,(X k ,Y k ) 


(l) (X k , Y k ) generate a A:-dimensional integral element, 

(ii) {X k ^ u Y k _ x ) generate a regular (k - 1 )-dimensional integral 
element, 

(iii) the (n - 1) + (« - 2) + ••• + («- A:) vectors 


(⑴， ... ， yf- 1 )，)，• • • ， y 2 ( ”-"，)，. • • ’ d 

are linearly independent. 

[We have just done this for k = 2.] We claim that ( 不， y 】）， ... ， {X k , Y k ) gen- 
erate a regular /c-dimensional integral element, which can be extended to a 
(/f + l)-dimensional integral element generated by (^, (^ +1 , ^ +1 ) 

[with X k+x orthonormal]; moreover, if A: + 1 < » - 1, then Y k+{ can 

be picked so that Y^ l) , ^"7° are linearly independent of the vectors 
in (iii). Once we have proved this claim, it will clearly follow that there is 
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some «-dimensional integral element spanned by (A"i, 7i),..., (X„, Y n ), with 
X\,..., X„ orthonormal, such that {X\, Fi), • • •, Y n -\) span a regular 

(n - 1 )-dimensional integral element. Thus the proof will be complete. 

To calculate the dimension of ( 不， h),... ， (X k , Y k ))wt consider 

(A'/t+i, y^t+i) with X\,..., X^+i orthonormal, and again extend X\,.. A ^ +1 
to an orthonormal basis at x. Then (d) and (e) vanish on the pairs 

(X h ,Y h ), (U + i) {I <h<k) if and only if 


(20 


Y 


(h) 


k+\ 


K k 


+i) 


1，…， A: 


(so • n (/) - Y kl - Y i j) - ⑻為 ， = o 


=1 ，…， /c 
< i < j < n. 


Equations (2') determine for /i < /c. We claim that with these values of 




equation (3’）holds for i, j < k. In fact, by hypothesis (i) we have 


( a ) 

as well as 


rd) 


Y^ h \ Y { h ]) 


r(h) 


i, j, h <k. 


(b) y.(0 . Y {X) - r. (X) • Y. l) 


-(R(Xj,Xi)X h X x )=0 


i,j <k 
all LX < n. 


Choose / = h and 入 =+ 1 in (b)，and substitute (2') and (a) into the equation. 
Using the identity (R(Xj , Xi)Xh, — (R(Xh, Xi), we obtain (3,) 

for /, j < k. 

Thus, we need to consider (3’）only for i or j > k + \. Since we are choosing 
i < j\ we have 7 > A: + 1 in either case. Moreover, we claim that for each 
j > A: + 1 , and /? < A:, we need only consider the cases h <i. For if we have all 
these cases, and i < h, then by choosing i as our h, and h as our /, we have 

(c) ^ ( +, • Y t W - Y i+i - Y ^ }) - ( R d X k+l )Xj,X h )=0. 

Moreover, by (b) we also have 

(d) rf +1) - Y t (j) - Y { h j) - C +1) - (R(X t , X h )X k+u Xj) 

In addition, (2’）and (a) give 

y(k+\) _ y(/*) y{h) _ y(0 y(A:+l) 

So adding (c) and (d) gives 


0. 


rU) 

k+V 


irU) 

k-\-\ 


Y h l) - Y kh • Y h j) - [( 沢 ( 尤， X h )X k+u Xj) + (R(X t , X k+l )Xj,X h )]=0. 
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Using the identities for the curvature tensor, we obtain finally 


^ - y { h ° 


f +x - Y { h j) - (R(X h ,X k+l )Xj,X t ) = 0, 


^hich is indeed just the required identity for i,j. 
So consider now the equations 


(30 

For 




K (0 

l k+\ 


七） 


-(R(X h ,X k+x )Xj,Xi)^0 


h < k i > h 
i < j j >k + \. 

A: + 1 , there is one equation for each of the vectors 


y ⑴ y ⑵ yr(A：) y(k) 


which are linearly independent, by (iii). Thus is restricted to lie in some 

plane H^ + \ C of codimension 1 + • • ■ + /c. For j = k + 2, there is 

then one equation for each of the linearly independent vectors 

y ( 灸 ) yih + X) 


y ⑴ y (々 + l) y (2) y(k + \) 

\ ? • • • 5 ■* J 9 ■* 2 ? • • • 9 ■* 2 


So is restricted to lie in some plane of codimension 2H - h(/c + l). 

Etc. We see right away that 

dim g^ + i((x, w), (m ) ， ... ， (X k , Y k )) 


is the minimum possible, so (X\, Ki),..., Y^) do generate a regular 

/c-dimensional integral element. Moreover, it can be extended to a (k + 1)- 
dimensional integral element, by choosing an appropriate (A^+i ， 匕 +i) [with 
A"i ， .. • ， orthonormal], since each H a (a = k + \ ,... ,n) has dimension 

” i) - [(a - k)-\ - 1 - (a - 1)] 

=1 H - (n - l) - [(a - k) -\ - 1- (of - 1 )] 

> 0 . 


We claim, finally, that if /c + 1 < « — 1 , then )^ + i can be picked so that 
• • • ， are H near ly independent of the vectors in (iii). We pick Y^ { 

successively, for a = k + l,...,n-l. The vector has to be picked linearly 
independent of the vectors in the set 


A 


尸⑴ y(«—l) 

\ 5 * * * 9 1 ， 


y(k) 

， 1 k ， 


y (W— 1 ) 

， 


r(A ： + l) 
灸 + 1 ， 


(a — 1)) 
7 A:-hi I 


with cardinality {n — k) + — + (n — l) + (a ~ k — 1 ). 
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Equations (3’) say that must lie in a plane H a perpendicular to the vectors 
of the set 

d _ ( v(0 y (a —1) y ⑵ y (a —1) y (幻 y (a —1) 1 

1 J J ? • • • 5 J 5 -* 2 5 * * * ? -*2 ， • • • ^ 1 k ， • • • ， i k I 5 

with cardinality r, say. 

This is possible if dim H a is greater than the number of vectors in the difference 
set A — B. Since r is just the codimension of H a , we thus need to have 


n(n ~ \) 


—r > (n — k) + - + (n — \) + (a — k — l) — r. 


But for a < n — \ we have 


\—/ \ —/ 

2 1 

I I 
-I 

+ + 

\I/ \17 

II 11 

-I 
(«(« 
+ + 

+ + 

).-\1l/ 




2 


(« 


r//7 

/L rv n 

VI V VI 


I 

(« 


0 


I 

/7 


as required. 
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PROBLEMS 


1. Let a/ _ 0 for \ < i < n — \ with [ ， - a,- 2 = 1. Define an immersion 

/: {x e M n : < 0} ^ M 2 "-' 


by 

f 2l ~\x) = aie Xn cos(xi/ai) 
f 2 ， (x) = aie Xn sin(x,-/o,-) 

f 2n ~ l (x )= 广 vT-d 

Jo 


Calculate that the induced metric has constant negative curvature. 

2. Let M n be a manifold of constant curvature K isometrically immersed in a 
manifold N 2n ~ l of constant curvature Kq > K. 

(a) Using equation (1) on page 141 ， generalize the argument in the second proof 
of Lemma 5-10 to prove that the bracket of two unit asymptotic vector fields 
on M is zero. 

(b) Also use an argument from this proof to show that if M is complete, then 
its universal covering space must be M w . 

(c) Conclude that we cannot have K > 0. 

3. (a) Let T : V —^ F be a self-adjoint linear transformation, and let V = 
h ㊉…㊉ 14 where the V/ are the mutually orthogonal eigenspaces for the 
distinct eigenvalues 入 1 ， . • • ，入 Let Pi ： V ^ Vj be the corresponding orthogo- 
nal projections ， 尸 ， ([y cijVj) = «/U/. Show that P/ is a polynomial in T, namely, 

(T — 入 l ) …、 T — 人 / 一 i)(r — 入 ,+i) .. (T — Xk) 

(入 / — A 】） … （ 入 / — X /_ i )( A ./ —人 /+ i ). • •(入/ 一 入灸） 

Thus we have T = A/ P/ where the 尸 / are polynomials in T. 

(b) Let S : V ^ V be another self-adjoint linear transformation with ^ = 
Hj f^jQj for polynomials Qj in S. If S and T commute, then all P/ and Qj 
commute. Let A = J2ij a ijPiQj f° r distinct a" G R. Show that y4 is a self- 
a djoint transformation, that S and T are both polynomials in A, and that any 
linear transformation that commutes with S and T also commutes with A. 

(c) If T\ ， … ， T r are commuting self-adjoint operators, then there is a self- 
adjoint transformation A such that each 7i is a polynomial in A. 

(d) Consequently, T\ ， … ， T r can be simultaneously diagonalized. 
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4. (a) Let / : M — M，where (M,( , )) is a Riemannian manifold, and con¬ 
sider the symmetric covariant tensor V(J/) of order 2, with components fij 
in a coordinate system. Each V(df)(p): M p x M p R can be regarded as a 
linear transformation M p -> M p , by using the inner product on M p . So we can 
form S)f(p) = det(V(df)(p)). Equivalently, S)f(p) = det{'V(df)(p)(X i , Xj)), 
where X\,... ,X n is any orthonormal basis of M p . In a coordinate system we 



Show that equation (*) on page 143 can be written 

^)w = K(\ — A\w). 


(b) Check that equations (*) and (**) are the same when i 7 = 0, and conclude 
that they are always the same. 



CHAPTER 12 
RIGIDITY 

I n Chapter 7 we proved a result (Theorem 7-47) which is but a special case 
of the following more general 

1. THEOREM. Let M and M be immersed hypersurfaces in R” +1 ，and let 
♦ M — M be an isometry. Suppose that dv: M p 4 M p has rank > 3. Then 
((p*ll)(p) = ±11(/?). [This equation makes sense even though v and v may be 
defined only locally, and then only up to sign.] 

Consequently, if M and M are connected (not necessarily complete) hyper¬ 
surfaces and d v : M p M p has rank > 3 for all p e M, then (f> is the restriction 
of a Euclidean motion. 

PROOF. To deduce the second part of the theorem from the first part, we 
recall (pg. IV 63) that there is an inner product preserving bundle isomorphism 
0 ： NorM — Nor M covering 0 . The first part of the theorem shows that if 
p E M, then 

either s(<p^X,(p^Y) = K)) for all X,Y G M p 

or (f>^Y) = Y)) for all X,Y e M p . 

Moreover, only one alternative can hold at each p, since dv : M p M p is 
non-singular. It follows that one of the alternatives holds for all p e M. Then 
Theorem 7-21 shows that / is the restriction of a Euclidean motion. 

To prove the first part，let , X n g M p be an orthonormal basis, and 

define the n x n symmetric matrix S by Sij = 11( 尤， Xj). Similarly, let Xf = 

‘Xi G Mf( p ) and define the symmetric n x n matrix S by = 11(X(, Xj). 
Gauss’ equation shows that 

Si'hSizh - Si { j 2 Si 2 j x = {R(Xi } , Xi 2 )X j2 ^ Xj { ) 

={R{Xi x , Xi 2 )Xj 2y Xj { ), since 0 is an isometry 
= ^hj\ ^hji ~ ^i\ji ^hji - 


We now use an algebraic 
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2. LEMMA. Let S and S be symmetric nxn matrices, with rank5 > 3. Sup¬ 
pose that the determinant of every 2x2 submatrix of S equals the determinant 
of the corresponding 2x2 submatrix of S. Then S = ±S. 

PROOF. To isolate the main idea of the proof, we first consider 

Case 1. The matrices S and S are non-singular. (Then the hypothesis on the rank 
just means that « > 3.) Let T,T: W R n be the non-singular linear transfor¬ 
mations with matrices S, S. Then T*,T* : —>■ are also non-singular. 

We can also consider the linear transformations 

T*,f*: Q 2 (R n ) ^ 2 (M n ). 

If 0,. (f>„ e R n * is the dual basis to the standard basis of R”, then 

T*(<pi l a 0,- 2 ) = T*<t>i x a r*0/ 2 

=a Si 2 j 2 4>j 2 
h h 

— 〉 : 、 Si'j 、 Si 2 j 2 — Si [ j 2 Si 2 j\) - 0/i ^ 072? 
j\<h 

and similarly for T*. Thus we see that the hypotheses on the determinants of S 
and S is equivalent to the assertion that 

⑴ T* = T*: Q 2 (R W ) — Q 2 (R”). 

Now given any 0 e M”*，we claim that T*(p and T*(p must be linearly de¬ 
pendent. For otherwise we could choose x)/ € M n * with T*(p, T*(p, T*\f/ linearly 
independent. Then we would have 

a a T*(f) - t*(4> aiA) a T*cp 

=T*(4> /\xj/) A f*4> by (1) 

=f*0 A A 

= 0 , 

a contradiction. Thus T*<p = c - T*(p for some c € M. If we choose linearly 
independent 0,,0 2 ^ and apply this result to 0,,0 25 0i + we find that 
there are constants Ci ， C 2 ,c with 

= c 2 - T*cp 2 

T*(pi + T*(p 2 = c - (r*0, + T*4> 2 ). 
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It follows that C\ — C 2 . So T* = c • T* for some c e R. Form (1) we see that 
c = ±l. 

Case 2. General Case. Since S is symmetric, the map T: R n ^ R n is self-adjoint 
with respect to the usual metric on R w ; that is, (Tv, w) = (v, Tw) for u; G 
Similarly, if we give W 1 * the inner product with {(pi,(pj) = 8 "，then 

(2) 〈 r>，vo = 〈 0 ， r >〉 for 0 ， r*. 

Let (ker T*) 1 - C R n * be the orthogonal complement of ker T* C R n * with 
respect to this inner product. We easily see from (2) that T* takes (ker r *) 丄 
into itself and that 

(3) T* : (ker : T) 丄 —(ker T*) 丄 is one-one. 

We now claim: 

(4) ker 7* = {0 : T*<p a T*\// = 0 for all \j/GR n *} = W, say. 

It is clear that ker T* C W. Conversely, given 0 € VF, write 

0 = 01 + 02 with 0j € ker T* C W, (f> 2 ^ (ker 7"*) 丄 . 

Then 

⑶ 0 2 e (ker r*) x H W. 

We want to show that 0 2 = 0. Note that 

dim (ker 7 ^*)丄 =rank T* — rank S > 3, 

so if 0 2 / 0, then there is 市 € (ker 7 "*) 丄 with 0 2 and ★ linearly independent. 
By (3)，this means that T*(p 2 and T*\j/ are linearly independent, so 

0 # r*0 2 A 

contradicting the fact that (f) 2 ^ W [by (5)]. Thus (j> 2 must be 0, and we have 
demonstrated (4). 

Notice that in proving (4) we really used only the fact that rank S >2. Now 
we also have rank S > 2 (otherwise every 2x2 submatrix of S would have 
determinant 0). So we also have 

(4) ker f * = {0 : T*(f> A = 0 for all x// € IT*}. 

Then equation (1) shows that ker T* = ker T*. Now we can apply Case 1 to 

T\T* : (ker r*) 丄 — （ker r*) 丄， 

for these maps are one-one by (3) and the corresponding (3), and moreover 
dim (ker 7"*) 丄 =rank T* — rank S > 3. ♦♦♦ 
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The rank of dv : M p M p is called the type number t{p) of M at p\ it is 
the number of non-zero principal curvatures at /?• The hypothesis that t(p) > 3 
says，roughly speaking, that M curves in at least 3 different directions at p. The 
hypersurfaces with t(p) = 0 or 1 for all p are precisely the flat hypersurfaces, 
with curvature tensor R =0 7 while the hypersurfaces with t(p) = 2 for all p may 
be regarded as a sort of generalization of this class. They have been classified 
into three different types by E. Cartan [1], but the classification suffers the same 
defect as the classical classification of flat surfaces，for there is no discussion of 
the manner in which hypersurfaces of different types can be joined together. 
We will have a little more to say about this later on. 

Theorem 1 is often expressed by saying that a hypersurface in R n+{ which 
bends enough is “rigid”. The first precise proof was by Killing {1}，although 
the result had been stated by Beez [1], who found it so astounding that he could 
barely cease discussing it，and practically regarded it as a proof that space can’t 
be 4-dimensional. While we might not be willing to go quite so far as that, 
it is nevertheless true that because of this result most of the interest in rigidity 
phenomena has centered on the case of surfaces in E 3 , where intuition tells us 
that a small piece of surface is not rigid, and at the same time suggests that 
compact surfaces should be rigid. Actually, there are several different senses 
in which a surface can be rigid. Books written in English often consider only 
one possible sense，or tend to be rather sloppy about distinguishing the various 
possibilities. I therefore propose to introduce some terminology which，although 
it may not be especially appealing aesthetically, and suffers the disadvantage of 
not being standard，at least has the virtue of being unambiguous. 

Consider a C°° imbedding /: M — R 3 . The strongest sense in which f(M) 
can be “bent” corresponds to the ordinary conception of the word, whereby 
f (M) passes continuously from one shape to another, without being stretched. 
To express this idea precisely，we define a bending of the imbedding f:M-> 
R 3 to be a C°° map a: [0,1] x M -> K 3 such that 

(a) each map a(t) : M —> IR 3 , given by p ^ a(/，/?)，is an imbedding, 

(b) _) 二 /， 

(c) a(/)*( , ) = 6(0)*<，〉 for all / e [0,1]. 

Thus a is a “variation” of /， in the terminology of Chapter 9. To be a little more 
precise, Of should be called a bending through unbcddiugs, and we can also define a. 
bending through immersions. The bending a : [0 ， l]xM —> M 3 is called trivial if 
each a(t) is A t of for some Euclidean motion A; it is called non-trivial if at least 
one a(/) is not of this form. We say that the imbedding /: A/ —> M 3 is bendable 
if there is a non-trivial bending of /; otherwise it is called unbendable. To be 
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precise, we must speak of bendability and unbendability through imbeddings 
or through immersions. We can also define when an immersion f •• M — 
M 3 is bendable or unbendable; in this case, of course, only bendings through 
immersions can be relevant. (It is also possible to consider C l bendings of C k 
imbeddings and immersions, for 1 < / < k < a )； but we shall hardly ever stray 
from the case k — l = oo.) Finally, a submanifold M C M 3 is called bendable 
or unbendable (through imbeddings or immersions) according as whether the 
inclusion map /: M M 3 is bendable or unbendable. 

One way of modifying the concept of a bending is by taking a discrete ana¬ 
logue: We will call an imbedding /: M R 3 warpable if there is an imbedding 
g ： M E 3 such that /*〈，〉= g*〈 ，〉， but such that g is not A o f for any 
Euclidean motion A. If / is not warpable, it will be called unwarpable. We can 
also define a warpable immersion. It is conceivable that there is an imbedding 
/ ： M M 3 such that 

(i) there exists an immersion g : M R 3 with / *{,)= , >, 

(ii) there does not exist an imbedding g: M M 3 with /*(,) = ,) 

except for g of the form A o f for some Euclidean motion A ; 

we can express this by saying that / is warpable as an immersion, but not 
as an imbedding (an actual example of this phenomenon will be mentioned 
later). A surface M C M 3 is called warpable or unwarpable (as an imbedding 
or immersion) according as whether the inclusion map i: M R 3 is warpable 
or unwarpable. An unwarpable surface M C M 3 is sometimes called “uniquely 
determined” (for M is then uniquely determined, up to a Euclidean motion, 
by its induced metric); similarly, we.can speak of an imbedding or immersion 
/: M R 3 being “uniquely determined”. A bendable surface is obviously 
warpable, but it is not a priori clear whether there are any warpable surfaces 
which are not bendable.* 

We can also consider an infinitesimal analogue of a bending a, by looking at 
its “variation vector field” Z. This is the vector field along / defined by 

Z(p) — tangent vector at 0 of / a(t, p) e M 3 y( / ,). 

* As if matters were not already sufficiently complicated, one more possibility must be 
mentioned, which for the sake of simplicity we shall describe in terms of submanifolds, 
rather than imbeddings. Let M C M 3 be a surface. It is conceivable that M is warpable, 
so that there is an isometry <p : M —> M C M 3 which is not the restriction of a Euclidean 
motion, but that whenever we have an isometry <p: M ^ M then there is also another 
isometry ♦' M — M which is the restriction of a Euclidean motion. Thus M might 
be warpable, but only into surfaces which happen to be congruent to M, No example 
of such a phenomenon is known, however. 
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Consider for the moment the case where A/ C M 3 and / = inclusion map. 
Since a satisfies 

(X,Y) = (a(tUXla(th(y)) 

for all /， and X, Y G M p , we have 
( 1 ) Q = 

= 〈备 5(/)“^0,5(/)“F)〉+ (a(t)*(X), — 

where D f /dt denotes covariant differentiation in the ambient space R 3 , as usual. 
Now if c is a curve in M with c^O) = X, then 


by Proposition II. 6-9 
(or simply equality of 
mixed partials) 

=^ Z(c(s)) 

s=0 

=vVz. 


D' D' 


=0 s=0 


a(t,c(s)) 




So equation (1) becomes 

(2) 0 = {V ; X Z,Y) + (X, V Y Z) for all X, Y tangent to M. 

This is equivalent, by polarization, to 

(2 ，） 0 = (V^Z, X) for all X tangent to M, 


and these equations can also be written 
" f0= {dZ(X),X) for all X tangent to M 

( 乂 ' \ 0 = (dZ(X),Y) + {X,dZ(Y)) for all F tangent to M, 


where Z is considered as an R 3 -valued function on M, and the tangent vector X 
of M 3 is identified with an element of R 3 . 

For the general case of an immersion f \ M the vector field Z along / 

still satisfies (2)，except that now the term 



dZ\c{s)) 

ds 
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denotes a “covariant derivative of a vector field along /”. Equation (2") be- 
comes 

(n 0=(dZ(X),MX)) 

=(dZ(X),df(X)) for all X tangent to M, 

where Z is considered as an M 3 -valued function on M, and f^(X) is identified 
with an element of R 3 , or / is considered as an M 3 -valued function on M. This 
equation is sometimes written simply 

{dZ, df) = 0 or dZ • df = 0. 

[Note: Sometimes X (or German 王 ) is used to denote the immersion X: M ^ 
R 3 , and this equation appears as dZ - dX = 0.] 

A vector field Z along an immersion /: A/ —> M 3 will be called an infini¬ 
tesimal bending of / if it satisfies equation (2"’). Clearly this equation will be 
satisfied by the variation vector field of a variation a which merely “preserves 
lengths up to first order”，equation (1) being, in fact, the analytic expression of 
this condition. Of course, we can always find infinitesimal bendings by taking 
the variation vector field Z of a bending a by means of Euclidean motions, 

P) = f(p ) - 増 + u (，)， 

where B(t) G 0(3) with 万 ⑼ = /， and u(0 € E 3 with u(0) = 0 [and f(p) - B(t) 
denotes the product of the 1 x 3 matrix f(p) with the 3x3 matrix B(t)]. In 
this case we have 

Z(p) = /(/>). 5,⑼ + i/(0 )， 

where B f (t) € o(3) = {3x3 skew-symmetric matrices}. Conversely, if Z is an 
infinitesimal bending of / of the form 

( 3 ) Z{p) = f(p) -C + w, C e 0 ( 3 ), 

then Z is the variation vector field of the bending a through Euclidean motions 
defined by 

a(t,p) = f(p) • e tC +tw. 

So we will call an infinitesimal bending Z trivial if it is of the form (3). An 
immersion /: A/ — R 3 will be called infinitesimally bendable if there is a 
non-trivial infinitesimal bending of / ; otherwise it will be called infinitesimally 
rigid. (The word “rigid” is sometimes used to mean infinitesimally rigid, but 
unfortunately it is also sometimes sloppily used to mean unwarpable, or un- 
bendable.) 
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Notice that the product of a vector by a skew-symmetric matrix, 

/ 0 一 a 一 b \ 

(x, z) * I a 0 —c I = (ay + bz, —ax + cz, 一 bx — cy), 

\b c 0 ) 

can also be written as a cross-product 

(x,y,z) x (c, —b,a) = (ay + bz, —ax + cz, —bx — cy). 

So equation (3) can also be written 

(30 Z{p) = f{p) xY + w, Y,w € R 3 . 

As an easy consequence of the triviality condition (3’）we have 
dZ(X) = df{X) x Y all X tangent to M. 

Now the same formula holds for an arbitrary infinitesimal bending Z, provided 
that we allow Y to vary: 

3. LEMMA. If Z is an infinitesimal bending of /: A/ — R 3 , then for each 
p e M, there is a unique Y(p) G M 3 such that 

dZ{X) = df{X) x Y{p) for all X G M p . 

PROOF. Let X\,Xi ^ M p be linearly independent. Since {dZ(Xi),df(Xi))= 
0, there are certainly some vectors Yi G M 3 with 

dZ{Xi) = df{Xi) x Yi. 

Moreover, 

0 = (dZ{X 2 ),df{X { )) + {dZ{X { ),df{X 2 )) 

=(df{X 2 ) x Y 2 , df(X\)) + (df{X\) x Y \, df (^ 2 )) 

= {Y 2 ,df{X\) x df {X 2 )) — {Y\, df(X\) x dfi^Xi)) 

=〈h - Fi ， df(X\) x df (^ 2 )). 

Thus Y 2 -Yie df{M p ), so we can write 

Y 2 -Y x =adf{X x ) + bdf{X 2 l 

If we set 

Y(p) = Y 2 -adf(X x ) = Y x +bdf{X 2 ) 

then we have 

dZ{Xi) = df{Xi) xYi = df(Xi) x Y{p). 

Uniqueness is obvious♦ 
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The vector field p Y(p) of Lemma 3 is called the (infinitesimal) rotation 
field of the infinitesimal bending Z. We know that Y is constant when Z is 
trivial, and conversely, 

4. LEMMA. If the rotation field Y of the infinitesimal bending Z is constant, 
then Z is trivial. 

PROOF. By assumption, there is a vector Yo e M 3 with 

dZ{X) = df{X) x Y 0 

for all X tangent to M. Let c be a curve in M，with c(0) = p 0 ^ M. Then 
—^ (0) = dz{c\t)) = df{c\t)) X y 0 = d -~^- x ^0. 

Therefore 

Z(c(0) - Z{p 0 ) = [/(C(0) - fipo)] X Y 0 , 
or 

Z(c(t)) = f{c{t)) X To + Wq, 

where wq € M 3 does not depend on c. So for all /> € A/ we have 

Zip) = f(p) x y 0 + Wo, 

and Z is trivial. <♦ 

At first sight it might seem that every bendable surface must also be infinites¬ 
imally bendable. As a matter of fact, we certainly do have 

5. LEMMA. Let a : [0,1] x A/ ^ M 3 be a bending，and let Z t be the variation 
vector field of a at time t. If each Z t is trivial, then the bending a is trivial. 

PROOF. By definition, 

⑴ z tip) = 

and since each Z t is trivial we have 

(2) Z t (p) = a(t, p) xY t + w t Y t , w t e M 3 . 



176 


Chapter 12 


Then for all p u p 2 € M we have 

— \a(t,p\) - a(t,p 2 )\ 2 = 2{a(t, p\) - a(t, P 2 ), Z t {p\) - Z t (p 2 )) by (1) 
dt 

= 2 {a(t, p x ) - a(t, p 2 ),[a(t, pi) -a(t,p 2 )] x Y,) 

= 0 . 

So \a(t,p\) - a{t,p 2 )\ is constant in /. In particular, \a(t, p\) - a{t,p 2 )\ = 
| a (0,/?i) - a{t,p 2 )\. This implies that each a, differs by a Euclidean motion 
from ao, ♦♦♦ 

Nevertheless, it is conceivable that f: M ^ M 3 is bendable, yet that every 
bending a of / has trivial variation vector field Zo at time t = 0, so that / is not 
infinitesimally bendable. No example of such a weird phenomenon is known, 
but there are also no positive results along this line, except for the obvious fact 
that if / is an analytic immersion which is analytically infinitesimally rigid, 
then / is analytically unbendable. 

There are a couple of other surprising facts about infinitesimal bendings. First 
of all, there are non-trivial infinitesimal bendings Z of a plane which vanish 
outside a compact set. If our plane is the (x ， 少） -plane，we can choose Z to be 

h . —, where h is any C°° function vanishing outside a compact set. For any 
3z ? 


yffllv_ 

tangent vector X of the (x, 少 ) -plane we have 

, d 

dZ(X) = ( 尤 (0), ^(0), X(h)) = X(h) •—, 

so the infinitesimal rotation vector field of Z is 

, 3 

Y = X(h)-~. 

Since Y is not constant, Z is non-trivial. Even more surprising, perhaps, is an 
immediate consequence of this fact: any surface containing a portion of a plane 
is infinitesimally bendable. 

Notice that the infinitesimal bending Z constructed above is everywhere per¬ 
pendicular to the surface M — (x, j)-plane. This is essentially the only possi¬ 
bility: 
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6. LEMMA. (1) If Z is an infinitesimal bending of an open subset M of the 
(x ， y)-plane，and Z is always tangential to the (x, -plane, then Z is trivial, 

Z{p) = p • C + v 


for a 2 x 2 skew-symmetric matrix C, and v G (X ， 少） -plane. 

(2) More generally, Z is an infinitesimal bending of M C (X ，少 ) -plane if and 
only if the tangential component TZ of Z is an infinitesimal bending, and 
hence trivial. In particular, any vector field Z normal to M is an infinitesimal 
bending. 

(3) Let A/ C M 3 be a surface and let Z be any infinitesimal bending of M which 
is everywhere normal to M. Then at every point p e M where Z(p) / 0, the 
second fundamental form 11(/?) = 0. (So if Z(p) #0 for all p in an open set 
U C A/, then U lies in a plane.) 

PROOF. (1) Let 


Z(x,y) = j)) =a(x,y)— +b(x,y) — . 


Then 

dZ 

Thus 


dx 


) 


da 3 db d 


dZ 


(去) 


da d db d 


0 = 


0 


)> 


so we can write 


da 
dx 

db _ 

a(x，>0 = d(y), b(x,y) = b(x). 


=> 


0 


0 


Moreover, 


{ dx 


,dz {^)) + {^ dz {L)) ^ ^(y) + b'(x) = o. 


Since this is true for all x, y, the derivatives a\y) and b\x) must be constants. 
So we must have 


a(x，>，) =a(y) =ay + ^ 
b(x,y) = b(x) = —ax + 8. 
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Then 

Z(x,y) = (x, j) - ^『)+( 良 S). 

This completes the proof of (1). 

Now for any M C M 3 , with unit normal v, consider a vector field 

Z 二 TZ + 0 . v. 

Then for X G M p we have 

V X Z = V^TZ + 11(^, TZ) • v + X{cp) . v — (p(p) dv(X). 

So 0 = (V^Z, X) if and only if 

(*) (W x TZ,X) =(t>{p)^I{X,X). 

If M C (x, j)-plane, then II(A", X) = 0 and lid TZ) = 0, so (*) says that Z 
is an infinitesimal bending if and only if 0 = (V^TZ, X) = (V^TZ, X) for 
all X, so that TZ is an infinitesimal bending. This proves (2). 

On the other hand, if Z is an infinitesimal bending with TZ = 0, and 
cp(p) ^ 0, then (*) shows that 11(^,^) = 0 for all X e M p . This proves (3). ❖ 

There also turns out to be a relationship between warpability and infinitesimal 
bendability, which at first sight seem to have nothing to do with each other. 


7. LEMMA. Let Z be an infinitesimal bending of an immersion /: M R 3 . 
Define : M R 3 by 



where Z{p) is considered as an element of M 3 as usual. Then in a neighborhood 
of any point p G M, the map a t is an immersion for sufficiently small /, and 
the induced metric a*{ , ) on M is related to the metric / *{ , 〉 by 

[a t *( , )}(X,Y) = [r( , )](X,Y) + t 2 (dZ{X),dZ(V)). 

In particular, the metrics a*{ , ) and , ) on M are the same. 
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PROOF. If A" is a tangent vector on M, with X = c f (0) for some curve c in M, 
then 

1/ d 

oit^X = —— o? ， (c(5)) 

ds s :0 

c ’ ⑴ + tZ(c{s)) 

5=0 

= c ; (0) + tdZ(c f (0)) 

=X +tdZ(X). 

This immediately leads to the desired formula, and this formula shows that a t is 
an immersion for small t, in any neighborhood of p on which Z is bounded. <♦ 

An illustration of this phenomenon is provided by the infinitesimal bending Z 
of the (x, 少 ) -plane given previously. The map taking p + tZ{p) p — tZ(p) 



is the restriction of a Euclidean motion, namely reflection through the (x, y)- 
plane. But this is the only case in which this happens: 

8. LEMMA. Let Z be a non-trivial infinitesimal bending of a surface M C K 3 
which is not part of a plane. Then for / / 0, the map 

p + tZ(p) p-tZ(p) 

[which is an isometry by Lemma 7] is not the restriction of a Euclidean motion. 

PROOF. If this map is the restriction of a length preserving map of M 3 , then 
for all p,q e M we have 

\p + tZ(p) - {q + tZ(q)}\ = \p- tZ{p) - {q-tZ(q)}\, 


d 

ds 


that is, 


\p-q + t{Z(p) - Z{q)}\ = \p-q-t{Z(p) - Z(q)}\. 
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This implies that 

(1) {p-q ， Z{p、- Z{q)) = 0. 

Without loss of generality, we may assume that M contains the point 0, and 
that Z (0) = 0. Then equation (1) gives 

[p ， Z 、 p 、） P € M ， 

from which we further deduce that 

(2) (p,Z(g)) + (q,Z(p)) =0, p,q e M. 

Since M is not contained in a plane, there are three linearly independent points 
rj, r 2 , ^3 e M. Now if 入 / are numbers with ^i r i e M, then 

[Z{J2i hn),rj) = -(E/ hn, Z(r y )) by (2) 

=- E / 入， 〈 r ，， z (0)〉 

= T ， ih{Z(ri),rj) by (2) 

=([,• 入， 

This implies that 

z 02i ^i r d = hZ(ri). 

So Z is the restriction to M of a linear transformation T. Since a linear trans¬ 
formation is its own derivative, equation (2") shows that 

0= {TX,Y) + {X,TY) 

for all pairs of vectors X, Y which are in some M p (when M p is identified with 
a subspace of M 3 in the usual way). Since M is not contained in a plane, there 
are three distinct subspaces M Px , M P2 , M Pi (we regard these as vector subspaces 
of R 3 ). Choose 

X 3 e M px n M Pl 
X 2 e M Px n M P3t 
X\ e M Pl n M Py . 

Then the Xi are linearly independent，and 0 = {TXj, Xj) + (A"/, TXj) for each 
i ， j. This implies that 0 = (TX,Y) + (X, for all X,Y e M 3 . Thus T is 
skew-adjoint, and its matrix C is skew-symmetric. In other words, 

Z{p) = p C C € 0(3 )， 


and hence Z is trivial. 
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In order to obtain some deeper results about rigidity, we will find it useful to 
consider various M 3 -valued differential forms on a surface M. Many of these 
forms will be defined in terms of other M 3 -valued forms and functions on M 
by means of the inner product and cross product on R 3 . If /， g : M E 3 are 
two functions, then there is only one reasonable meaning for f xg, namely the 
function 

P ^ f(p) X g(p) € R 3 . 

But if ⑴ and rj are M 3 -valued 1-forms on M, then o) x t] might mean any of the 
following operations on tangent vectors: 

A" (i>{X) x r]{X) (a quadratic function) 

d K) 0 ){X) x r](Y) (a bilinear function) 

{X,Y) o)(X) x r]{Y) - o)(Y) x r](X) (a 2-form). 

To distinguish these possibilities, we might write the last two as 

A 

o) x rj and a) x r]. 

Since we shall, in fact, only be interested in the last case, we will introduce the 
simpler symbol X and define 

⑺ X r]{X, Y) = co{X) x r]{Y) - oj(Y) x r]{X). 

The present situation is actually just a special case of the one already consid¬ 
ered at the end of Chapter 1.10; see pg. 1.403 and especially Problems 1.10-20 
and 10-21. In general, if ^ and r) are Revalued forms of degree k and /, 
respectively, then we define a (A: + /)-form ⑴ x q by 

⑴ X , Xk, Xfc +\,..., A^+/) 

1 ^ 

~~ k\l\ a • ⑴ （心⑴， … ， ^a(k)) x ••• ， ( 灸 +/))• 

[Actually, since we will be dealing with a surface M, only the cases kj < 1 
are relevant.] In an exactly analogous way, we define co • tj, using the product 
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v • w — {v,w) in M 3 . Then we have (Problem 1.10-21(a)) 

d(a) x rj) = do) X r] + {— \) k o) X dr] 
d(o) • rj) = do) • rj + {—\) k a> • dr). 

Notice that since x is not commutative, a) X (i) need not be zero. In fact, for a 
1-form a) we have 

co x co(X, Y) = 2oj(X) x o)(Y). 

More generally, 

a) X T} = (—1 产 ’+ 1 r] Xo) 
o) • rj = (—\)^rj • co. 

It is also easy to see that the formula 

v • {w x z) — —w • (v x z) v,w,z G R 3 

leads to the relation 

o) • (t) x X) = (—1 产 ’+ 1 r] •((/) X X.). 

Pure notational fiddling would lead us to write o)»(r]XX) in the form det ( ⑴， r], X), 
which can be defined directly in an obvious way: if ⑴ = (o) 1 ,a) 2 ,o) 3 ) for ordi¬ 
nary 1 -forms o/，and similarly for r] and A., then det(o>, rj, X) denotes 

/ (D l o) 2 co 3 

det I X 1 X 2 X 3 

V n l n 2 ^ 

where the determinant is expanded out as usual, with all multiplications being 
replaced by A, and care being taken to write products in the correct order 
(namely, the same order as the columns they appear in). One easily checks, 
either from this definition, or from the alternative form a) • (rj X X), that 

d det (a), r/, A.) = det(do)^ r/, A) + (—1)^ det ( ⑴，办，入） 

+ ( 一 1 产 +/ det(o), r], dX). 

We will frequently use the various formulas given here without specific com¬ 
ment. 

Now consider an immersion f : A/ — IR 3 of an oriented surface M, and the 
corresponding normal map N: M ^ . If dA is the volume element of M 
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for the metric /*〈，>，then we have the following identities among Revalued 
2-forms on M: 

(I) df x df = IN dA 

(II) df xdN = -2HN dA 

(HI) dN xdN ^ IKNdA. 

To prove these simple relations, pick vectors X U X 2 e M p with (X u X 2 ) pos- 
itively oriented. Now df{X t ) is just /*«-)，considered as an element of M 3 
So 

df x df(X u X 2 ) = 2df(Xi) x df(X 2 ) 

= 2N(p) - area of parallelogram spanned by df{X x ), df(X 2 ) 
= 2N(p).dA(X l ,X 2 ). 

Moreover, if 

dN(X l ) = a df(XO + P df(X 2 ) 
dN(X 2 ) = y df(XO + S df{X 2 ), 

then 

d f X dN(X u X 2 ) = 8 df{X x ) x df(X 2 ) - a df(X 2 ) x df{X x ) 

=(a + 5) df {X x ) x df (X 2 ) 

= (a + 8)N(p)_dA(X l ,X 2 ) 

= -2H(p)N(p)dA(X u X2), 

and 

dN x dN 、 X u XA =2dN(Xy) x dN(X 2 ) 

= 2 [« df\X x ) + ^df (X 2 )] x [y df(X x ) + 8 df(X 2 )] 

= 2M - Py)df(Xi) X df (X 2 ) 

= 2K{p)N{p)dA{X u X 2 ). 

Naturally, all these formulas can be applied when M c M 3 , and / is just the 
^elusion map i : M M 3 . And, in fact, we shall usually apply them to imbed- 
ec|，rather than immersed, surfaces. But it nevertheless seems conceptually 
easier always to regard M as an abstract surface sitting off in the void, so that / 
and N can be thought of simply as certain R 3 -valued functions on M without 
worrying about the geometry they induce; most of the geometric information 
m question is already presented in formulas (I)—(III). 
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We will also need to recall the support function h = —/ • N: M E 3 , 
which is defined in Problem 3-7. As we saw, h{p) is the signed distance from 
the origin to the tangent plane of /(M) at /(/?); when / is an imbedding with 



f(M) star-shaped with respect to 0, and N is inward pointing, it is precisely this 
distance. This happens，in particular，when / (A/) is convex，and 0 lies inside it. 
Now consider the ]R 3 -valued 1-form a on M defined by 

a = (f 乂 N) • df. 


We have 

dot = (df xN).df + (fx dN) • df 
=-N - {df x df) + / - (dN X df) 

=-2dA - 2H(f - N) dA by (I) and (II) 
= —2dA + 2hH dA. 


[the dots do not have to be bold 
since / and N are functions] 


If M is compact, then 
(IV) 



da = I a = 0, so we obtain 

JdM 

area(M) = f hH dA. 

Jm 


Similarly, for the 1-form 

# = (/x TV) • 譜， 


we have 

祁 =(df x N)-dN + (f x dN) • dN 
=—N .、df 乂 dN) + f • (dN x dN) 

= 2HdA- IhKdA by (II) and (III). 
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Hence for compact M we have 

(V) f HdA = [ hKdA. 

Jm Jm 

Equations (IV) and (V) are sometimes called Minkowski’s formulas. 

As a first application of these formulas, we reprove a rigidity result which 
appeared a long time ago. The theorem that a compact surface with constant 
K > Q must be a (standard) sphere in E 3 can also be stated as follows: a sphere 
is unwarpable.* To prove this from our present formulas, we consider any 
compact surface A/ C M 3 with constant K > 0. It is convex, by Hadamard’s 
theorem, and we can assume that 0 € M 3 lies in its interior, so that the support 
function h is always positive for the inward pointing N. There is no loss of 
generality in assuming that K = k\ki = 1. Since for x > 0 we always have 

1 

x + — > 2^ 
x 

with equality only if x = 1， this implies that 

with equality only if k\ = k^. So 



HdA 




hHdA 


by(V) 


by (IV )， 


and consequently 



— H)dA > 0. 


Since h >0 everywhere, and 1 — // < 0 everywhere, it follows that H = 1 
everywhere. This implies that k\ = everywhere. 


* Actually, the statement that a sphere is unwarpable is formally stronger than the state- 
me nt that any compact surface isometric to a sphere is a sphere — see the footnote on 
page 171. But the complete equivalence of the two statements follows easily from the 
fact that any isometry of a sphere onto itself is the restriction of a Euclidean motion. 



186 


Chapter 12 


Similarly; vve can reprove Theorem 5-3, and in a little greater generality. 


9. PROPOSITION. The only star-shaped surfaces of constant mean curva¬ 
ture H are spheres. 

PROOF. We still have h > 0, and there is no loss of generality in assuming that 


\ — H ~ 


k\ + k 2 


Then 


K — k\ki — k\{2 — k\) = 2k\ — (k\) 2 < 1, 


with equality only if /：i =： 1. Now 



hdA = 



dA 


by (IV) 



hKdA 


by (V), 


SO 


h{\ - K) dA 




~ 0 . 


Thus we must have K = 1 everywhere, hence k\ = 1 everywhere, hence ki = 
1 = k\ everywhere. 

This proof is mainly a curiosity ， since, as we showed in Chapter 9 (Adden¬ 
dum 2 or 3), a much stronger result actually holds. By considering another 
M 3 -valued 1-form, however, we obtain a real theorem, one of the first in the 


subject. 


10. THEOREM. Let A/ C M 3 be any compact convex surface which does not 
contain a portion of a plane. Then M is infinitesimally rigid. 

Remarks'. (1) We have already pointed out that the conclusion fails if M does 
contain a portion of a plane. 

(2) Wc could replace convexity with the hypothesis 尺 > 0 (see the remark after 
Theorem 2-11 or Proposition 7-32). 

PROOF. For simplicity, we first consider the rase where 尺 > 0 everywhere. 
Let Z he an infinitesimal bending of the inclusion map / : M ^ R 3 . and let Y 
be its rotation field, so that 

dZ{X p )^dj\X p ) x Y(p) 
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for all X p G M p . This relation can be written in terms of the M 3 -valued 1-forms 
dZ and df, and R 3 -valued function Y, as 

dZ = df X Y. 


Now 

(1) 0 = d(dZ) = -df X dY. 

This means that for Xi, X 2 e M p vve have 

(2) df(Xx) x dY(X 2 ) - df(X 2 ) x dY{Xi)^0. 

Taking the dot product of this equation with df(X\) and df{X 2 ), we find that 
dY(Xi) lies in the plane spanned by df(X x ) and df(X 2 ), which is nothing but 
the tangent plane M p moved over to the origin. In other words, we can consider 
JF as a map dY : M p —^ M p . 

Now choose a moving frame X \, ^2 in a neighborhood of p. We can write 

dY(X x )^adf(X x ) + ^df(X 2 ) 

(3) dY^^ydfiX^ + Sd^) 

for some functions a, ^8, y, S. Equation (1) implies that 

( 4 ) a + 8 = 0. 

Remembering that / is just the inclusion map, so that X \, X 2 are vector fields 
on M, we can write 

(5) 0 = d(dY)(X\, X 2 ) = X\(dY(X 2 )) — X 2 {dY(X\)) — dy([X\, X 2 ]) 

=y^ f X\ + 5 V^! ^2 ^ ^ r x 2 ^\ ~~ P^ ^2 

+ something tangent to M. 

Taking the inner product with N, and using (4), vvc get 

0 = y 11(^1，^)- 2all(X u X 2 ) - PU(X 2 ,X 2 ) 

— yl— 2am — say. 

In particular, suppose that we choose X \, X 2 to be principal vectors at some 
point p, so that at p we have m — 0. Then our equation is simply 


⑹ 


q — yl - fin. 
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Since K = In > 0, this shows that y and ^ have the same sign. So 

0 < and 0 = py only if ^ = y = 0. 

Hence at each point p we have 

(7) 0 < a 2 + Py = —detdY 

with equality only if a = ^ = y = 0 => dY = 0. 

Consider the 1-form 

o) = (f xY)-dY 

(closely related to the 1-form ^ considered previously). We have 

doj = {df xY)*dY + {f X dY)^dY 
= -Y • {df xdY) + f^ {dY x dY) 

= 0 + / • {dY x dY) by (1). 

But we also have 

dY x dY = 2{dei dY)N dA, 

by the very same argument which proved formula (III). Hence 

da> = 2h{dcidY) dA. 

So for our compact manifold M we have the integral formula of Blaschke: 

(*) f h{det dY) dA = 0. 

JM 

Since h > 0, and detdY < 0 by (7), we must have detdY =0 everywhere. 
Then (7) also shows that dY — 0 everywhere. Therefore Y is constant. So Z 
is trivial by Lemma 4. 

Now we consider the case where K > 0, but M contains no portion of a 
plane, so that the planar points of M are nowhere dense. At a parabolic point 
we have n = 0 and / ^ 0, say. Equation (6) then shows that y = 0. Hence we 
still have 

0 < a 2 + = — detdY. 

Thus we have detdY < 0 at all non-planar points, which implies that detdY <0 
everywhere. So we can still conclude from (*) that detdY =0 everywhere. We 
want to show that consequently dY =0 everywhere; it obviously suffices to 
show that dY(p) = 0 when /7 is a parabolic point. 
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If the parabolic point p lies in the closure of {q e M : K(q) > 0}, then 
clearly dY(p) =0. So consider a parabolic point p which has a neighborhood 
on which K = 0. By Proposition 5-4 and Corollary 5-6, M contains a ruled 
surface 

( 5 , /) c(*y) + td(s)^ \d\ = 1 => (d, d f ) = 0 

around p such that the ruling through p has its endpoints in the closure of 
{qeM: K(q) > 0}，and consequently dY = 0 at the endpoints of this ruling. 
We can choose the curve c to be the intersection of the ruled surface with a 


plane perpendicular to the ruling through p. So if X\, X 2 are the coordinate 
vector fields 

X\ (sj) = c f (s) + td\s) 

Xi{s,t) = d(s), 

then along the ruling through p we have 

(X\, Xi) = (c f + td\ d) = (c\ d) = 0. 

Now X 2 is the principal vector with principal curvature n = 0. So along the 
ruling through />, the vector field X\ is the other principal vector, with principal 
curvature / ^ 0. So we have [by (6)] 

(8) y = 0 along the ruling through p. 

Since we have 0 = — det Y = a 2 + everywhere, we also have 

(9) a = 0 along the ruling through p. 

So equations (3) and (4) give 



dY(X l ) = ^df(X 2 ) 
dY(X 2 )=0 


along the ruling through p. 
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Then equation (5) becomes simply 

0 = 0 — df (A^2)) - 0 

= -X 2 (P)df(X 2 )-^ f x 2 X 2 
^-X 2 (P)df(X 2 ). 

Thus 0 = X 2 (P) along the ruling through /?, so that ^ is constant on this ruling. 
But = 0 at the endpoints, since dY = 0 at the endpoints. It follows that also 
^3 = 0 at p\ together with (8) and (9) we now have dY(p) = 0. ❖ 

At this point it might be nice to have some non-trivial examples of surfaces 
which are infinitesimally bendable. Consider a surface given as a graph, 

f(x,y) = (x,y,u(x,y))\ 


we introduce the standard notation 

du 3m 

p = Ui = 5, q = ^ 

d 2 u 3 2 w 3 2 w 

r = 5 = w / = W 

Suppose that Z = ( —, —，0 is an infinitesimal bending，with rotation field 
Y = (a, \jr). Then 

’UZ (僉 )=d/( 去) X 

=(1,0,/?) x 
=(— ，一，卢） 


and similarly 



So Y must be of the form 


Y = (— 朴 


Using equation (2) in the proof of Theorem 10, we see that we must have 
(1,0, p) x (-^22,^12,1^2) - (0, 1,^) X (-Cl2,Cll,^l) = 
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which is equivalent to 

,v i — pK\i 

[ 中 2 = ~<iK\2 + pKll. 

Conversely, if satisfy these equations, and we define the vector-valued 

1-form W by 

w ( x ) = df{X) x 

then W will satisfy dW = 0, so on any simply-connected portion of the (x, y)- 
plane there will be Z with dZ = W. Now equations (*) can be solved for f if 
and only if 

(Mil — Kl2)2 = (— 扣 2 + P 〈 22)U 
which leads to an equation for 

(**) — 25^*12 + t^\\ = 0 . 

As a particular case, we consider the paraboloid u{x,y) = \{x 2 + y 2 ). We 
obtain the equation 

Cn + Kii = 0, 

whose solutions are the real part of any entire function on C 二 R 2 . Thus there 
are non-trivial infinitesimal bendings of {(x ， 少， w(x ， 少 ))}，which is a complete 
convex surface. 

As we have already pointed out, it is not known whether infinitesimal rigidity 
generally implies unbendability. But we can deduce this further property in the 
special situation considered in Theorem 10. 

11. COROLLARY. Let M C R 3 be a compact convex surface with K > 0 
everywhere. Then M is unbendable. 

PROOF. Let a : [0,1] x A/ M 3 be any bending of the inclusion map i •• M — 
狀 ' Then all have 尺 > 0 everywhere, so all are infinitesimally 

rigid, by Theorem 10. So the variation vector field Z r of a at time t is trivial. 
Then by Lemma 5, the bending a is trivial. ♦> 

In this corollary, the case > 0 eluded us, but we aren’t going to worry very 
much about it, because we are now going to prove a much better result anyway, 
the famous theorem of Cohn-Vossen that any convex surface is unwarpable. 
This result is the uniqueness part of Weyl’s Problem, mentioned in the previous 
chapter; the present proof stems from the work of Herglotz. 
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12. THEOREM (COHN-VOSSEN). If M C M 3 is a compact convex surface, 
then M is unwarpable. 

PROOF. As in the proof of Theorem 11, for simplicity we first consider the 
case where K > Q everywhere. So we consider two imbeddings /, /： M -> M 3 
with /*{,) = /*{ , }, such that the curvature A ： = ^ for this metric is > 0 
everywhere. Let N, N be the inward pointing normals, for the convex surfaces 
f(M) and /(M), and orient these surfaces so that N and ^ are the normals 
determined by the orientations. We can assume that M has an orientation 
which makes both maps f: M f{M) and /: M —> f(M) orientation 
preserving (by composing / with a reflection if necessary). For each p G M we 
have two subspaces df{M p ), df(M p ) C M 3 , which are just and f*(M p ) 

moved over to the origin. So we can consider 

i = d 、 f 。 / _1 ) : df (M p ) df(Mp). 


The magic 1-form which we want to consider is 


(O = {f X N) »(i odN). 


Figuring out do) will be quite a bit harder than in the previous theorem. First 
we will get an expression for o) in terms of moving frames. We choose a moving 
frame X\ , X2 on M which is orthonormal for / *(，〉= /*〈，〉，and let 8\6 2 
and o)^ = be its dual forms and connection forms. We can consider 

{f^X u f^X 2 ,N) and (f^X u f t X 2 , N) as adapted orthonormal moving frames 
on f(M) and /(M); let ^ be f* of the corresponding forms on f(M), 
and define W， % similarly. Then for X tangent to M we have 

dN(X) = ■ df m + rfr^X) ■ df{X 2 ) 


( 1 ) 


to dN(X) = irl(X)-df(X l ) + xjfl(X) - df (X 2 ). 


We will also express f(p) as a linear combination 

( 2 ) f(p) = y\(p) - df{X\{p)) + yiip) - df (Xiip)) + y^ip) - N(p), 


where, in particular, 

(3) = / . AT = -h. 
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Then for X G M p we have 

co{X) = [f{p) x N[p)\. df(X { ) + ifj(X) • df{X 2 )] by ⑴ 

= [y\{p) - df(X\) X N(p) + y2(p) • df{X 2 ) x N(p)] 

. df{X x ) + ^I(X) - df{X 2 )] by (2) 

= y\(p) - - yiip) - W (/)， 

and consequently 

(4) co = -y\\ff2 + y2^\- 


Now equation (2) implies that for X € M p we have 


df{X)=dy x {X)^df{X x {p)) + yx{p)V hx f,X x +-^ 

=dy x {X) ■ df{X x {p)) + y x {p)(o\{X)-df{X 2 {p)) 

+ ydp)^(X)N(p) + ••• 

= [dy \ (^) + yiip)(o\{X) + yz{p)^r\{X)]df{X\) + …. 

But also 

df{X) = 9\X)-df{X x ) + d\X)-df{X 2 ). 

Hence we have 

dy x =6 l + y 2 (o^ + 乃少 1 3 
(5) 

dyi =9 2 + y\a>2 + 

Now we can compute 

do) = d(-yi\j/l + y2^i) by (4) 

= ~(0 l + yi^ + a \(rl + y\ am 1 2 ) 

+ {0 2 + y\o) l 2 + 少 3 少 2 3 ) 八 W - y^l A w i 2 ) 
by (5) and the structural equations 

= —9 l A \ff2 + 0 2 A \jr\ — 少， 3(V^ 3 A iff I ~ ^2 A ^\) 

= —W\\ + hi) + y^Onhi + hi hi - 2 / 12 / 12 )} dA, 


where 


hi = ii /⑶， A })， in = H/(U .)， dA=e x Ad 2 . 
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Now one has to observe that 

l\\hi — ^Inhi + hJn = (/11/22 - hi 2 ) + ihxhi — hi) 

(h\ — ^ii hi — hi 
— det I - 一 

V hi — hi hi — hi 

= 2K - det(dN - dN), 

where we now regard dN and dN maps cIN, dN : M p —> M p . We obtain 

finally _ _ 

dco — — {2H — h(2K — det(dN — dN))} dA . 

So for our compact M we have 

(6) if H dA - 2 f kK dA = - f h det(dN — dN) dA . 

Jm Jm Jm 

Using formula (V)， we obtain the Herglotz integral formula: 

(7) if H - H dA = - I hdet(dN - dN) dA. 

Jm Jm 

[Note that formula (V) also follows from (6) by taking / = /•] Now we need 
an algebraic 


13. LEMMA. Let A and B be two self-adjoint linear transformations on R 2 
which are positive semi-definite (i.e., have eigenvalues > 0). Suppose that 
det A = det B. Then 

det(A — B) <0. 


Moreover, if A and B are positive definite，then equality holds only if A = B; 
and if A and B are positive semi-definite, then equality holds only if A and B 
are proportional. 

PROOF. Consider A and B as symmetric matrices, and suppose first that A is 
positive definite. Since A is self-adjoint, there is an orthogonal matrix with 
transpose P x , satisfying 


If we set 


PAP X = PAP^ X 




Q = CP, 


C = 


\f\\ 


入 1 ， 入 2 > 0. 
0 \ 



then 


(a) QAQ { = CPAP X C = I. 

Now consider QBQ X . It is also symmetric, so there is an orthogonal R with 

(b) (RQ)B(RQ) t = RiQBQ^R 1 = ^ 二)， Ml ，" 2 > 0. 

Moreover, equation (a) gives 

(c) (RQ)A(RQ) t = RiQAQ^R- 1 = I. 

[We have simply reproved the well-known result that two positive definite qua¬ 
dratic forms can be simultaneously diagonalized.] So for S = RQ we have 


(det S) 2 det B = Ii\/i 2 by (b), 

(det S) 2 det A = 1 by (c). 


If det A = det 5, then 


Moreover, 


"i"2 = 1. 


(det S) 2 det(A — B) = det 




= 2 — {jl\ + 


Since for x > 0 we always have 

x + 丄 > 2, with equality only if a: = 1, 


it follows that 

2 — (/^i + lii) < 0, 

with equality only if /ij = /i 2 = 1 => A = B. 

Now suppose that A and B are positive semi-definite, with A ^ 0, say. We 


can now 

obtain Q with 



(aO 


QAQ { = 

(: ：)• 

and R with 



㈣ 

(RQ)B(RQ) t = 

/Vi o \ 
V° f^J 

Ml,M2 > 0, /J.1/12 = 0. 
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As before，we also have 

(cO (RQ)A(RQ) t 

So for S = RQ we have 


1 0 
0 0 


(det S) 2 det{A 一 S) = det ( ! 一 ： J = —"2 + M 1 M 2 二 一 M 2 . 

Thus det(/4 — 5) < 0, with equality only if /X 2 = 0 =>• B — \i\ A. QE.D. 

Applying the Lemma to the positive definite maps dN，dN •, M p M p ，with 
the same determinant K{p), we conclude from equation (7) that 

I HdA - I HdA > 0. 

Jm Jm 


But we can interchange / and / in this inequality to obtain 


Hence 


Then equation (7) gives 


/ HdA- HdA > 0. 
Jm Jm 


/ HdA= HdA. 
Im Jm 


(*) 


h — dN)dA = 0. 


fM 


Now (*) implies that det(rfA^ - dN) = 0 everywhere. Then Lemma 13 implies 
that dN = dN everywhere. So the fundamental theorem of surface theory 
implies that / and / differ by a Euclidean motion. 

Now we consider the case K > 0. We can still obtain (*) and thus conclude 
that det{dN -dN) = 0 everywhere. We have to show that dN{p) = dN{p) for 
points p with K{p) = 0, and it is only necessary to consider points p with A ： = 0 
in a whole neighborhood of p. If f(p) and f (p) are both planar points, there 
is nothing to prove. So suppose that f(ph say, is a parabolic point. Then, as in 
the previous proof，the point f(p) is on some line segment T C /(A/), whose 
endpoints Q\^Qi are in the closure of the set where > 0. Let T C f (M) 
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be the image of T under the isometry / o f - 1 •• f(M) —> / (M). Then f is a 
geodesic in / (M). Now T is also an asymptotic curve, ll(X, X) =0 for tangent 
vectors X pointing along T. The last part of Lemma 13 then shows that we must 
have II(y, K) = 0 for tangent vectors Y pointing along F. So T has normal 
curvature k n = 0; since T has geodesic curvature k g = 0, it follows that f has 

curvature ic = Vk n 2 + ic g 2 = 0. Hence T is also a straight line segment, with 
endpoints Q\, Qi, say. Lemma 5-5 says that the non-zero principal curvature k 
along T is of the form 

k(s)= --- , 

V As + B' 


where k(s) is the value of k at the point on T at distance s from f(p). In 
particular, k cannot approach zero at Qi or Qi, so Q\ and Qi are not pla¬ 
nar points. Since Q\, Qi are in the closure of the set where 欠 > 0 we have 
dN(Qi) = dN(Qi), so Q\, Q 2 are also not planar points. So by Corollary 5-6, 
f (p) is not a planar point. Thus the non-zero principal curvature k along T is 
of the form 

= _ 1 _ ， 

As + B 

where s now measures the distance from / (/?). But since dN(Qi) = dN(Qi), 
we have k(Qf) = k(Qi). It follows that A = A and B = B. Hence dN(p)= 
dN(p). ♦> 


For later use, we insert here a form of the Herglotz integral formula for 
compact surfaces-with-boundary. 


14. LEMMA. Let M be a compact oriented surface with boundary 3A/, and 
l et /， /: A/ — IR 3 be immersions with /*〈，〉=/*〈，〉• Let N,N: M ^ R 3 
be the normals determined by the orientation, let dA be the volume form on 
(M，/*〈 ， 〉），and let ds be the volume form on 3M. For p e dM let 1(/?)^(/?) 


be the first two vectors of the Darboux frame at f(p) for the curve /(3M) on 
/(M )； we regard t and u as elements of M 3 , as usual. Let K n and r g be the 
normal curvature and geodesic torsion for this curve, and let k n and i g be the 


corresponding quantities for the curve / (dM) on / (M). Then 




ijg - ^)(/,t) + (K n -ic n )(f,n)ds 


/ h dtt{dN ~dN)dA + 2 f H -HdA. 

JM 
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PROOF. We consider the 1-form 


o>-(/ X N)-(LodN) 


of the previous proof, for which we have 

(1) dco = 一 {2H - h(2K- det(dN - dN))}dA. 

If s is the unit tangent vector of the curve 3M on (M ， /* 〈， 〉），so that df (s) = t, 
then 

dN(s) = 一 K n t - r g u, 
by definition of K n and r g . Similarly, 

(iodN)(s) = -ic n t - z g \\. 


Therefore 

(2) o>(s) = f • N x (lo dN)(s) = / . TV x [-ic n t - r^u] 

=f • (r^t - k n u) 

Substituting (1) and (2) into Stokes’ Theorem, 




dco. 


we obtain 

(3) f f^(/,t> - K n {f,u) ds = -2 f H dA + 2 ( hKdA 

JdM Jm 

+ f hdet(dN -dN)dA. 

Jm 


We cannot use formula (V) for 
ing / = / in (3) we obtain 


I hk dA, since M is not compact. 

Jm 


But choos- 


L Tg ⑽屬 u)ds= — 2 L HdA+2 


hKdA. 




Substituting this into (3)，we obtain the desired result. ♦ 



The proofs of Theorems 10 and 12 have a formal correspondence which 
is even more complete than their superficial resemblance. Indeed, suppose 
that the two imbeddings /， / of Theorem 12 are part of a variation a of /, 
with variation vector field Z. Then each a(t) has a normal field N t , and the 
integrand h dti{dN t - dN) of the Herglotz integral formula can be expanded 
in powers of t; the terms up to second order in t turn out to be exactly the 
integrand in Blaschke’s integral formula. 

More to the point, perhaps, is the fact that the proofs of Theorems 10 and 12 
are equally mysterious. They depend on discovering 1-forms co for which 
dco = (something interesting) • dA; these 1-forms co are suggested by the ge¬ 
ometry in only the vaguest way, and one simply has to carry out the com¬ 
putations explicitly to see what dco really is. In this connection, however, the 
following may be mentioned. The requirement that f be an imbedding with 
the same metric as / is a system of partial differential equations (in 2 variables) 
for the components of f. (The requirement that a be a bending of / is an 
even more complicated equation in 3 variables, and the basic aim of introduc¬ 
ing infinitesimal bendings is to reduce the problem to one in only 2 variables. 
This “linearization” of the problem leads to a system of linear partial differen¬ 
tial equations.) Theorems 10 and 12 may be regarded as uniqueness theorems 
for partial differential equations on M. As Stoker {1} points out, “the proofs of 
uniqueness theorems for boundary-value problems involving other partial differ¬ 
ential equations also usually require the invention of special tricks and devices ， 
above all if the problems are nonlinear, and such devices commonly involve in¬ 
tegrals over the domains in question (e.g” energy integrals in problems having 
their origin in mathematical physics).” 

This is perhaps an opportune moment to describe briefly the original, quite 
geometric, proofs of these rigidity results. Theorem 10 was first proved by 
Liebmann，and the crux of his proof was the following observation. Let Z be 
an infinitesimal bending of M C R 3 . Regarding each Z {p) as an element of 
M 3 , we obtain a surface Z = {Z(p) : p €. M) C M 3 . Of course，this may not 
really be an immersed surface; indeed we hope to prove that it contains only one 
point when M is compact with fC > 0. Liebmann showed that at points p € M 
where p h-> Z(p) is an immersion, the curvature of Z is < 0 at Z(p) when the 
curvature of A/ is > 0 at p. This immediately shows that p Z(p) cannot 
be an immersion everywhere when M is compact with 尺 > 0, since Z would 
then be a compact surface with K < 0. Liebmann showed that even when Z 
has singularities, it is nevertheless true that if Z is not a point，then Z has the 
character of a surface of negative curvature, in the sense that no point q of Z 
has a support plane (a plane containing q and all points of Z on one side of it); 
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this property again contradicts the compactness of Z. Since Liebmann’s proof 
involves the investigation of singularities, it is hardly surprising that it works only 
in the analytic case. 

Cohn-Vossen’s proof was also originally restricted to the analytic case，and 
is quite similar to the proof of Hopf 5 s Theorem (Theorem 9-33) on surfaces of 
constant mean curvature, which was obviously inspired by it. Given M, M C 
M 3 , with normals v and v, and an isometry 0: A/ — M，we call p £ M 3. 
“congruence point” if 0*(II(0(/?))) = 11(/?). If (f) is not the restriction of a 
Euclidean motion，then by analyticity the congruence points are isolated. At 
all other points p, Lemma 13 shows that 

det[0*(H(0(/;)))-II(/;)]<O, 

where the bilinear functions 11(/?) and (/>*(U((f>(p))) are regarded as linear trans¬ 
formations on M p by means of the metric on M p . It follows that the linear 
transformation corresponding to the difference 0*(II(0( / >)) — II(p)) has two 
eigenspaces, one with a positive eigenvalue, and one with a negative eigenvalue. 
By picking the one with the positive eigenvalue ， say, we obtain a 1-dimensional 
distribution defined everywhere on M except at the congruence points. At each 
congruence point we can define the index of the distribution，and the sum of 
these indices is 2 if M is homeomorphic to S 2 (Theorem 4-20). On the other 
hand, Cohn-Vossen showed that if M has positive curvature, then the index 
would have to be negative. The Bibliography will guide the interested reader to 
descriptions of Cohn-Vossen’s argument, as well as alternative arguments and 
refinements introduced later. We merely mention here that the assumption of 
analyticity can be dropped by using appropriate results about partial differential 
equations, and that the whole argument can be formalized to yield an “index 
method”，which has been successfully used in studying certain questions in sur¬ 
face theory; it is one of the few methods which has never yet been generalized 
to higher dimensions. 

We will now return to the use of integral formulas, and prove a result simi¬ 
lar to Cohn-Vossen’s，which although not strictly speaking a rigidity theorem, 
nevertheless seems to belong in this chapter since it is the uniqueness part of 
Minkowski’s Problem (page 156). The original proof was based on the gen¬ 
eral “Brunn-Minkowski inequality” for the “mixed volumes” of convex sets (see 
Bonnesen-Fenchel {1}). The present proof，obviously inspired by Herglotz’ proof 
of Cohn-Vossen’s theorem, is due to Chern. 

15. THEOREM (MINKOWSKI). Let A/ be a compact surface with K > 0 
everywhere, and let /, /: A/ ^ R 3 be two isometric imbeddings with N = N. 
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Then / and / differ by a translation. (Alternatively stated, if two compact 
convex surfaces in R 3 with everywhere positive curvatures have the same cur¬ 
vatures at points where the normals are parallel, then one surface is a translate 
of the other.) 

PROOF. Since 欠 > 0, the maps N, N: M ^ S 2 C R 3 are diffeomorphisms, 
so we can consider the imbeddings 

g = foN~ l : S 2 

g = foN~ l : S 2 M 3 . 

These imbeddings have the property that p € S 2 is normal to the tangent plane 
of g{S 2 ) at g(p), and similarly for g. Thus the normal maps ^: S 2 —> M 3 
for g and g are both the identity map id: S 2 —^ S 1 • Since N = N, and /, / 
are isometries by hypothesis, the maps g, g induce the same metric on S 1 • It 
clearly suffices to show that g and g differ by a translation. 

Consider the 1-form 

0) = {g X g)^dg 

on 5 2 . We have 

(1) do) = {dg X g) ^dg + (g X dg) • dg 

=~g • (dg x rfg) + g • (dg x dg). 

To calculate dco explicitly we consider a positively oriented moving frame 
on S 2 which is orthonormal for the usual metric on S 2 . If we move the vectors 
Xi(p) over to g(p )， then the translated vectors, will be tangent to 

g(S 2 ) at g(p), since $(p) = p. Thus we obtain an orthonormal moving frame 
Y\^ Y 2 on ^(5 2 ). Let 9\9 2 be the dual forms for Y\, >2 and let 1 /^ be the 
connection forms for the moving frame (Ki, v) on g(S 2 ), where v is the unit 
normal field on g(S 2 ). Define 9 l and \j/^ similarly, using g. If we set 

rf = g 乂 印=祝 

then for X tangent to S 2 we have 

dg(X) = r]\X).Y x + r] 2 (X) • V 2 = r]\X) ■ X x + r] 2 {X) ■ X 2 , 

( 2 ) dg{X) = fj i (X)-x l + n 2 (X)-x 2 , 

where the X[ and Y\ are now regarded as M 3 -valued functions. It follows that 
we have 

dg X dg = (r] 1 A fj 2 — t] 2 A fj l ) • id, 
dg xdg = 2(^ Afj 2 ) - id, 
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so that (1) becomes 

(3) dco = h(r) 1 A fj 2 - r] 2 A fj l ) - 2h(fj l A fj 2 ), 

where h and h are the support functions of g and g, respectively. 

Now we have to relate the forms r ] 1 , rj l to the dual forms for the moving frame 
X\, Xi on S 2 . On g(5 2 ) we have 

j 

where Uj = II ⑺， Yj)\ hence 

j 

But 

g *^(X) = ^( g ^x) = -r^x) 

— ( 一 , Yi} 

= {-d(vog){X),Yi) 

= (-d^(X) 9 Yi) 

= {-X,Yi) = (-X,Xi). 

So if are the dual forms for so that A = dA, the volume 

element of S 2 , then 

j 

If 入 is the 2x2 matrix of functions on S 2 defined by 

Hp) = 0ij(g(p)))~\ 

then 

W = - TM . G. 

j 

Similarly, 

j 

where X is the inverse of the matrix (/" o g). Since 

det (/ /7 og) = det(fij o g) = K, 

where K is the curvature for the metrics g*{ , ) and g*{ , ) on S 2 , we likewise 
have 


det(A.|y) = det(X/y) = K~^ 
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Now we have 

fj l A fj 2 ^ (detX) C 1 A C 2 = K~ x dA 

and 

T] 1 A fi 2 A n' = :( 入 11 又 22 + 叉 U 入 22 - 2 入 12 又 12) 心 . 

Calculating as in the preceding proof，we see that 

r} 1 a rj 2 — rf 2 A fj l = [2 尺 - 1 - det( W 1 — (Jv)" 1 )] dA. 

So equation (3) becomes 

dco = -{Adet^v)" 1 - (dv)- x ) + 2K~\h- h)}dA. 

Hence 

f hdet{(dv)~ l - (dvy l )dA = - f 2K~\h-h)dA. 

Js 2 Js 2 

Then Lemma 13 shows that the left side is < 0, so that the right side is also < 0. 
By symmetry we conclude that the right side is 0, and then by Lemma 13 again 
that in fact dv = dv. Thus there is a Euclidean motion A such that g = A o g 
and v — A^v. The latter .implies that J is a translation. 

Sometimes this result is expressed in a way that looks quite different: Let 
M, M C M 3 be compact surfaces with K, K > 0 everywhere, and let 0: M 
M be a map such that K((f>(p)) = K(p) and such that 沴 preserves the third 
fundamental forms. Then 0 is the restriction of a Euclidean motion. To see the 
equivalence of this statement and Theorem 15, just note that by Proposition 2-7, 
the normal maps of M and M are congruent, so after rotating M suitably we 
have two surfaces satisfying the hypothesis of Theorem 15. 

Unlike the last few results, Theorem 15 is not true if we allow > 0; a 
counterexample is shown below. Notice, however，that the components of the 



f = inclusion 
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set where 尺 # 0 on one surface do differ from the corresponding components 
in the other surface by a translation. It is not hard to see that this is always 
the case, and that Theorem 15 remains true if the set where 尺 = 0 is nowhere 
dense. (For the alternative statement of the theorem surely the only reasonable 
situation is that in which N is one-one.) 

In our next result, the condition A ： > 0 is more crucial, for we are going to 
consider the sum 

1 1 2H 

- + - - 

k Y k 2 K 

of the reciprocals of the principal curvatures; the reciprocals are classically called 
the “radii of principal curvature”. After constructing a proof of Minkowski’s 
Theorem by means of integral formulas, Chern then succeeded in constructing 
a similar proof for the following result, which is actually older than any yet 
considered. 


16. THEOREM (CHRISTOFFEL). Let M be a compact surface with K > Q 
everywhere, and let /， /: M — M 3 be two imbeddings with N = N such that 

1111 

1 — I ■厂 = 了 + —, 

ki k2 k\ ki 

where the functions and ki on M are the principal curvatures at the corre¬ 
sponding points of /(A/) and /(M), respectively. Then / and / differ by a 
translation. 

PROOF. We introduce the imbeddings g,g: S 2 ^ M 3 of the previous proof, 
and we will use all the notation and formulas from that proof In addition, we 
note that for the normal map ^ = id of g we have, of course, 

炎 (Y) = J = ^(^)-^1 + k 2 { X ) - x 2 , 

from which it follows that 

(1) Xdg = (t 1 AT ] 2 - At] 1 ) ■ ^ 

= —( 入 22 + A ， n)^ dA 
= -{kr l +k 2 ~ l )^d A. 


Similarly, since 专 = 专 ， we have 

( 2 ) d^xdg = ~(kr l +k 2 ~ l )U a. 
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Consider first the 1 -form 

^1 = (g x ^)»dg. 


We have 

dtoi - (dg X • dg + (g X d^) • dg 
=• (dg Xdg) + g • (d^ X dg) 

=. (dg X dg) - {kr l + kl~ X )g - 1 dA by (2) 
= • (dg x d 忌 )+ +(2 _1 )^4. 

Similarly, for the 1-form 

^>2 = (g X ^) • e/g 


we have 

da>2 = • {dg X ^/g) + h(k\ 1 + A：2 . 


Since A ： i 一 1 + 众 2 一 1 = k\~ l + ki~\ we obtain the integral formula 

⑶ f S • (dg Xdg)-^ (dg X dg) dA = 0. 

Js 2 

By interchanging the roles of g and g we also obtain 

(4) f ^(dg Xdg)-^ (dg X dg) dA = 0. 

J s 2 

Adding (3) and (4) we obtain an integral formula 
(*) / I dA = 0. 

Js 2 


Now we have 

^ • (dg X dg) - ^ • (dg x dg) = (??' /\fj 2 -r] 2 A r) 1 )^ • ^ - 2(r?' A nh 
— (入 11 又 22 + 又 11 入 22 — 2入 12又12 _ 2( 入 11 入22 — ^- 12 ^) dA , 


^ • (dg X dg) - ^ • (dg x dg) 


=(入 11 入22 + 入 11 入22 — 2入 12入 12 - 2( 入 11 入22 — 


l n 2 )dA. 


So the integrand / in (*) is 

I = 2( 入 n 又 22 + 又 11 入 22 — 2入 12叉 12) — 2( 入 11 入22 一入 12 2 ) - 2( 又 u 又22 — A ，12 2 ) dA 
= —2 [(又 "— 入 11 )( 又22 —入 22 ) — (又 12 — 入 12 ) 2 ] 以. 

Since 入 11 + 人 22 = 又 11 + 又 22 by hypothesis, we can write 

I = —2 [(入 22 —又 22)( 又 22 —入 22) —（又 12 — 人 12) 2 ] ^4 
= 2[( 又 22 — 入 22) 2 + ( 又 12 — A ， i2) 2 ] dA. 

So the integrand I in (*) is everywhere > 0. Hence it must be everywhere 
= 0. Hence 入 " = X"， implying that dv = dv, and the proof is complete, as 
before. 
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In Christoffel’s time the radii of principal curvature were regarded as the 
fundamental entities (which is pretty awkward when K = 0), so Theorem 16 
was the natural result to try to prove. Nowadays, of course, the result looks 
rather weird and we would like to formulate it for H = \{k\ + 众 2 ) instead. 
Oddly enough, this more reasonable looking problem hasn’t been solved. The 
pair of surfaces pictured on page 203 give a counterexample of sorts, but I do not 
know of any counterexample which is strictly convex. This same pair of surfaces 
illustrates the need for the final hypothesis appearing in the following result 
along these lines, which replaces the conditions on the normal maps by one on 
the imbeddings themselves (as some sort of compensation for the stringency of 
this hypothesis, notice that no hypothesis on K is required). 


17. THEOREM (HOPF AND VOSS). Let A/ be a compact surface, and let 
/, /: A/ — R 3 be two imbeddings with H = H such that f (p)~ f{p) is always 
parallel to a fixed vector v gR 3 . Suppose, moreover, that f(M) and f(M) do 
not contain a portion of a cylinder with generators parallel to u. Then / and 
/ differ by a translation in the direction of v. 

PROOF. Write 

f = f + a-v 

for some function a on M. For any X\,Xi e M p we have 

df{X x ) x df{X 2 ) = [df{X r ) + da(X x ) - v] x [df{X 2 ) + da(X 2 ) - v] 

=df{X } ) x df{X 2 ) 

+ [da(X\) - v x df{X^) — da(X 2 ) - v x df(X\)]. 


So 


df x df = df X df + 2{da - v x df). 


By (I), this is equivalent to 

(1) N dA = N dA + {da - v x df). 


Consider the 1-form 


co\ = {a • v yc n) • df. 


We have 


(2) dco\ — {da • v x N) • df + (a • u x dN) • df 
=—N • {da - 1 ; x df) +a • v • (dN x df) 

=dA — (N . N) dA + 2a (v • N) dA by (1) and (I). 
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Similarly, for the 1-form 


a >2 = (a • v X N) • df, 


we have 


( 3 ) da >2 = (da • v y. N) • df + (a • v x dN) • df 
=(da • v Y. N) • df + (a • u x dN) • df, 
since df = df + dot • v 
=—N • {da - v x df) + a • v • (dN x df) 

=N • N dA — dA + 2otH(v • N) dA by (1) and (I) 

=N • N dA-dA+ 2aH(v. N)dA by (1). 


From (2) and (3) we derive the integral formula 


2 f a(H - H)(v N)dA= [ (1 - N • N)(dA + dA). 
Jm jm 


Since // = //, we thus have 



(1 - N • N)(dA + dA) =0. 


But < 1, so we must have N • N = \ everywhere, and hence N = N 

everywhere. We will use this to show that a is constant. 

For simplicity assume that v points along the z-axis. The final hypothesis 
implies that N(p) has non-zero z-component for all points /? in a dense open 
set. If p is such a point, then f(M) and /(A/) can be represented near p as 
the graphs of two functions, g and g, say. Then the normals are given by 

( gi ， g 2，一 l ) 」 （！ i ， 袞 2，一 l ) 

f and • 

\/l + g\ 2 + g2 2 \/l + g\ 2 +g2 2 

Since these normals are everywhere equal, we must have gi = g/, so a is 
constant in a neighborhood of p. 


Before returning to rigidity theory proper, we will take this opportunity to 
mention that Minkowski’s Theorem and Christoffel’s Theorem have gener¬ 
alizations to compact hypersurfaces M C M w+1 with all principal curvatures 
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k\,...,k n > 0 . For each i = 1， •.. ， n we can consider the elementary symmet¬ 
ric polynomial 

Pi = Oi 

If M and M are two such hypersurfaces, and for some i the functions P/ and 
P t agree at points of M and M where the normals are parallel, then one 
hyper surface is a translate of the other. A proof may be found in Chern [1]. 
(Our proofs of Theorems 15 and 16 are taken from that paper, and are pretty 
representative of the sort of argument which is used. In fact, the proof of 
Theorem 15 is a special case of Chern’s proof for all / > 1 ， while the proof 
of Theorem 16 is a special case of Chern’s proof for / = 1, which needs a 
separate argument. Chern remarks that that distinction is significant, since the 
case i = 1 involves linear partial differential equations, while the case i > 1 
involves non-linear ones.) 

Another remark is necessary to put Theorem 16 on an equal footing with 
Theorems 12 and 15. The latter two results give the uniqueness of imbeddings 
whose existence was discussed in Chapter 11 (Weyl’s Problem and Minkowski’s 
Problem). The corresponding existence result for Christoffel’s Problem is much 
more involved, for there are complicated relations which must be satisfied by 
a given function on 5 2 in order for it to be \/k\ + 1 /A ：2 for some imbedded 
surface. Many incomplete treatments of this problem have been given，and the 
correct necessary and sufficient conditions (in all dimensions) were discovered 
only in 1967 by Firey [1]. One could also seek the conditions on a function in 
order that it be 尸 / (1 < / < n) for some convex hypersurface, but this problem 
is perhaps hopelessly complicated. 

Finally, we want to point out that the higher dimensional generalization of 
the Minkowski and Christoffel theorems can also be expressed as follows: Let 
M,M C M w+1 be compact hypersurfaces with all principal curvatures > 0, and 
let (j ) : M M be a map such that Pi((f>(p)) = Pi{p) and such that (f> preserves 
the third fundamental forms. Then <j> is the restriction of a Euclidean motion. 
The argument is just the same as on page 203, using Problem 7-18 in place of 
Proposition 2-7. In this connection it is interesting that E. Cartan [2] raised 
the possibility of studying surfaces by means of their second fundamental form ， 
rather than their first. For example, he showed that if II is positive definite ， 
then the curvature of (M ， II) can be written in terms of the ordinary principal 
curvatures and their derivatives. Grove [1] used integral formulas to pro'.e that 
a diffeomorphism of compact convex surfaces which preserves II and the Gauss¬ 
ian curvature K = k\k 2 is the restriction of a Euclidean motion，and Walden [1] 
used the index method to prove the same result if either k\ +k 2 or A ： i - 1 + 々 2 1 is 
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preserved (as well as if k\ 2 +k 2 2 or kr 2 +k 2 ~ 2 is preserved). On the other hand ， 
it is perfectly conceivable that a diffeomorphism of compact convex surfaces is 
the restriction of a Euclidean motion if it merely preserves II, and perhaps the 
surfaces need not even be convex. In higher dimensions, the only result is that 
of Gardner [1], proved using integral formulas, which generalizes Grove’s result 
to the case where II and k\ … k n are preserved. 

All our rigidity results have required the hypothesis of convexity, so it is only 
natural to wonder what happens in the case of non-convex surfaces. There is 
a standard example, illustrated below, of two compact rotation surfaces which 



are isometric but not congruent. To be sure, this example is rather unsatisfying, 
since it is merely C°°, and cannot be modified to be analytic. Moreover, the 
surface consists of two parts which are individually kept rigid, but which are 
glued together in two different ways along a plane curve where = 0. Finally, 
this example is merely a reflection of the fact that the plane has infinitesimal 
bendings which vanish outside a compact set. It could have been obtained by 
starting with a surface containing a portion of a plane, finding an infinitesimal 



bending Z which vanishes outside the planar region, and then mapping p + 
Z{p) to p — Z(p), which is an isometry, by Lemma 7, but not the restriction of a 
Euclidean motion, by Lemma 8. We can at least show that there is no bending 
connecting our two non-congruent isometric C°° surfaces. In fact, there is not 
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even a bending taking the small region A of positive curvature pictured below 
to its corresponding region A' in the other surface, the region A r being simply 



the mirror image of A. To prove this，we simply recall that any surface of 
positive curvature has a natural orientation, which has to be preserved during 
the bending. 

Long before such C°° trickiness was in vogue, Cohn-Vossen [1] had investi¬ 
gated infinitesimally bendable rotation surfaces by quite different methods, and 
he found C°° rotation surfaces with non-trivial C 2 infinitesimal bendings. Af¬ 
terwards, Rembs [1] managed to obtain an example where the rotation surface 
is analytic; but the infinitesimal bending is still only C 2 (a point which is by 
no means made clear in the paper). Applying Lemmas 7 and 8 in this case 
we merely obtain two C 2 isometric non-congruent surfaces, which seems a lot 
worse than C°°; but at least this example is not a bald-faced trick like the previ¬ 
ous one. Since the example is interesting, but nevertheless rather disappointing, 
it has been relegated to an Addendum. 

It seems that at present it is simply unknown whether every analytic compact 
surface is unwarpable. A fortiori it is unknown whether every analytic compact 
surface is unbendable; it certainly seems likely that even C°° compact surfaces 
are unbendable. 

There is only one crumb of comfort which we can offer in this dismal situa¬ 
tion. It is known that a torus of revolution is unwarpable. Such a torus M has 


the property that 



f KdA =4 jt, 
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where ^ {p G M : K(p) > 0}; the closure C(M + ) of M + is a compact 
surface with boundary such that 3C(A/ + ) is the union of plane curves along 
which the tangent space of M is constant. Suppose that 0: A/ —^ A/ is an 


isometry. Then also 


f KdA 

JM+ 


4 丌， 


so it follows from Theorem 6-16 that C(A/ + ) is a compact surface of the same 
sort as C(A/+). Now apply Lemma 14 to / = inclusion map of C(M+) and 
/ = 0: C{M + ) C(A/ + ). The terms x g , K n , r g , k n are all 0, since the 
normal is constant along each component of 3C(A/ + ) and 3C(A/ + ). So we 
have simply 


U hdti{dN -dN)dA+2 / H 

JC(M+) 


HdA ， 


the same equality which we used in the proof of Theorem 12. Then the same 
argument which was used in this proof shows that 0 : C(M" h ) —^ C(M + ) is the 
restriction of a Euclidean motion. 

This already shows that any analytic surface of minimal total absolute cur¬ 
vature is unwarpable in the class of analytic surfaces, a result originally due to 
Alexandrov [4]. A proof that 0 is also the restriction of a Euclidean motion on 
the part of the surface with K < Q has been given by Nirenberg [2]. The proof, 
which involves a discussion of hyperbolic equations, requires some additional, 
rather unsatisfactory, hypotheses, but these hypotheses are satisfied at least in 
the special case of a torus of revolution. 

We can also ask about the rigidity of complete convex non-compact surfaces. 
It is not hard to see (compare the pictures on pg. IV. 84) that the normal map v 
of such a surface M always lies in a hemisphere, so that 


KdA < 2n. 


IM 



The first result on complete convex non-compact surfaces was the surpris¬ 
ing theorem of Olovvjanischnikow [1] that M is warp able if I K dA < n. 

‘ JM 

Olowjanischnikow’s proof uses the methods of the Russian school of differential 
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geometry，which was briefly discussed in Chapter 11. As we have already men¬ 
tioned, these methods, though intricate and difficult, allow one to prove certain 
results for surfaces which are merely continuous. For example, Pogorelov {1} 
has proved Cohn-Vossen’s theorem for arbitrary convex surfaces: if M and M 
are the boundaries of compact convex sets (with non-empty interiors) in R 3 , 
and 0: M — M is a map which preserves lengths of curves, then 0 is a 
congruence. Similarly, Olowjanischnikow’s result holds whenever M is the 
boundary of a closed non-compact convex set (with non-empty interior) in M 3 . 
Pogorelov {2; pg. 114} also showed that any surface isometric to such a sur¬ 
face M may be joined to A/ by a continuous bending. To my knowledge，no 
one has ever provided simpler proofs of these results when the surfaces consid¬ 
ered are C°°. 

When our complete convex surface M has 

f KdA = 2n, 

JM 

it is unwarpable. The proof of this is due to Pogorelov [2]. We have already seen 
that such surfaces，although unwarpable, and hence unbendable，may neverthe¬ 
less be infinitesimally bendable; and I think that this is the only known instance 
of such a phenomenon. 

As opposed to the complete convex surfaces, consider what happens when 
we delete a set with non-empty interior from a convex surface. Is it bendable ， 



or warpable, or infinitesimally bendable? The promptings of intuition seem to 
vary from person to person, and historically there was considerable confusion 
on the question. We claim first of all that any open set U C S 2 whose closure 
U is contained in an open hemisphere of S 2 is warpable. For this purpose we 
consider the rotation surface M a of constant curvature 1 given on pg. 111.163, 
with a > l. Locally there is an isometry S 2 M a taking the tangent vectors 
(0,1,0) and (0,0,1) at (1,0,0) 6 S 2 to the tangent vectors (0,1,0) and (0, 0, 1) at 
(«,0,0) 6 M a - If a is sufficiently close to 1， then this isometry can be extended 
to cover U C the hemisphere {p G S 2 : p { > 0}. The image of U is contained 
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in the open set V C M a which is obtained by deleting the profile curve of M a 
in the left half (x, z)-plane, as well as a neighborhood of the top and bottom 
boundary curves. We also claim that this open set V is bendable. To prove this 



we consider all the rotation surfaces M a > for a f close to a. Then there will be 
an isometry f a ，\V — M a f which takes the tangent vectors ( 0 , 1 , 0 ) and ( 0 , 0 , 1 ) 
at (^, 0 , 0 ) £ M a to the tangent vectors ( 0 , 1 , 0 ) and ( 0 , 0 , 1 ) at (a’ ， 0 , 0 ) € M a >. 
The 1 -parameter family of isometries {f a f } gives us the bending. 

The warpability of U was noted in a paper by Liebmann [1] in 1900 , which 
also offered up a proof that U is not warpable if it contains a closed hemi¬ 
sphere. Fifteen years later, Blaschke [1] observed that the proof, “as simple as 
this assertion may appear”，was incorrect. In 1919 Liebmann [2] showed that 
in fact the sphere minus any disc, no matter how small, is bendable. He did this 
by specifically constructing the bending, using other classical examples of open 
surfaces of constant curvature 1. A physically intuitive argument, involving soap 
bubbles, is given in Hilbert and Cohn-Vossen {1}. Liebmann was then willing to 
conjecture that any convex surface with K > 0 everywhere is bendable after a 
small disc is removed. The infinitesimal bendability of such surfaces was proved 
by Cohn-Vossen [2] in 1927 , and bendability was proven by Hell wig [1] in 1955 ; 
both proofs require facts about partial differential equations, with more difficult 
theorems required for bendability. (This question has also been treated by the 
Russian school; see Pogorelov {2; pg. 104}.) 
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It should be noted that the bendability of a convex surface M with a set 
A C M removed does not necessarily imply the bendability of M — B for 
A C B. For conceivably the bending of M — A might always be constant on 



M — B\ But at least we do not have to worry about this anomaly if M is analytic, 
with 尺 > 0 everywhere. For it then follows from the results of Chapter 11 that 
all warpings of M — A are also analytic. 

We can also ask what happens when we delete even smaller sets from a con¬ 
vex surface M. Hilbert and Cohn-Vossen {1} claim that the sphere minus any 
segment of a great circle is bendable, but I have never seen a reference to such a 
result. I am almost certain that nothing similar is known when the sphere is re¬ 
placed by an arbitrary convex surface M. As recently as 1971 , Green and Wu [1] 
showed that if only finitely many points are removed from a compact surface 
M with K > Q everywhere, then the resulting surface M f = M — {p\^^ p^} 
is unwarpable. On the other hand, Pogorelov [1] had already shown that if 
A: > 2, then M r is warpable as an immersion: there is an isometric immersion 
of M ! which is not an imbedding (in fact, there are infinitely many inequivalent 
isometric immersions). In one special case this is easy to see: Take M f to be 
S 2 — {p\, P 2 }，where p\ and P 2 are the north and south poles, and consider the 
surface of revolution M a on pg. III. 163 with a = 1/2; it is not hard to compute 



that the area of M a is just 1/2 the area of S 2 . Then there will be an isometry 
of a closed hemisphere of S 2 — {p\, P 2 ) onto M a which takes the two semi¬ 
circles on the boundary onto the same curve in M a , namely its profile curve in 
the left half (x, z)-plane. By using a similar map on the other hemisphere of 
S 2 — {/?i, P 2 ) we obtain a local isometry S 2 — {pi ， P 2 } — M a which is a double 
covering. 
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To end this discussion of holey surfaces we mention one more indication of 
the abysmal state of our ignorance: It is not known whether the standard torus 
minus a disc is bendable, or even warpable. 



We now turn our attention to purely local results about rigidity, where further 
surprises are in store for us. We will begin by examining some of the classical 
results along this line, partly to give an idea of the sort of questions which used 
to be investigated, and partly because some of these questions throw great light 
on the geometric aspects of the Darboux equation. 

Consider a surface A/ C M 3 and an arclength parameterized curve c: [a y b] —> 
M. Given another arclength parameterized curve c: [a, 6] — M 3 , we ask 
whethej there is a neighborhood V of c([a,b]) in M and an isometry (j)\V^ 
V of K onto a surface V G such that (/> o c = c. In other words, we 
want to know to what extent a curve c on M can be changed in a local warp¬ 
ing. We might as well assume that M is the image of an isometric immersion 
f ， (gij)) —> M 3 , where U C M 2 is an open set containing [a,b] x {0}, and 

= /(x,0) for x G [a^b\. On [a y b] x {0} we can compute the geodesic 
curvature Kg of c. If the isometry cj) exists, then the geodesic curvature Kg of c 
on K must be the same as kg. On the other hand, if c is a curve on any 
surface V whatsoever, then its geodesic curvature K g on V always has absolute 
value less than or equal to its curvature k (which is a known function). Thus 
we see that the isometry 0 cannot exist unless 

1^1 <k. 

Consider the case where we have the strict inequality \K g (x)\ < k(x) for all x. 
If the surface V exists, and v(c(x)) is its normal at c(x), then equation ⑼ on 
pg. III. 190 shows that we must have 

Kg — K g = k • sine/>, 

where </> is the angle from the principal normal n(x) of c to v(c(x)). This 
equation determines two possible choices for 0, and hence two possible choices 
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for the tangent space V c ( x) . Consider either of the two possible continuous 
choices of V c ( x ) along c. We claim that we can find V with this choice of Vc ⑴ • 



We will look for V as the image of an isometric immersion /: U —>■ M 3 with 
c(x) = /(x, 0). By changing our coordinate system on U, we can assume that 

gi 2 = 0, gn = 1 ； and gn = 1 along [a,b] x {0}. 

We easily compute that in this case the curve x (x,0) has geodesic curvature 

(1) = -士 (容 n )>- 

Now the vector v = (0, l)( x ,o) G (7( 久 ,。） is a unit vector perpendicular to 
(l,0)( X) o> G U( Xt o). Obviously we want the vector 

/*(v) = x(^), sa y 

to be a unit vector in the known vector space ⑴， perpendicular to the known 
tangent vector c'(x). Thus x(^) is determined along [a,b]x {0}. For the values 
of x(x) so determined we have 

' {X(x),c\x)) = 0 

(x(^),xW) = 1 

(2) < <xCx) ， c"(x)〉= k(x) - (x(x),n(x)) 

= /c(x) - sirup 

、 == — 5 ( 幻 1 ) 少， by ⑴. 

Now we can use the arguments in the proof of Theorem 11-9. We have the 
map / defined on [a,b] x {0} by /(x ，0 ) = c(x), and we want to extend / to a 
neighborhood of [a,b]x {0} in U. The submanifold [a,b]x {0} isn’t necessarily of 
the form exp 0 (Ki), but that is irrelevant, because we have already determined x 
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satisfying (2)，which are just the equations (2’）on page 151. Moreover, x is 
linearly independent of f x , f xx on [a, b] x {0}，as required. Thus we can solve 
equation (*) in the proof of Theorem 11-9 with the initial conditions /(x,0)= 
c(x) and q(x,0) = xW ， 

This argument requires that the original surface M and the curves c,c be 
analytic, in order to apply the Cauchy-Kowalewski theorem. But analyticity is 
not needed if M has curvature < 0, for in this case the system involved is 
hyperbolic, as we mentioned on page 154. 

For other purposes, it is also important that we examine the classical treatment 
of this problem, by means of the Darboux equation. We continue to use the 
special coordinate system on U, with g\2 = 0 and gii = 1 ； and g\\ = 1 along 
[a, b] x {0}. We would like to find / = (w, v, w) by using the three components 
of the equations 

/(x,0) = c(x) 

fy{X, 0) = X(^) 

as the initial conditions for the solutions w, v, w of the Darboux equation. Un¬ 
fortunately that simple procedure won’t work, since, as we have already seen, 
there is not that much arbitrariness permitted in the choice of w, v, w. What 
we have to do is first find a solution w of the Darboux equation with 

(3) w(x,0) = c 3 (x), w y (x,0) = / 3 (x), 


and then choose u and u so that we at least have 

u(0,0) = c\0), Mx (0,0) = c 1/ (0), u y (0,0) = x\0) 

u(0,0) = c 2 (0), u x (0,0) = c 2/ (0), ^(0,0) = x 2 (0), 


and so that / = (m, v, w) is an isometry, and consequently satisfies 


(5) 


gn = (fx, fx) =u x -u x + v x -v x + w x -w x 
0 = (fx,fy) =U X -Uy + V x -Vy + W x -w y 

1 = {fy , fy) = Uy - Uy -f* Vy ' Vy ~( - Wy - Wy 

(as in the proof of Theorem 11-9) 

, - 士 （ gll)y = (fxx, fy) = U xx - Uy + V xx - Vy + W XX - Wy. 


We claim that u and v will automatically have the desired initial conditions on 
[a, 6] x {0}. To see this, consider the M 2 -valued functions 


a(x) = (c 1 ' ⑻， c 2 '(x)) 

= {x\x),x 2 (x)). 
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By substituting equations (3) into equations (2)，we find that a and P satisfy 

(i) (a 』） =-w y (x,0) - w x (x,0) 

(ii) 03, P) = 1 - w y (x,0) - u^U ， 0) 

(iii) {ot’ 肩 =—\(gw)y — w y (x, 0) - w xx (x,0), 

while we also have 

(iv) {a,a) = 1 - w x (x,0) • w x (x,0) = gi“x ， 0) — w x (x,0) - w x (x,0). 

Simple arguments (Problem 1) show that the solution of the system of equations 
(i)-(iv) is completely determined once a(0),^(0) are known. But equations (5) 
show that 

(m x (x,0),^(x,0)) 

satisfy this system, while equations (4) insure that 

a(0) = (u x (0,0),v x (0,0)) 

m = (〜(0,0)，〜(0,0)). 

It follows that for all x e [a,b] we have 

VU)，*：- 2 ’。)）= a(x) = (w x (x,0),i; x (x,0)) 

=> (c^x)^ 2 ^)) = (m(x,0), u(x,0)) by (4) 

= ^( x ) = (u y (x,0),Vy(x,0)). 

Thus u and v will indeed have the initial conditions which we would like, and 
f = (w, u, w) will be the required isometric imbedding. 

We have already noted in the previous chapter that the Darboux equation is 
hyperbolic when 尺 < 0, so we do not need the Cauchy-Kowalcwski theorem in 
that case. In this case there is still one problem remaining, however, for in order 
to solve the Darboux equations for w with the initial conditions (3)，we need to 
know that the interval [a, b] of the .x-axis is free for these initial conditions. Here 
is the place where the geometry links up beautifully with the analysis. To begin 
with, suppose wc have an isometric immersion f = (w, v, w) : (U, (gij)) K 3 , 
and a curv f c y in U. Then w is a solution of the Darboux equation, and we 
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would like to know when y is free for the initial conditions which we obtain by 
restricting w to y. Recall that for the second order PDE 


F(x,y,u, p,q,r,sj) = 0, 


this means (cX (1-4) on page 84) that 

盖 • ( y1 ) 2 + € • ylv2 + 菩 • ( v2 ) 2 _ 0 心⑴， 

where (v 1 , v 2 ) is the normal to y at t. Since (v 1 ， v 2 ) is proportional to Y\), 

this means that 


^ - (Yi ) 2 - 


dF 

ds 


• Y\Yi + * (Yi ) 2 / 


Consider the Darboux equation in the form (*) on page 143. Our condition 
becomes 


(6) (U；22 - ^ 22 W ^ ~ ^22 u; 2)(} / 2 ， ) 2 + 2(U ； i2 — 

+ (U；ii — F!1 W 1 — r ， U w 2)(} / /) 2 7^ o, 


which by equation (1) on page 143 becomes 

0 i=- N 3 [l22(Y2) 2 + + h\(Y\) 2 } 

= Nh\ f {y\y f ). 

Thus the curve y is free for the initial conditions determined by w if and only if 
the curve /oy on f(U) is nowhere asymptotic, and the tangent plane for f{U) 
is nowhere vertical along y. On the other hand, y is characteristic for these 
initial conditions if and only if / o y is an asymptotic curve, except perhaps 
at points where the tangent plane of f(U) is vertical. These conditions have 
the paradoxical feature customarily associated with the Darboux equation: the 
condition on a single component w of f is stated in terms of the whole map /. 
When we are merely given initial conditions along a curve, rather than a solu¬ 
tion, we simply write out equation (6) as stated. In the situation we are consid¬ 
ering, our initial curve is just the interval [a, b] of the x-axis, so that y/ = 1 and 
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y 2 f = 0, and we compute that in our special coordinate system on U we have 
[1 1 ， 2] = —5(^11)^ ] 


[ 12 , 1 ] = [ 21 , 1 ] = ^(gn)^ along the x-axis, 

other [ij,k] = 0 


and then 

r /2 = ^2\ = \^S\\)y 
r n = ~4( 幻山 
other = 0 

Then equation ( 6 ) becomes 


along the x-axis. 


(60 


切 11 + {(gn)y^2 /o, or 


(c 3 y -Kgx 3 # o- 


Now in our situation, / is not a multiple of c”• Simply by rotating everything, 
we can then insure that (c 3 ) ff —ic g x 3 7 ^ Oon [a,b]x {0}. Thus we really can solve 
the Darboux equation and obtain an isometry (p : V with (poc = c (suitably 
rotated). Naturally we can then obtain a new isometry with (p f o c = c. 

Things work out quite differently when we try to find an isometry (p: V ^ V 
with (poc = c in the case where ic g {x) = k(x) for all x. If (p exists，then we must 
have K g = K g k, so c must be an asymptotic curve on V, which means that V 
must have K < 0 along c so A/ must have K < 0 along c. We will actually 
assume 尺 < 0, so that the Darboux equations are hyperbolic. We first suppose 
that /c(x) > 0 for all x. Then the Beltrami-Enneper Theorem (Theorem 4-7) 
shows that the torsion r of c must satisfy 

r(x) = ±^-K{c(x)) = ±^-K{c{x)). 


Thus there is, up to Euclidean motions, only one possibility fore. If we are given 
this curve c, and (f>: V ^ V exists, then V c ( x ) must be the osculating plane of c 
at x, so our choice for /(x) = / 少 (x ，0 ) must be the principal normal n(.v) of c 
at xW- In this situation we have c" = Kn = kx = K g x, so equation ( 6 ’）is 
not true; our initial curve is characteristic for the initial conditions. Fortunately, 
we have complete information about this situation, since we are dealing with 
a Monge-Ampere equation. Along the .Y-axis our Darboux equation (from 
page 143) is 

[⑺ 11 + - W ；22 — [⑴ 12 — 士 (gl 1 )少切1 ] 2 = 尺 (1 一 奶 2 — 奶 2 ). 
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As we pointed out at the end of section 8 of Chapter 10, there is no hope of 
solving for W 22 along the x-axis unless we also have 

(7) — [W 12 — \{gn)y^i] 2 = ^(1 ~ w^i 2 — 切 2 2 ) 

along the x-axis. Moreover, if this equation does hold，then we can choose W 22 
arbitrarily, and there will be a solution with these initial conditions. We claim 
that equation (7) holds as a consequence of our choice of c. For ， 

[W 12 - |(gn)^wi] 2 = {(n' + kc') 3 } 2 

={(—tcc' + rb + /cc , ) 3 } 2 
= {(tb) 3 } 2 = r 2 (b 3 ) 2 
= -K(b 3 )\ 

so we just have to show that 

(b 3 ) 2 = 1 — wi 2 — wi — 1 — {(c’) 3 } 2 - {n 3 } 2 . 

This is elementary: we have 

e 3 = (e 3 ,c , )c , + (e 3 , n)n + b)b, 
and when we take the inner product with we get 

l={(^) 3 } 2 + {n 3 } 2 + {b 3 } 2 , 

as desired. 

Thus, when c is a curve with k = k g and r 2 = —K^ we can find infinitely 
many isometries <j> : V V with 0 o c = c; all the surfaces V are tangent to 
each other along c. In particular, if c is an asymptotic curve on A/, with K < 0 
along c, then we can take c to be c, and we see that a neighborhood of c can 
be continuously bent keeping c fixed; all surfaces in the bending are tangent 
to M along c. As opposed to this, if c satisfies ic g < k everywhere, then there is 
only one other surface containing c which is isometric to a neighborhood of c 
in A/, and it is nowhere tangent to M along c. 

The case where k = ic = 0 (both c and c are straight lines) is similar, except 
that now there is even complete leeway in the choice of the tangent space of V 
along c. 

The discovery that asymptotic lines of a surface are precisely the curves along 
which the surface may be bent leads one to formulate all sorts of other questions. 


[the 3 denotes 
third component] 

by Serret-Frenet 
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For example，when is there an isometry 0: M —> M which takes both families 
of asymptotic lines of M to asymptotic lines of M? It is easy to see that this 
happens essentially only when 0 is the restriction of a Euclidean motion. In fact, 
if f:U A/ is an imbedding for which the parameter lines are asymptotic 
curves, so that / = « = 0， and we define f = cj> o j\ then also I = n = 0. But 
we have, in addition, 


9 T— — 9 — 

In — m = In — rh => m 二土 m. 


If we restrict our attention to surfaces with 尺 < 0, then we must have m = m 
or m — —m everywhere, and we can assume m = m by suitable choice of the 
normal. Hence 0 is the restriction of a Euclidean motion. 

Since this question turned out to be rather uninteresting, we modify it by 
investigating isometries 0 : M -> M which take the asymptotic curves of only 
one family of asymptotic lines on M to asymptotic lines on M• Choose an 
orthonormal moving frame X\ , A 2 on A/ such that II(A"i ， X\) = 0, so that the 
integral curves of X\ are the given family of asymptotic curves. Then we have 

i/r? = m9 2 

( 1 ) , 

1/^2 = m9 x + nQ 2 , 

where 0 = / — II(Xi, X\) and m — 11 (^ 1 , Xj) and n — 11( 心 ， Let X \, X 2 
be the orthonormal moving frame X( — (j>^Xi on Af ， and let barred forms 
(e.g., xj/^) actually denote 0* of the corresponding forms on M. Then 6 l — 9 l 

and d >2 = co\. Now / = 11 (^ 1 ,^) = 0 by the hypothesis that our family of 
asymptotic curves is taken into asymptotic curves. Moreover, 

In — m = In — m m = 土 w; 


again we consider only the case fC < Q everywhere, so we might as well assume 
that m = friy by suitable choice of the normals. Then we have 

1 /r , 3 = m9 2 

⑵ - 

i/^2 = + iW 2 . 

In particular, 

=> dy\f\ — dxfr^ 

0 )\ A l/^2 — A ^2 
=> {n — n) (x)\ a 0 ^ — 0. 


by C odazzi-M ainardi 



Applying this to X \, X 2 yields 
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(n — fi) ■ cof(X\ )=0. 

If « = m everywhere, then 0 is a congruence. Assume that « — « is always ^ 0 . 
Then co i (X ( ) = 0 => V^-, X\ = 0, so the integral curves of X\ are geodesics. 
Since they are also asymptotic curves, they must be straight lines; similarly their 
images, being both geodesics and asymptotic curves, are straight lines. In other 
words, this case involves a ruled surface being warped in such a way that the 
rulings remain straight. 

[In general, it is easy to see that ruled surfaces can always be bent keeping 
their generators straight. In fact, suppose that our ruled surface is 

f(s,t) = c( 5 ) + ?5(s), |5| = 1 (8,8 r ) = 0 . 

Then 

E = (c f + 1§', c' + t8') = {c f , c') + 2t{c r ,8') + t 2 {S',S') 

F = (c f ,S) 

(7 = 1. 

Let 8 be any curve with 

\S\ = 1 , \8'\ = |^|. 

In order for the surface 

f{s,t) = c(s) + tS(s) 

to have the same metric as /, the curve c must satisfy 

k'1 = k r l 

{c',b') = {c\8') 

(c , ,8) = (c,8), 

which is always solvable for c'. The curve S can have essentially any shape. For 
example, if S , ^ 0 everywhere (the rulings are always changing), then we could 
reparameterize so that |5| = |5，| = 1 . Then all we require is |5| = |^| = 1 , so 
that 8 can trace out any regular curve in 5 2 .] 

Here is one final classical problem about bendings. When does a surface M 
have a bending a : [0,1] x M -> M 3 such that each a(/)(M) c M? One exam¬ 
ple that immediately comes to mind is a surface of revolution. Obviously any 
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surface isometric to a surface of revolution also has this property. (The question 
really has almost nothing to do with surfaces in M 3 , and is essentially intrinsic.) 
We will show that “in general” these are the only such surfaces. What we ac¬ 
tually assume is that the various curves c p (t) = a(t,p) give a foliation of M. 
Since each a(t) is an isometry, each curve c p has constant geodesic curvature, 
for a(ri) o 5( ， o) 一 i is an isometry taking a neighborhood of 冲 0 ) to a neighbor¬ 
hood of Now for any curve c p , consider its “geodesic parallels”，the set of 



points at a fixed distance d along the geodesics perpendicular to c p . Let q be 



the point on the geodesic intersecting c p orthogonally at p. Clearly a(t,q) is on 
the geodesic intersecting c p orthogonally at a(t, p). Thus the geodesic parallels 
of c p are the other curves c q . Note that the geodesics perpendicular to are 
also perpendicular to c q (Problem 1.9-28). Now take a coordinate system w, v 
such that the u-parameter curves lie along the curves c p , while the w-parameter 
curves are the arclength parameterized geodesics perpendicular to all curves c p . 
Then the metric has the form 


du®du + Gdv® dv. 


A computation shows that the geodesic curvature of the i;-parameter curve 
through (w ，0 ) is 


K u(^) ~ 


1 G u (u, v) 

2 G(u, u) 


1 3 log G 
~ 2 du 


(w ， u). 
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But K u {v) depends only on u. So log G is of the form a(u) + b{v), and thus G 
is of the form 

G(w ， … = A(u) - B(v). 

Letting be a function with 

v\ — \/s, 

our metric takes the form 

du ® du + A(u) dv\ ® dv\. 

Comparing with formula (4) on pg. 111.158, we see that M is isometric to a 
surface of revolution. It doesn’t seem worthwhile refining these purely local 
considerations by trying to analyze in detail just what happens when some of 
the curves c p degenerate to points，but it certainly would be nice if one could 
prove that a compact surface M admitting a bending into itself is (globally) 
isometric to a surface of revolution. 

Just for the hell of it, we will also look at a couple of classical local results about 
infinitesimal bendings. Let M c E 3 be a surface，and let a : [0,1] x A/ ^ R 3 be 
any variation of the inclusion map /: A/ ^ K 3 whose variation vector field Z at 
^ = 0 is an infinitesimal bending of M. Let X\, X 2 be an orthonormal moving 
frame on M. Then 

^ = {dzix^xj) + {Xi^dZiXj)) 

at r=o 

by the argument on pages 171-172; since Z is an infinitesimal bending we thus 
have 

(1) j t = 

On each surface we can define an orthonormal moving frame X\ (/), 

by applying the Gram-Schmidt orthonormalization process to OL{t)^X\, 
< 5 (/) + A 2 . Let 9 l {t) be «(/)* of the dual forms for this moving frame, so that 
0 ; (O) = 6 l , the dual forms for X\, X 2 . Equation (1) is easily seen to imply that 

( 2 ) 0 = ^ - 0 l (t) = 9 l ^ say. 

For each t we have unique forms co l j(t) with 

^{(0 = -ojj (0 

⑶ • 2 . . 

d6 i (t) = — (/) a 9^ (t). 

i=i 
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Letting ，= 0, we see that a) l j(t) = co l j, the connection forms for Xi,X 2 . Now 
differentiate (3) with respect to t. Since (Problem 2) we always have 


(dr])' = dr] 

for any 1-parameter family of forms r](t), we obtain, using (2 )， 

• i - j 

0)j — —COj 

2 2 

0 = d9^ = (dd^y = — 〉: d)j a 9 J — 〉: (Oj A 9^ 

7=1 J = 1 


It follows that d)\ = 0. Now we differentiate the equation 

dco\{t) = K{t)0 x {t) A9 2 {t), 

to obtain 

0 = dd>\ — {do)\y ~ K 6^ A 9^ +0. 

Thus we see that we always have 

= 0 . 

It now seems a natural enough question to ask when we have H = 0. The 
answer to this question is left to Problem 4. 

Another question, especially interesting in view of Lemma 6, is to find those 
surfaces M which possess an infinitesimal bending Z that is everywhere tangent 
to M. Once again, surfaces of rotation are obvious examples. Moreover, one 
can easily show that if Z is an infinitesimal bending of M which is tangent 
to A/, and f: M ^ M is an isometry, then Z = /*Z is an infinitesimal 
bending of M. 

Again we can show that “in general’’ these are the only such surfaces. Given a 
nowhere 0 infinitesimal bending Z tangent along M ，we choose an immersion 
f \ U — M such that the u-parameter curves lie along the integral curves 
of Z, and the w-parameter curves along the curves perpendicular to them. 
Then !/ = /*(,) has the form 


\f = E du ® du G dv ® dv. 
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By assumption, Z is always proportional to df/dv ，and it will be convenient to 
write Z as 

入 V A . 

72- 


Z VGdv 

Then the equations 

o = (Zi, /i) = (Z 2 , fi), 

lead to 


dE 

dv 


0, 


dX 

dv 


0 , 


\fG 

0 = (Z l ,f 2 ) + (Z 2 ,f l ) 

偵） 


3u 


0 . 


From the first we see that we can alter the immersion / so that E - 
erywhere. From the third we see that we can likewise arrange that X 
everywhere. Then our metric has the form 


i ev- 

Vg 


du ® du + X(u) 2 dv ® dv, 


as desired. 

Most of these local results are rather unsatisfying, since they usually require 
some subsidiary conditions of the same nature as those used in the classical clas¬ 
sification of flat surfaces. But there are certain questions where local results are 
precisely what we should be interested in. We have already seen (pages 209—210) 
that there are isometric compact surfaces in R 3 which cannot be connected by 
a bending. But it seems likely that isometric surfaces can locally be connected 
by a bending. Actually, the argument on page 210 shows that even this is false, 
since a surface of positive curvature can never be bent into its mirror image. So 
we should instead conjecture that given any two isometric surfaces, the first can 
locally be connected by a bending to the second or else to its mirror image. 

To investigate this question, we consider once again the Darboux equation. 
From the considerations on pages 143—146 we see that the immersions / = 
(w ， u, w) : U M 3 defined in a neighborhood of 0 e M 2 such that 

(i) If = E dx ® dx + F[dx ® dy + dy ® dx] + G dy ® dy 

(ii) u;(0) = it?i(0) = W2(0) = 0 

(iii) w(0) = u(0) = 0 

(iv) u\(0) = 0, W 2 ( 0 ) > 0 ， i;“0) > 0 

are in one-one correspondence with the solutions w of the Darboux equation 
which satisfy (ii). Writing the Darboux equation as on page 146 [equation (6 )]， 
we see that the following holds: 
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(*) Let E, F, G be the components of a metric in a neighborhood of 0 e R 2 , 
and let p, o be two functions in a neighborhood of 0 G R with 

/o(0) = //(O) = a(0) = 0 

，⑼券 0. 

Assume E ， F,G and p,a are analytic, unless the curvature K satisfies 
尺 ( 0 ) < 0 . Then there is a unique immersion / = (w, v, w) defined in a 
neighborhood of 0 G IR 2 such that (i)-(iv) hold, and for which 

w(x,0) = p(x), w 2 (x,0) = a{x). 

From this observation it is but a short step to 


18. LEMMA. Let 0 : M — M be an isometry between two surfaces A/, A/ c 
R 3 and let X € M p be a vector such that ll{X p ,X p ) and are 

either both positive or both negative. Assume that M and M are analytic 
surfaces, unless K(p) < 0 . Then there is a neighborhood U of p and a bending 
a?: [0,1] x (/ -> M 3 with = identity and 5(1) = 0. 

PROOF. Choose immersions / = (w, v, w) and / = (w, v, w) taking a neigh¬ 
borhood of 0 G M 2 into M and M, respectively, with /⑼ =/; and /⑼ = 
cf>(p). Without loss of generality we can assume that both / and / satisfy the 
conditions (ii)—(iv) above, and that X p = /*((1 ， 0)) and (f>^X p = 7*((1,0)). Let 
\f = \j have components E, F,G. For 0 < / < 1 ， let 

p t (x) = (1 - t)w(x,0) + ru)(x, 0 ) 

a t (x) = (1 - t)w 2 (x, 0) +tw 2 (x,0). 


Then (ii) gives 

(1) A ⑼ =A’ ⑼ = ⑼ = 0. 

If l,m,n and l,m,h are the coefficients of II/ and II/，then by assumption 
ll(X p ,X p ) = /(0,0) and Tl{((>*X p ,^X p ) = 1(0,0) have the same sign. Now 


/n 


/(o,o) 


y/EG - F 2 


y/EG - F 2 


/l 


at ( 0 , 0 ) 

h) 

1 


U\\ 

Vii 

\ 

U\ 

Vl 

m I 

U2 

V2 

) 


[formula (A) of Chapter 3] 


at ( 0 , 0 ) 
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=j 1 ( 0 , 0 ) • wii( 0 , 0 )- w 2 ( 0 , 0 ) • u,( 0 , 0 ) by (ii) and (iv), 

V EG — F 2 

and similarly for 1(0,0). Using (iv), we see that W\\ (0) has the same sign as 
/(0,0), and similarly for u)n(0); so W\\(0) and W\\(0) have the same sign. It 
follows that 

( 2 ) PAO) / 0 . 

By (*), there are unique immersions f t = (w r , v t , w t ) defined in a neighborhood 
of 0 G M 2 such that (i)-(iv) hold, and for which 

u^(x ，0 ) = p t (x), (w t ) 2 (x,0) = a t {x). 

The uniqueness implies that fo : = / and /i = /. 

The only details which need to be checked are that all f t can be defined in a 
common neighborhood of 0 G M 2 , and that the f t vary smoothly with t. This 
unrewarding task is left to the reader♦ 

19. THEOREM (E. E. LEVI). Let 0 : A/ —> M be an isometry between two 
surfaces A/, M C M 3 , and suppose that p G M and (p(p) e M are not planar 
points. Assume that M and M are analytic surfaces, unless K{p) < 0. Then 
there is a neighborhood U of p and a bending a : [0, 1 ] x (/ M 3 with a(0)= 
identity and either a(l) = 0 or a(l) = R o where /? is a reflection. 

PROOF. Since p and (p(p) are not planar points, there are at most 2 asymptotic 
directions at these points, and thus certainly a tangent vector X e M p such that 
11(^, X) and 11(0*1 ， 0*^0 are both non-zero. If they have the same sign we 
apply Lemma 18; if they have opposite signs we apply Lemma 18 to M and 
R{M). ❖ 

We know that the reflection R has to be allowed if K(p) > 0 . It turns out 
that R is unnecessary if K(p) < 0. We begin with a preliminary result. 

20. LEMMA. Let E, F, G be the components of a metric in a neighborhood of 
0 e M 2 , and v g M 2 o a given tangent vector. Assume that E, F,G are analytic, 
unless K < 0. Then there is an immersion / = (w, u, w) in a neighborhood 
of 0 such that I f has components E, F, G, and /*(v) is not an asymptotic vector 
on the image of /. 
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PROOF, Without loss of generality, we can assume that v = (1,0). Then choose 
any two functions p,a satisfying 

〆 ()）= 户’⑼ = a (0) = 0 

/⑼ # 0 ， 

and consider the immersion / determined by (*)，with 

W2(0) > 0 ， ui ⑼ >0 

u;(a:,0) = p{x) => u ； u(0,0) =/)"(0). 

The calculation in the proof of Lemma 18 shows that 

/(0,0) = , 1 - ⑴ -0、. 1^11 (0,0) - W 2 (0,0) • ui(0,0) / 0. 

s/eg - F 2 

This means that /*(v) is not an asymptotic vector. 

21. THEOREM (E.E. LEVI). Let 0: M M be an isometry between two 
surfaces M, M C K 3 , and suppose that K(p) < 0. Then there is a neighbor¬ 
hood U of p and a bending a: [0,1] x {/ —> M 3 with «(0) = identity and 

PROOF. We just have to show that a neighborhood of p in M can be bent 
into its mirror image R(M). Let X G M p be an asymptotic vector. Then there 
are vectors Y arbitrarily close to X in M p with II(y, Y) > 0, as well as vectors 
arbitrarily close to X with II(F, Y) <0. Lemma 20 says that there is (locally) 
an isometry i/r: M — M C M 3 such that ^(A^) is not an asymptotic vector 
on M. We can assume, by composing M with a reflection if necessary, that 
Tl(x/f^X,\lf^X) > 0. Then the same inequality holds for all tangent vectors of 
M^( p ) in some sector containing i/f* X. So we can choose Y e M p with 

11(7, Y) > 0, U{^Y, xj/^Y) > 0, 

and it follows from Theorem 19 that there 〜 is a bending of a neighborhood of p 
in M onto a neighborhood of \l/(p) in M. But we can also choose Y e M p 
with 〜 

ii(y, Y) < o, > o ， 

and then it follows that there is a bending of a neighborhood of R{p) in R{M) 
onto a neighborhood of in M. Consequently, there is a bending of a 

neighborhood of p in M onto a neighborhood of R{p) in R{M). ♦♦♦ 
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This little proof, clever as it is, certainly doesn’t give any idea of what is going 
on geometrically. E. E. Levi supplied a geometric description of the bending in 
the special case of a surface M of constant negative curvature whose asymptotic 
directions are perpendicular at p € M. Rotation through an angle of n/2 



around the normal at p takes M into its reflection R through the tangent plane 
at p. But the isometry M 一 R(M) thus obtained is not the same as R\M. To 
modify this, we consider the series of isometries obtained as follows. At time t, 
we first perform a rotation A, through an angle t around the normal, and then 
compose A t \M with a map B t : A t (M) A t (M) of the surface of constant 
curvature A t (M) onto itself which rotates the tangent space M p back by an 
angle of ~t. For f = 丌 /2 we obtain the map R\M. 

These results of E. E. Levi [1] were proved nearly 30 years after A. Voss had 
first explicitly pointed out that a distinction ought to be made between warpings 
and bendings. Levi’s results were regarded as demonstrations that these distinc¬ 
tions really did not exist (at least locally). Of course, Theorem 19 does have the 
added hypothesis that p and <f>(p) are not planar points; in E. E. Levi’s original 
theorem, there was the stronger requirement that K(p) ^ 0 . Such require- 
ments were regarded, if they were regarded at all, as merely technical details. 
Remarkably enough, H. Schilt [ 1 ] discovered that Theorem 19 is actually false if 
the point is a flat point, even if all points in a neighborhood of p have K < 0. 
We will outline the arguments here, but for some of the details the reader is 
referred to Schilt’s paper, which is very clearly written and easy to follow. 

Consider a surface M which is the graph of a function h : R 2 —^ M with 
0 = /7(0) = /?i(0) = h 2 (0). If the curvature 夂⑼ < 0, then M looks like a 
“saddle”，as we saw in Chapter 2 . But if X( 0 ) = 0 , and 尺 < 0 in a deleted 
neighborhood of 0, then it can be shown that M looks like a “generalized 
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monkey saddle ”： inside a sufficiently small circle C around 0, the zero set of h 



consists of an even number 2X of curves starting at 0 and ending at C, with no 
points in common except 0; the sign of h on the sectors between these curves 



is constant and changes as we go from one sector to another. The number 
s — X-\ is called the order of the saddle point at 0. An ordinary saddle point, 
where 尺 (0) < 0, has order 1， while the monkey saddle has order 2. The graph 
of h(x,y) = Rt(x + iy) s+{ has order s. 

The order of a saddle point can be described in another way，by considering 
a closed curve in M going once around p in the positively oriented sense. It 
turns out that the image of this curve under the normal map goes s times 
around the normal at p, but in the negatively oriented sense. The following 
picture illustrates this for the monkey saddle. 
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Finally，the order of a saddle point may be described in yet a third way. In 
the region where K < Q, the principal curvatures k \, kz are of different signs, 
say > 0 > k 2 . So we can pick out the 1-dimensional distribution of all 
multiples of the principal directions corresponding to the principal curvature k \, 
say. Notice that if e M p is a principal direction with principal curvature k\, 
and X p is a perpendicular vector with (X p , X p ) positively oriented, then there 
is just one unit asymptotic vector Y p in the quadrant of M p bounded by X p 
and X p . Moreover, if we start with —X p instead of X p , then we just end up 



with —Y p . Thus we can also pick out a 1-dimensional distribution consisting of 
all multiples of an asymptotic vector at each point. 

Another way of stating these facts is the following: the principal curves and 
the asymptotic curves can each be separated into two distinct families in the 
region where K < 0.* The following picture shows the projections on the 
(X ， j)-plane of the two families of asymptotic lines (one indicated by solid lines, 
the other by dotted lines) for the ordinary monkey saddle. 



*Schilt [1] tries to do this for the asymptotic curves by looking at the signs of their 
torsions, which have to be different by the Beltrami-Enneper theorem. But this doesn’t 
work at points where the torsions don’t exist. 




234 


Chapter 12 


Now one can define the index of any one of these distributions (Addendum 2 
to Chapter 4); this index i is a half-integer, and is clearly the same for both 
families. It is related to the order s of the saddle by 

(*) ^ = 1 — 2i. 

For example, the monkey saddle, with s = 2, has / = —1/2 (compare the above 
picture with the one on pg. III. 219). On the other hand，if 0 is a parabolic 
point，then the asymptotic curves have no singularity at 0, so /• = 0 and s = 1 ， 
just as in the case of an ordinary saddle point. 

Proving (*) is not completely straightforward, but the relation is very impor¬ 
tant, for it leads immediately to the result that s is a bending invariant: given a 
bending a : [0,1] x M IR 3 of the inclusion map of M into M 3 , each surface 
ot(t)(M) has a saddle at a(t, 0), and for all t the order of this saddle iss. For the 
proof one merely observes that the principal curves or asymptotic curves vary 
continuously, and therefore always have the same index. 

One might think that this result is hardly worth mentioning, on the grounds 
that s should actually be a warping invariant: any surface isometric to M also 
ought to have a saddle of order s. But this is not true! For suppose that M 
is an analytic surface with a saddle of order s > \. By Lemma 20， there is a 
surface M isometric to M such that the point corresponding to /? is a parabolic 
point. Thus the saddle order at this point is ^ = 1. Consequently, there is no 
bending from M to M; indeed, no neighborhood of the saddle point on M can 

be bent onto its isometric image in M\ 

These examples of isometric surfaces which are not even locally connected by 
a bending all have K < 0 in a neighborhood of the point with K = 0. But Hopf 
and Schilt [1] show that, for certain classes of surfaces，the order of contact of the 
graph of h with the (u)-plane is also a bending invariant, but not a warping 
invariant. This allows them to give examples of the same phenomenon, but for 
surfaces with A ： = 0 at one point and A ： > 0 in a neighborhood of the point. 
They are also able to show that Theorem 21 fails if K(p) = 0, even if 尺 < 0 
for all other points in a neighborhood of p. 

It should be mentioned that the present proofs of Theorems 19 and 21 (which 
slightly strengthen E. E. Levi’s original result) are due to Schilt, who also ob¬ 
served that the above analysis of the Darboux equation can be used to prove the 
following: If p G M is not a planar point, then [assuming M is analytic，unless 
K(p) < 0] some neighborhood of p has a non-trivia! bending. Actually, this 
result holds without assumptions of analyticity when K(p) > 0, although the 
proof is much harder; in fact, this comes out of the proof that a convex surface 
with a disc deleted is bendable (see Hellwig [1]). However, the case K(p) = 0 
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is unresolved. There is a startling result of Efimov along these lines (see Efi¬ 
mov {1}，Chapter IX， and Hoesli [1]): There exist infinitely many examples of 
analytic surfaces containing a point p such that no neighborhood of p has any 
non-trivial analytic bendings; in fact, any smooth bending of this neighborhood 
into analytic surfaces is trivial. A specific example is {(.x, y y z):z = (x 2 + y 2 ) 5 } 
with p — 0 e M 3 . Whether there are examples where no neighborhood has 
any non-trivial bendings into C°° surfaces is unknown, and certainly a highly 
intriguing question. As far as I can tell, it is not even known whether every C°° 
surface is locally warpable. 

With these considerations we finally end our investigation of rigidity for sur¬ 
faces in R 3 . So far we have said absolutely nothing about surfaces in S 3 or H 3 . 
Recollection of Chapter 7F might make even the stoutest hearts quail at this 
prospect, but fortunately there is an incredibly neat trick, due to Pogorelov {3}, 
which reduces almost all such questions to the case of surfaces in M 3 . Since 
Pogorelov’s book is written more in the style of the Russian school, and includes 
many results specifically tailored for such a study, we will give a treatment of 
the main points totally from the C°° point of view. 

In Chapter 7A we considered the central projection 0 : S n+ —^ from the 
open northern hemisphere S n ^~ of S n onto M' It is easily computed that 

(p(x) = ( Xl ，…， for x G S n+ . 


Let * = (0, • • • ， 0, 1) be the north pole of S n • Then 0 can also be described by 
<p(x) = X - 〈久 ’*〉 • * G M n x {0} C M” +1 . 

(x,*) 


Now let f\，fi . M — S n he two maps of a Riemannian manifold M into S n . 
Define f\ \ M ^ W 1 (actually, into R n x {0}) by 



hip)= 


A(p) - (A(p),*) - * 

(fl(p) + f2(pl *) ， 


and define /2 similarly (this formula makes sense so long as f\ + /2 is never 
perpendicular to *，which happens, in particular, if f\ and /〗 both go into 
S n+ ). ' 


22. PROPOSITION. The two maps /i ， / 2 : M — S n induce the same (pos¬ 
sibly degenerate) metric on M if and only if the two maps fu \ M — R n 
induce the same metric on M. 
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PROOF. For the R w -valued form df\ we compute from equation (*) that 

(1) (/l + ,2, Wi = (/l + h^)[df\ - (d/i，*> • *] 

-〈办 + rf /2, - 


[This equation means that 

(2) (A(P) + Mp ),*) 2 dfdX) 

= (Mp) + fi{p),*)[dfx{X)- (dA(X),*)-*] 

-(dMX) + df 2 {X),*)-[Mp)-(Mp),*)-*] 

for all X e M p .] 

Since (f\, f\) = 1 =>• {df\, f\) =0, we have 

{/i+ f2,*) 4 WA\ 2 = (A+ fi,*) 2 [\dA\ 2 - idA,*) 2 ] 

+ 2(A + f 2 , *) {dfx + df 2 , *) (A ，*) (dfi，*) 

+ (dfi+df 2 ,*) 2 U-{A，*) 2 ] 

=(/i + /2, *) 2 \df\ I 2 + {df\ + dfi, *) 2 

- [(/i + f2,*){df\,*) - {df\ + df 2 ,*){f\,*)] z 
=(fi + fi, *) 2 \dfx\ 2 + {df x +df 2 ,*) 2 
- [(/2, *){dfi,*) - (df2, *){f\,*)] 2 , 

which is symmetric in f\ and if and only if \df\\ 2 — \dfi\ 2 . ♦♦♦ 

Remark: Even if f\ and fi are immersions, the maps /! and fi need not be. 
However, if * is not a linear combination of f\(p) and any vector df\(X) for 
X £ M p , then the vectors df\{x) — {df\(X), *>* and f\(p) — {f\(p), *>* in (2) 
are linearly independent, so df\(X) / 0 for all X G M p , and f\ is an immersion 
at p. 

Suppose we have two maps f\, fi - M ^ R n C R w+1 . We define /i: M —> 
S w by 

h 2 Mp) + (i-\Mp )\ 2 + \f 2 {p)\ 2 )-* 
mp) ~ |2/ 1 (/；) + (1-|/ 1 (/；)| 2 + |/ 2 ( 冲 2 ).*|’ 

and we define fi ： M ^ S n similarly. It is easy to compute that if we begin 
with two maps /i,/ 2 ： M -> S n , form f\, f 2 : M ^ R n 2ls before, and then 

A A 

apply the present construction to /i, fi, obtaining f\, f2'. M —^ S n , then 

/i = /i, h=fi. 
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Similarly, if we start with /i,/ 2 : M M n , then 

= fu h - h- 

Hence 


23. COROLLARY. The two maps f\-> f 2 M induce the same metric 

on A/ if and only if the two maps f 2 ' M — S n induce the same metric 
on M. 

On the other hand, our new constructions also preserve the notion of con- 
gruence. 


24. PROPOSITION. Let A be an orthogonal map of so that A : S n ^ 
is an isometry，and let /i,/ 2 : M ^ S n be maps with } 2 = Ao J]. Sup- 

PO se that we can define f x ,f 2 : M R n . Then there is a Euclidean motion 
A: R n R” such that = A o ][• 

PROOF. We just have to show that 

l/i( 尸 ) 一 f\(q )\ 2 = \fi(p) - ,2(9)l 2 

for all p,q G M. For any x with x + Ax not perpendicular to let 
be a multiple of x such that 

(1) (x s + Ax^^) = 1 . 


Then 


7 / v _ f\(P) ~ 〈 /i(/0，*》* 
Tfx(p) + A{f x {p))^) 


= f\{pf - (Aipf,*) - *, 


and similarly for f x {q), f 2 (p), f 2 (q). Set z = /,(/?)•* - f x (q)K Then 


\f\(p) - f\{q )\ 2 = k - (z,*> - *| 2 = \z\ 2 - (z ,*〉 2 
I/ 2 CP) - f 2 (q)\ 2 = \Az - {Az,*) - *\ 2 = \Az\ 2 - (Az,*) 2 . 

But \Az\ = |z| ? while 


(z + Az, *) = (/1 (p)^ -f Af\(p)^ — [fi (q)^ + A f\ (q)^] y *) = 0 ? by (1) 
=>* 〈 z，*〉 2 = (Az,^) 2 . <♦ 



238 


Chapter 12 


25. PROPOSITION. Let B: R n ^ R n be an isometry, and let f\, f 2 '- M — 
R n be maps with f 2 = B o f x . Then there is an isometry A: S n ^ S n such 


that /2 = 
PROOF. 


4 0 /i. 

Define p\,pi \ ^ S n by 


p\(y) 


2y + (l- \y\ 2 + \By\ 
|numerator| 



piiy )= 


+ (1 - \y\ 2 + l^ -1 ^! 2 ) - * 
I numerator I 


so that 


/i = Pi 。 /i, Pi o h. 

It is clear that p\ and p 2 are continuous. We claim that p\ and p 2 are one-one. 
Suppose instead that y z gW 1 , but p\ (y) = p\(z). Clearly y and z must be 
linearly dependent, so there is a unit vector u G with 少 = 入 1 ； and z = jiv. 
Then p\ (y) = p\(z) implies that 


_2A___2/x_ 

I numerator for pi(j)| | numerator for p\ (z)| 

1 - 入 2 + 刚 2 _ l-fi 2 + \Bz\ 2 

I numerator for p\{y)\ | numerator for Pi (z)| ’ 


and hence 

1_X 2 + |5>-| 2 l-fi 2 + \Bz\ 2 

(1) — r^ = - M ^• 

Let B = T w o C ， where C is a rotation, and T w is translation by a vector w. 
Then 

\By\ 2 = |C(Xv) + u;| 2 二入 2 + 2<C(Ai；), w) + |u;| 2 
\Bz\ 2 = fi 2 + 2(C(fiv),w) + \w\ 2 . 

So (1) becomes 

1 + . |W|2 + 2(C(t;),u ；> = 1 + k|2 + 2(C(u),u；). 

人 

Hence 入 =/x =» y = z. Similarly, pi is one-one. 
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Since 灼 and p 2 are continuous one-one maps between manifolds of the same 
dimension, their images are open, by Invariance of Domain (Theorem 1.1-1) 
So we can consider the map P 2 o B opr 1 , defined on some open set in S n 
We claim that this map preserves distances on S n , and is thus the restriction of 
some isometry A. Since 

fl= P 2 ° fl= Pio B o f x = p 2 Q B o p 厂 1 O p x o = p 2 o B o P! -1 o /,, 

this will prove the Theorem. 

It suffices to show that 


IPiCy) - Pi(:)| 2 = \pi{By) - p 2 (Bz)\ 2 , 

since the distance between two points in S n is determined by their Euclidean 
distance. Clearly, we just have to show that for all y and z we have 


If 


(PiCv) ， Pi(z)> = iP 2 (By), p 2 (Bz)). 


a (y) = 2y + (l - \y\ 2 + \By\ 2 ) - * 
b(y) = 2By + (1 - \By\ 2 + | 少 | 2 ) • *， 


then 


pi w 


a(y) 


PiiBy )= 


Hy) 


So it suffices to show that for all _y, z e we have 


( 2 ) (o(y),a(z)) = {b{y),b{:)). 

Now 


⑶ I 〈 a(_V) ， fl(z)〉= 4(y,z) + (1 - \y\ 2 + \By\ 2 ){l - |-| 2 + \Bz\ 2 ) 

\ {b(y),b(z)) = 4{By, Bz) + (\ - \By\ 2 + |y| 2 )(l - \Bz\ 2 + |r| 2 ). 

Writing B = T w o C as before, we have 


\ B y\ 2 = l.vl 2 + 2{Cy,w) + \w\ 2 
\Bz\ 2 = |r| 2 + 2(Cr, w) -|- \w\ 2 , 
and 

{By y Bz) = (y y z) + {Cy + Cz,w) + \w\ 2 . 
Substituting into (3), we obtain (2). 
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The hardest problem is to show that our construction preserves convexity. 
This holds only in certain circumstances, which requires a preliminary remark. 
We say that a hypersurface M C S n+ is star-shaped with respect to * if each 
geodesic ray starting from *, and contained in intersects M exactly once. 
Clearly M has a natural orientation, just as in the case of hypersurfaces M C M” 
that are star-shaped with respect to 0. Our results will hold only for imbeddings 
fu h'- M — S n+ or R w whose images are star-shaped with respect to * or 0; 
moreover, for some orientation on M, the induced orientations on /i(M) and 
/ 2 (M) must be the natural ones. 

Before giving the precise results, we consider one more preliminary. Let y 
be an arclength parameterized curve in S n . Then the Frenet equations for S n 
give 

小 )n( 和 T ， ⑷ 
as 

=y"{s) - (y"(s),y{s)) y(5). 

But 

(y,y) = 1 </,y) = 0 〈 y 〃， y> = — 〈 〆 ， 〆〉=-L 

So we have 

y"(s)= 咖 ) n ⑷- y(s). 

Hence 

h 2 7 

(*) y{s + h) = y(s) + hy\s) + —y ,; (s) + o(h ) 

( l2 \ 办 2 

1 - y j y(5) + ht{s) + y/f(5)n(s) + 0 (h 2 ). 

26. PROPOSITION. Let M be an oriented (n - 1)-manifold, and let f\, fi' 
M S n+ be two imbeddings such that fi(M) and fi{M) are convex and 
star-shaped with respect to *, and such that f\ and induce the same metric 
on M, and the natural orientations on /i(M) and Suppose, moreover, 

that the second fundamental forms of f\(M) and fi{M) are positive semi- 
definite. Then the same is true for the second fundamental forms of f\(M) 
and / 2 (M) in M". (Note that under the given hypotheses, f\ and f 2 will be 
immersions, by the Remark after Proposition 22.) 

PROOF. Let c be an arclength parameterized curve in M (with the metric 
induced by f\ or / 2 ). Apply (*) to the arclength parameterized curve Y f\ oC 
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in S n 、letting ti and n! be its tangent and normal，and k\ its curvature. We 
obtain 

( \ 

/i(cQ + h)) = M — — J /j (c(*y)) + ht\(s) + —K\ (^Jni (s) + o{h 2 ) 

4 




h 2 \ h 2 7 

x\ + ht\ H — —/c*i iij - o(h ) for short, 


and similarly 


+ /?)) = (1 - S) f 2 {c{s)) + ht 2 (s) + yff 2 (-y)n 2 (^) + o(h 2 ) 


( 


h 2 \ h 2 y 

1 — ~ I a ：2 + hti + —K2^2 + o(h ) for short. 


So 

(1) f\{c{s + h)) 


(1 — x \ ht\ + ni + o(h 2 ) 一 ((1 — x\ + ht\ + ni + o(/? 2 ), *〉* 

((1 一誓 )(X! + X2) + h(t\ + t2) + 誓 (/C*ini + K 2 n2) + o{h 2 ),^j 


Writing this as 


and noting that 


v - 令 v + hV 
a — 琴 a + hA 


v - + hV v + hV 

a — K-a. + hA 0 ( + hA +/^) ( a + 六」） 


u = xj — (xj, *〉* 
CX = {xi + x 2 ,*), 


^-{aV ~Av) 


we see that (1) can be written 

. h 2 I h 1 \ 

x\ + ht\ + —K ： \n\ - Lvi + ht\ + —/cjiii, *U 
(2) f\ (c{s + h)) = --- - ^-(- + 0(/? 3 ), 


+x 2 + h(t\ +t 2 ) + —(/c-iii! +/c 2 n 2 ),* 


where 0(h 3 ) denotes a function such that 0(h 3 )/h 3 is bounded as h 0. 
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Expanding equation (2) out up to terms of order h 2 , we find that 

⑷） 

-(ti +t 2 ,*)/i(c(s)) + ti - (ti,*)*} 

|{ti +t2,*)/l(c(5)) - ti + 


(3) Mc{s + h)) - fdcis)) 
h 

{x\ + X 2 , *> 

+ /i 2 (tl + t 2 , *) 
{X\ + X 2 , *) 2 

h 2 


2{x\ +x 2 ,*) 


j —(/Cl Ill + K2U2, *) /i(c(5)) +《ini — {/fllli,*}*| 


+ 0(h 3 ). 

Let M be the unit normal of f\{M) at /i(c(s)). Clearly 

Um o. 

A—o\ h 


So equation (3) implies that 


(4) 


/—(ti + t 2 , *) f\(c{s)) + tl — (tl, *)*, — 0- 


Using (4), and the fact that {N u *) = 0 (since f\ (M) lies in x {0}), equation (3) 


now gives 

(5) (/i(c(s +h)) - f\(c(s)), N\) 

K\h 2 


2(X] + x 2 , *) ' 

K 2 h 2 


(ni,*)/i(c(i)) + n l5 TVij 

(n2,*X/i(f(5)),M) + 0(/j 3 ). 


2{^i +.x 2 ,*> 

Since Taylor，s Theorem shows that the second derivative a" of a function a is 
given by 


a" ⑴ =lim 
h^o 

equation (5) implies that 


a(.\ + h) + a(.v -h)- 2a(.x) 
~h 2 ’ 


K\ 


(A ! + X2, *> 
K2 


{X\ + X 2 , *> 


J-{ni,*)/l(f(5)) +ni, 


{n 2 ,*){f\(c(s)),N\). 
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The term on the left is the second fundamental form of f\(M) applied to 
((/l ◦ （/l 。 c*)' ⑷） • So it suffices to show that it is always > 0. Since 


^1 

(x { + x 2 , *) 


> 0 


and 


K2 

{X\ +X 2 ,*) 


> 0 , 


it suffices to show that 

(6) |-(ni,*)/i(c(5)) + ni, > 0 and - (n 2 , *>{/i(c(5)), N { ) > 0. 


We can also assume that N\ is the normal to the tangent plane of f\{M) at 
/i(cOO)，since we can choose c so that /i o c is a normal section of 
Equation (6) is then proved in the following Lemma, whose statement introduces 
some more convenient notation. 


27. LEMMA. Let P and Q be the tangent planes of f\{M) and at the 

points a 0 = f\{p) and bo = and let c。= Let a n and b n be the 

unit normals to P and Q at and 6。， and let c n be the unit normal to the 
tangent plane of /i(M) at c。. Then 

(— 〈a«，*〉c 0 +a n , c n ) > 0 and - (b n , *) - (c 0 ,c„) > 0. 

PROOF. Choose positively oriented unit orthonormal vectors a\,... ,a n -\ at 
the point ao in P, let 6i, … ,b n -\ be the corresponding vectors at bo in Q, and 
let Ci,... ， c n -\ be the corresponding vectors at c。in the tangent plane of f\ (A/) 
at Co. Then for some C > 0 we have 


(7) a n = ao x - x a n -\, b n = b 0 x - x b n _ u = C . * x Ci x • • • x c n ^\. 

Apply the formula for dj\, in the proof of Proposition 22, to the tangent vec¬ 
tor Xi in M p such that df (Xi) = aj. This gives, in the present notation, 

(«o + bo, *) 2 c,* = (^o + bo, *〉[“/- (^i, *>*] — (ai + 6/, * 〉 [a 。一〈 a。, *>*], 


and thus 


( 8 ) 


Ci = — 入 i。。) + (...)* / = 1 ， … — 1 ， 


where 


⑼ 


入，. = 〈 a ，’ + 6 ，’，*〉 


0 . . . . . ?7 一 1 • 
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Note also that Co is given by 

(10) co = & + (• • •)*• 

From (7) and (8) we obtain 


(11) c n = C ■ * x C\ x • • • x C n -\ 

C 


入 o%- 1 ) 
C 


-* x (A ， o^i — Ai^o) x ... x ( 入 oa”_i — A. n _ioo) 


入 o" 


{ 人 0(* X a\ x … X a„-\) - X\{* x ao x a 2 x ■ ■ ■ x a„-\) 
—…— 入 ”—i(* x ai x ... x a „-2 x flo)}- 


Consider first the quantity 


~(bm *) ' ( c 0) c n)■ 


First of all, we have 

(12) (*,b„) = (*,b 0 x ■ ■ ■ x b„-i) by ⑺ 



Also, 

(13) (co, c„> = + (•••)*, c ”〉 by (10) 

= -— {ao, * x «i x … x a„-\) by (11) 



Since f\ and fi induce the natural orientations on f\(M) and / 2 (A/), the 
determinants in (12) and (13) are both positive. Hence we do indeed have 


一 〈△«，*〉•〈(0, Oi 〉 〉 0. 
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Now consider 
First of all, we have 


(— *)^0 + “ n ， C n ). 


(14) 


Also, 




〈〜，*>• (c 0 ,c n ) 


C 


C 

V 


det 




^n- 


by (7) and (13). 


{c n ,a n ) = ^{ 入 。〈* x a\ x … x a n -\, a 0 x … x a n -\) 

一 Aj (* X dQ X . . • X Cl n — \ , Q，o X . • • X Cl n — \ ) 一 • •. 

- 入卜 “* X a\ X • • • X a 0 , a 0 X • • • X a n -\)} by (11). 
Using the formula (Problem 5) 

〈 u! x … x %,叫 x … x = det({u/, wj)), 

we obtain 

C 

{ c n ， a n ) = ^~^{入0〈*，“0> + 入 1+ … + 人 "_ 1 〈*， 

Substituting in from (8) yields 

C n ~^ 

{c n ,a n ) = - y^(a/, *) 2 + (a/, *)(6/, *) 

0 / =o 


C 


n-\ 




Since 

we get 
(15) 




i=0 


c 

{Cn,a n ) > 五 ^((*A > 2 - {*,a„) 2 ) 


C 
2 入 



「 / 60 \1 

2 

r / ao \i 

2 - 


det ( I 

_ 

det ( : I 



1 I 


l ^n—\ 1 



_ V * / _ 


L V * /J 
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From (14) and (15) we get 


*)^0 + a n-> ^n) ^ 2 入 0 « 

There is a result analogous to Proposition 26 when we begin with imbeddings 
into and construct the imbeddings into but we will not need it. It is 
probably already clear how the results which we have just proved can be used 
to transfer theorems from Euclidean space to the sphere. For example, keeping 
to dimension 3, which is the really interesting one, suppose we have two compact 
convex surfaces M,M C S 3 (each contained in some open hemisphere), and 
an isometry cx i M - > M. We claim that a is the restriction of a.n isometry 
A : S 3 S 3 . Without loss of generality, we can assume that M and M are 
contained in S n+ and are star-shaped with respect to *. Let f\ \ M ^ S n ^ 
be the inclusion map, and let fj' M — S n ^ be o ? 。几 then f\ and induce 
the same metric on M. We can also assume that M is oriented so that f\ 
and fi induce the natural orientation on M and M, by composing f 2 with a 
reflection if necessary. Then fj’. M —> M 3 induce the same metric on Af, 
by Proposition 22, and fi(M) and f 2 (M) have ^ > 0 by Proposition 26. So 
by Theorem 12, there is an isometry B: R 3 R 3 with ^ = B o f x . Then 
Proposition 25 shows that there is an isometry X: S 3 —^ S 3 with 

h = h 二 Ao ][ = 乂 o /! ， 

which shows that 

a o /i = A o /i => a is the restricition of A to f\(M) = M. 

Pogorelov states that essentially the same formulas can be used to transfer 
rigidity problems from hyperbolic space to Euclidean space, and he shows how 
problems of infinitesimal rigidity can also be transferred in this way. 

We also want to add a few remarks, of a different sort, about hypersurfaces of 
S n+l and H n+X . The proof of Theorem 1 carries over almost without change 
to this situation, so hypersurfaces of or H n+X are rigid if their type num¬ 
ber (the rank of X p (-> Vx p v) is > 3 at each point p. The hypersurfaces of 
S n+X and H n+1 with type number 2 at all points were studied by Dolbeault- 
Lemoine [1]. She divides them into the same three classes that E. Cartan found 
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for hypersurfaces of but it turns out that all hypersurfaces in one of the 

classes are rigid in S n+X and H n+l for any « > 3, while the hypersurfaces of 
the other two classes are rigid in S n+l and H n+l for any n > 4. Moreover, the 
hypersurfaces with type number 1 at all points are also rigid in S n+l and H n+{ 
for any n > 4. This leads her to conclude that for « > 4, all hypersurfaces 
of S w+1 and H n+X are rigid. Unfortunately, this does not follow directly from 
the preceding results, for it is conceivable that two hypersurfaces from differ¬ 
ent classes can be joined together in two isometric, but non-congruent, ways; 
whether this is actually possible is a question which still has to be cleared up. 

The only subject left for us to consider at this point is the rigidity of subman¬ 
ifolds of higher codimenson. There are two main results in this direction, a 
classical local one, and a modern global one. 

The classical result involves the notion of the type number of a submani¬ 
fold M n C M. m of arbitrary codimension. First an algebraic definition. Let V 
be a vector space, and let 7"i,..., 7^ : V V be linearly independent linear 
transformations. We define the type number of {7"i,..., 7^} to be the largest 
integer t for which there are t vectors v\,... ,v t 6 V such that the kt vectors 

T r {vi) \ <i <t, I <r <k 

are linearly independent. The type number of linearly independent matrices 
S\,..., Sk is defined as that of the corresponding linear transformations. Now 
for a point p € M n C we let k(p) be the rank of the map ^ 
from Mpi into the space of all symmetric maps of M p into itself (recall that 
A^ \ M p M p is defined by {A^{X), Y) = {s(X, Y),^)). Equivalently, k(p) 
is the dimension of the first normal space at p, which may be defined as the 
orthogonal complement in 丄 of { 专 ： = 0} (compare Addendum 4 of 
Chapter 7). Set k = k(p) and let 专 i ，…，匕 be a basis for the first normal space 
at p. If T r : M p M p is A^ r for r = 1 ， … ， A:，then 7"i,..., are linearly 
independent, and we can define the type number t(p) of M at to be the type 

number of {T\, • • • ， 7^}; it is easily checked that this definition does not depend 
on the choice of The following result shows that submanifolds with 

type number at least 2 cannot twist too much. 

28. LEMMA. Let N m be a manifold of constant curvature, and let M n be a 
submanifold with normal connection Z), whose first normal space Nor 1 M p has 
the same dimension k at all points, and whose type number is > 2 at all points. 
Then Dz^ ^ Nor 1 M p for any section ^ of Nor 1 M p and Z e M p . 

Consequently, if M is connected, then it lies in some (n + /c)-dimensional 
totally geodesic subspace of N. 
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PROOF. Locally we can choose orthonormal sections v w+ i, …， of Nor A/ 
such that ..., span Nor 1 M. Then A Vr = 0 => II r = 0 for 

r > ^ + /c. So the Codazzi-Mainardi equations (Theorem 7-14) give 

n+k 

0= ^ s (y,W)P r s (X) - \\ s (X,W)P r s (Y) r > n+k 

s=n+\ 

l 

n+k 

(1) 0= - ^ s (Y)-A Vs {X) r>n + k. 

s=n+\ 

By assumption, there are X,Y e M p such that the vectors A Vs (X), A Vs {Y) for 
s = n + l,... ,n + k are linearly independent Then (1) shows that 

(2) p r s (X) = p r s (Y) = 0 n + l <s <n + k, r > n + k. 

Moreover, for any Z e M p and r > « + A: we have 

n+k 

0= ^W-A Vs (Z) - P ： (Z)-A Vs (X) 

s=n+\ 

n+k 

=-E P ： (Z).A Vs (X) by ⑵ 

5=« + l 


(3) ^(Z) = 0 n + l < s < n + k, r > n + k. 

This shows that Dzv s e Nor 1 M p for « + 1 < s < n + k, and proves the first 
part of the theorem. 

Now consider the (n + /c)-dimensional distribution A(p) = M p ® Nor 1 M p 
along M. The first part of the theorem clearly implies that G A(p) for 

all sections ^ of A and Z G M p . So A is parallel along any curve c 1 ，by Pre- 
Lemma 7-7. The result then follows from Corollary 7-11. 

Remark: A curve in R m with /cj,..., all non-zero represents a counterexample 
to Lemma 28 when the type number is < 2. 

The extension of Theorem 1 of this chapter to submanifolds of higher codi- 
mcnsion rests on some more algebraic results. 
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29. LEMMETTE. Let 0 r , 少广，心 ， e F* for r = 1， • • •with 

k k 

二 l/v A l/v = A ^f r . 

r =\ r=l 


Suppose that 0 1? ... ■ ■ ■ ,^k are linearly independent. Then the same is 

true of the H and the subspace [0 卜 … ’ 办，少 1 ， … ’ 九 ] spanned by the <p r 
and i/v equals the subspace [<^ ， … ，心 ，，…， spanned by the 4> r and \[f r . 

PROOF. Recall that for u e and a> E we define vJcoe 卩灸 _1 (F) by 

u 」 <^( 的， Define a map f : V V* by 

/(v) = l>j( A l/^r I = • Vv - ^r(v) - (p r ■ 

' r=z\ 


Clearly 

range / C [<p x ,... ,(pk,^\, ■ ■ ■, ^k\- 

Moreover, by linear independence of the (pr and \j/ r , there is v G K with 
0,(v) = 1 and all other <p r (v) = ^/ r {v) = 0. Then f(v) = f u so 6 range /. 
Similarly, all cp r ,f r € range /, and we therefore have 

range / = 队 ， … ， 办，诊 1 ， … ， VOfc]- 


Now we also have 

k 

f(v) = ^ 击 r{”) • 屮 r — ^r{ v ) - 0r- 

r = l 

So _ 

[<p x ,...,4> k ,^x,...,\lf k ] = range / C . ， 4> k ,\jfu ■ ■ ■ ,^k]- 

Hence the subspace on the right has dimension > 2k. So it has dimension 
exactly 2k, which means that the H are linearly independent and that the 
two subspaces are equal. <♦ 


30. LEMMA (CHERN). Let S\,...,Sfc,S u ...,S k be symmetric n x n ma¬ 
trices, with Su...,Sk linearly independent, of type number > 3. Suppose that 
the sum of the determinants of corresponding 2x2 submatrices of the S r always 
equals the sum of the determinants of the corresponding 2x2 submatrices of 
the S r . Then we have 

k 

Sr — 〉: A sr S s 

s=\ 

for some orthogonal matrix A G O(k). 
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PROOF. Let T r ,T r :R n be the linear transformations with matrices 

S r ， S r . The hypothesis on the determinants of S r? S r is equivalent to the hy¬ 
pothesis that the maps 

T r *,T r *: Q 2 (R”）— Q 2 (R n ) 


satisfy 


k k 

E r ，= E f 二 

r = \ r=l 


in other words, for all 0/ ， 0y € V* we have 


k k 

(l) y. T *^ A = E n 八 〒⑽. 


Choose a basis {0/} for V* such that the 3k vectors {T r *((pi) : i = 1,2, 3} are lin¬ 
early independent. Applying (1) with i = \，j = 2, and using the Lemmette, we 
see that each 7V*(0i) is a linear combination of the 7^*(0 】 ) ， 7^*(0 2 ). Similarly ， 
each r r *(0j) is a linear combination of the r 5 *(0j), T s *((p 3 ). So each 7^*(0!) 
is a linear combination of the T s *((p'). The analogous conclusions hold for the 
d02) an d the T r *((p 3 ). Set 

s 

r/(0 2 ) = ^c r ,r/(0 2 ) 

s 

s 

Equation (1) gives us 

B - = I = C . = \, j = 2 and i = 2, y = 1) 

< C • D t = I = D (i = 2, y = 3 and i = 3, y = 2) 

,B • D x = I = D • B x (/ = 1, y = 3 and i = 3, y = 1). 

These imply that B = C = D and B • B x = I, so that B is orthogonal. Let 

T r : R n ^ R n be the linear transformation with 

T r * = TB sr T s *. 
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Then T r *((pj) = T r *((pj) for j = 1,2,3. We just have to show that this is also 
true for j > 4. 

Using (1) and orthogonality of B, we see that 

E 八 = E f *^j) A f r *(4>i) / = 1,2,3 

r r 

and hence 

[{f/ ( 勿）一 T r *{cPj)} a f/(0 f ) = O 1,2,3. 

r 

The T r *(cpi) are linearly independent, so by Cartan’s Lemma (Lemma 1-13 or 
Problem 1.7-11) the T r *{(j)j) - T r *((f>j) are a linear combination of the f r *(0/) 
for each i = 1,2. But {7^*(0,) : i = 1,2} are linearly independent, since 
{T r *(4>i) : i = 1,2} are, so we must have f r *(0y) - T r *{(pj) - 0. <♦ 

31 THEOREM (ALLENDOERFER). Let M n and M n be immersed sub¬ 
manifolds of M m , and let 0: M —^ A/ be an isometry. Suppose that the first 
normal spaces of M and M have the same constant dimension k at all points. 
Suppose, moreover, that the type number is > 3 at all points of M. Then cp is 
the restriction of a Euclidean motion. 

PROOF. By Lemma 28, there is no loss of generality in assuming that m — n+k, 
so that the first normal space is the whole normal space. First we will show 
that 0 is locally the restriction of a Euclidean motion. Choose an orthonor- 
mal moving frame X u ... ,X n imi neighborhood U of p, and let X ( = 
Choose orthonormal sections v n+l ,...,v m of the normal bundle of M, and 

D/i+i，•.., v m for the normal bundle of M. For q ^ U, define n x n symmetric 
matrices S r , r = n + l,... ,m by 

(S r )ij = W{Xi{q), Xj{q)). 

Define 孓 similarly, for the point 4>{q). Gauss’ equation, in the form given on 
Pg. IV 32, shows that the S r , S r satisfy the hypotheses of Lemma 30. Thus we 
see that there is an orthogonal matrix-valued function A on U with 

~ 〉: -^sr S s . 
s 

Using linear independence of the S r , and smoothness of the S r and S r , we see 
that the A sr vary smoothly with q. Now define new sections y ; „ +1 ，…， of 
the normal bundle of M by " T， " 

V 'r = ^ A sr V s . 

S 
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Then for the corresponding second fundamental forms we have 

ii'L 〈 w) ， vV 〉 

= ls(X,Y), ^2A sr v s \ 

' S ' 

= 

s 

In particular, 

ir r (x i ,x J ) = J2Asrii s (x i ,x j ) 

s 

= 〉 ： Ar i^s)ij 

s 

= (S r )ij 
= Ti r (Xi^Xj). 

Theorem 7-19 then shows that 0 is the restriction of a Euclidean motion on U. 

We claim that this Euclidean motion is unique. This is easy to see once we 
note that since the first normal space is the whole normal space, every normal 
vector at /? e A/ is c"(0) for some arclength parameterized curve in M. Having 
established uniqueness, it is clear that the local result implies the global one. ♦ 

To be sure, the hypothesis that the type number is > 3 is extremely strong for 
submanifolds of higher codimension, but Theorem 31 is very likely the best local 
result obtainable. It is therefore a pleasant surprise to find that there is a global 
result in this area. To end this chapter, with its vast areas of ignorance, on a 
more joyful note, we quote the following beautiful recent result ofj. C. Moore; 
the proof is somewhat lengthy, but uses only material which has already been 
developed here, the only somewhat non-standard result being Corollary 11-6. 

THEOREM (J. C. MOORE). If ， … ， A4 are compact connected Rie- 
mannian manifolds with Mi of dimension ni > 2, then any immersion 0 : M\ x 
• • • x Mk — is, up to a Euclidean motion, a product of immersions 

of the Mi as hypersurfaces. 

In particular, if the Mi are compact convex surfaces in M 3 , then A/i x ... x 
is rigid in M 3 ^, though not locally rigid. 
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ADDENDUM 

INFINITESIMAL BENDINGS OF ROTATION SURFACES 

We will be dealing with surfaces of revolution obtained by revolving a curve 
= (r(s),s) in the (x, z)-plane around the z-axis. Define 



y(0 = (cost, sin/, 0), 

so that in time 2n, the curve y goes once around a unit circle in the (x, y)-plane. 
Then our rotation surface is given by 

/(M)= 小） . y(t) + s -e 3 , 

where — (0,0,1). Here r(s) is smooth for so < s < s\, while r’Go) = —oo 
and r f (s\) = +oo. Considering for the moment only s G ( 扣 ，*^)， any vector 
field Z along / can be written uniquely as a linear combination of the three 
vectors y,y\e 3 , thus 

Z(s,t) = a(sj) - y{t) + b(s,t) - y f (t) + c(sj) - e 3 . 

Now Z is an infinitesimal bending if and only if 

(1) (/i,z,)=o ? </ 2 ， z 2 ) =0, {/i,z 2 ) + {/ 2 ,z 1 )=o. 

Since 

f\=r' Y + e-i h = r . Y' 

Zi = ai ■ y + b\ ■ y' + Z 2 = (a 2 - b)y + (b 2 + a)y' + c 2 e 3 , 

equations (1) become 

r' a\ + q = 0 

(2) 62 + a = 0 

r\a 2 — b) + rb\ + c 2 = 0. 
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Since a ， b，c must be periodic in t of period In, it is natural to look for solutions 
in terms of Fourier series 

00 

a(s,t)= eikt< Plc( s ) 

k=—oo 

oo 

b(s,t)= J2 eikt ^k{s) 

k=~oo 

00 

c(s,t)= eikt h 、 s), 

k=—oo 

where, in order that 如 ， should be real-valued，we must have 
⑶ 伞 -k = 本 k ， 伞 -k = H—k = kk- 

For a (complex-valued) solution involving a single k, equations (2) become 

r\s)(f> k \s) + ^ k \s) = 0 

( 4 ) ik^k(s) + (f>k(s) = 0 

r\s)[ikcp k (s) - \/fk(s)] + r(s)\l/ k '(s) + ik^ k (s) - 0. 

Differentiating the third equation, and then using the first two, we obtain 
(*) rf k " + (k 2 — \)r"\}r k = 0. 

Conversely，suppose we have a complex-valued function ^ satisfying (*)• Then 
the first two equations of (4) can be used to determine 0 灸 and then &. If we define 
♦-k ， ^-k^-k by (3), then (4) also holds for —k. Thus we will have real-valued 
solutions 

a(s,t) = e ikt (j) k {s) + e~ ikl 4> k (s) 
b(s,t) = e ikt ^ k {s) + e~ ik, \j/ k (s) 
c(s,t) = e ik %{s、+ e— ikt l k {s) 


of P). Any finite linear combination of solutions is also a solution. 

For = 0, we can solve directly from (4). The first two equations give 0 O = 0, 
and then So = constant A. Then the third equation gives 


0 = -rVo + r^ 0 , = r 1 



=> ~ Br 


for some constant B. 
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Thus we obtain the infinitesimal bending 

Zo(s,t) = Br(s) - y\t) + A - 

= [r(s) - y(t) + s -e 3 ]x Be^ + Ae 3 
=(f(sj) x Be 3 ) + Ae 3 , 

which is trivial. 

For fc = 1, equation (*) says that \j/\ is linear. In particular, one possible 
solution is 

二 Cs, C real. 

Then the second equation of (4) gives 

0i (s) = -iCs, 

and so the first equation gives ^ 1 ( 5 ) = iCr{s) + constant; in particular, we can 
take 

^i(^) = iCr{s). 

Then we have 

a(s,t) = 2Re e h (-iCs) = 2Cs sinf 
b(s,t) = 2Ree u C^ = 2Cs cost 
c(s,t) = 2Re e^iiCris)) = -2Cr(s)smt. 

This gives the trivial infinitesimal bending 

\Z\{s,t) = (C 5 sinOy(0 + (Cs cos t)y'(t) - (O ⑴ sinOq 
=K-s 1 ) - y(0 + se^] x [—C sin ty' + C cosfy] 

= f(s,t) X (C,0,0). 

Similarly, we can take 

^\(s) = iCs (C real), (p { (s) = Cs, ^( 5 ) = -Cr( 5 ), 

obtaining the infinitesimal bending 

^Z\{s,t) = [r(j) - y (’） + j。] x [—C costy , - C sinfy] 

= f(s,t) x (0,-C,0). 
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Obviously every trivial infinitesimal bending is a linear combination of the var¬ 
ious infinitesimal bendings Zq, Z\. Since the various are linearly indepen¬ 
dent, we see that any solution of (*) for k >2 leads to an infinitesimal bending Z 
which is not trivial. 

These considerations all hold only for the region 5o < ^ < that is, for the 
surface of revolution minus its two “poles，’. Given any infinitesimal bending 
obtained as above，we still have to see how it behaves at the poles (one can easily 
see, for example, that if we had picked — Cs + D with D ^ 0, then the 

corresponding solution，although not a trivial infinitesimal bending，would have 
a singularity at the poles). In order to do this，we consider the functions 
etc.，where r 一 1 really denotes two different functions, depending on which pole 
we are at. To be precise, we note that at either pole r _1 (x) makes sense for x in 
some interval [0,6：). We extend r~ l to a function p on {s,e) by requiring p to 
be even. We will assume that p is analytic at 0 (this is precisely what one needs 
in order for the surface / to be analytic at the poles). Setting 

=( Pk 0 P 
^k = ^k° P 
^ 0 P ， 

and noting that 〆 = \/r f o p, we find that equations (4) can be written 

p\x)E k \x) + <i> k f {x) = 0 
(5) ik^ k {x) + <i> k {x) = 0 

ik^ k (x) - %(x) + + ikp\x)E{x) = 0, 

while equation (*) becomes 

( 料） xp\x)^ k '\x) - : c〆' ⑴中 〆 (x) - (/c 2 - = 0. 

Now suppose also that p"(0) # 0. Then 

p\x) = p\0)x[l + •••]， p\x) - p〃 ⑼ • [1 + ***] 

and we can write our equation as 

.yV(0)[1+- . •]'V'(x)-xp"(0)[1 + .. 中 〆 ⑴ —(/c 2 -l)p 〃 (0)[l+ 林 *] 中 々 (.Y) = 0 

or 


(***) 


-Y 2 W) + xaix^ki.x) + = 0, 
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where a and ^ are analytic with 

_) = 一1， 卿 =1 一々 2 . 

Now equation (***) has a “singular point” at 0; we cannot put it in the form 
W) = (x), %’ （ x)) near 0, so we cannot apply our standard theo¬ 

rems. However, this singular point is of a very special sort, called a “regular 
singular point”，and there is a complete theory to cover this situation. It is 
one of the standard topics in differential equations, which the reader can find, 
for example, in Whittaker and Watson {1; Chapter 10}. The theory shows that 
equation (***), or equivalently (**), has two linearly independent solutions near 
x = 0 of the form 

MiW = .(analytic function) 

^l(x) = X x ~ k .(analytic function) + c(logx) - fi\ (x), 

where the analytic functions in question are non-zero at 0 (but c might be 0). 
So when A: > 2, we see that (**) always has one solution which is analytic 
near 0, while any linearly independent solution blows up at zero. If ^ is an 
analytic solution, so that 中灸 vanishes up to order A: + 1 at 0, then the first and 
second equations of (5) determine functions ^ and which vanish up to 
order k + 1 and respectively, at 0. So for ^: > 2 the infinitesimal bending 
then determined by 0^ = o r, etc., has the form 

Z k 、 s,t) = r(s) 2 a(r(s),t) 

for some analytic function o. Now an analytic parameterization of our rotation 
surface near a pole is given by 

( x , 少卜( X ， 少， r _1 (\/^+/)) 

=f (^r~ l (y/x 2 + y 2 ), arctan — ^ . 

So if Z 灸 （ x, 少 ’）denotes the value of at this point on the rotation surface, 
then 

Zk(-\,y) = (v/.Y 2 + v 2 f a(s/x 1 + y 2 ,t) = (.y 2 + v 2 )a(v / .Y 2 + y 2 ,t). 

One can easily check that this function is* C 2 at 0. 

* If a involved only even powers of v x 2 + > ,2 , then we would actually have an analytic 
function. Unfortunately, this can never happen, since equations (5), and the fact that o 
is even, shows that cannot all be even functions. 
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This analysis holds at each pole, but it will usually happen that the function 
which is analytic for one choice of p = r _1 will not be analytic for the other 
choice. So further analysis is required. 

We consider a 1-parameter family of functions r t which passes continuously 
from a convex function to non-convex functions. For example, we can deter¬ 
mine r t by the equation 

(〜⑷ 2 +s 2 ) 2 + 2t 2 (r t (s) 2 - s 2 ) = \ - It 2 0 <t 2 < \. 

For t 2 = 1/2 we have a lemniscate, and for t = 0 we have a circle. For t 2 < 1/3 
the functions are convex. 



(*) + (k 2 - = 0. 

On any (concave) interval where r /f > 0 (which exist for t 1 > 1/3), there will 
be a large number of zeros of once k is large enough. To prove this we 
merely choose a subinterval on which r n jr > 石 > 0 for some and apply the 
Sturm Comparison Theorem (Theorem 9-15) to equation (*) and the equation 
y n _|_ (^2 _ 1) 在少 = o, which has lots of zeros for large k. Notice that on each 
of the outer intervals, where r n < 0, the function ^ cannot have a positive 
maximum > 0, xj/^ < 0) or a negative minimum, so it cannot have even 
two zeros. Thus the total number of zeros in (—1,1) is finite. For t 2 > 1/3 
we have r ff < 0 everywhere on (-1,1), so ^ has at most one zero on (-1 ， 1). 
Even for f 2 = 1/3 we easily see that ^ has at most 2 zeros on (一 1 ， 1). Since \j/k 
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is a solution of a second order equation, we must have f _ 0 when x//^ = 0 
(assuming \j/ k is not the zero function), so \j/ k crosses the axis at each zero, 
rather than being tangent to it. It follows easily that any function sufficiently 
close to xj/ff ； has at least as many zeros as . 

Now pick some to with to 2 > 1 /3 and a A: so large that any solution of (*) 
for r = r t() has more than 2 zeros on [0,1). Let 少灸， 如 be a solution which gives an 
infinitesimal bending that is C 2 at the bottom pole s = —1, and let no > 2bc the 
number of its zeros on [0,1). Now for all f < /o we will pick a continuous family 
of solutions of (*) for r = r t , all of which also give infinitesimal bendings 
that are C 2 at the bottom pole. Choosing is equivalent to choosing 中灸卜 
which is determined only up to a constant factor. So we can easily arrange that 
each \ffk 9 t is not the zero function. For t 2 > 1/3, the function has at most 
two zeros in (—1,1), so a fortiori at most two zeros in [0,1). So we can consider 
the greatest lower bound t\ of all t such that has exactly no zeros on [0,1 )， 
and t\ 2 > 1/3. 

We claim that has a zero at 0. For suppose that all the zeros of on 
[0,1) actually occur on (0,1)，and let ri\ be the number of such zeros. Since any 
function sufficiently close to ^k,t x has at least as many zeros on (0,1) as 九山 
does, we easily see that ri\ < Hq. We claim that we cannot have n\ < «o. To 
prove this，it suffices to show that the functions xj/^j for t close to t\ have at most 
as many zeros on (0,1) as 机 ，“ does. On some interval containing the n\ zeros 
of we will have %"/% < M for some M. The same inequality holds 
on this interval for t sufficiently close to t\. Applying the (second part of) the 
Sturm Comparison Theorem to (*) and the equation + (k 2 — \)My = 0, 
we find that the zeros of must be at least e : = 丌 / yj(k 2 — l)M apart. So 
if we choose a neighborhood of the graph of which intersects the ^-axis 
in intervals oflength < e，then the whose graphs lie in this neighborhood 



can have at most rt\ zeros on (0,1). Thus we have shown that actually 
has exactly Hq zeros on (0,1). 

But these very same arguments show that for t sufficiently close to t\, the 
function has exactly no zeros on [0,1) even for t < t\. This contradicts the 
choice of t \, and thus shows that indeed ^k,t x (0) = 0. 
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Now from the differential equation 

r t\ + (k 1 — ')Ok ， t' = 0 

satisfied by 山 ， and the fact that r t{ is an even function, we easily see that 
s 牧 “ （一 *0 also satisfies the equation. Since (0) = 0, it follows that 

♦kM(S)= : for some constant c. But this means that the infinitesimal 
bending determined by [on the rotation surface determined by r tx \ is 

also C 2 at the top pole. 



PROBLEMS 
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1. Let : R M 2 be differentiable functions for which we know the func¬ 
tions 

〈a， 价， (d {a,a), {H 

We want to show that we can find a and ^ once we know a(0) and 0(0). 

⑷ We can assume that {a, a) — 〈 0,0〉 = 1. 

(b) If we write 


a{x) = (cos0{x),sin6{x)) 

Piy) = (cos0(j ； ) ， sin0O ；))， 

then (a, and (a\ determine 9 f . Hence a(0) determines a. 

(c) Then j8(0) determines jS. 

2. (a) Let q be a 1-parameter family of /:-forms. Use Proposition 9-10 to show 
that for every singular (k + l)-cube c we have 



Conclude that {dr))' = dr]. 

(b) Give another proof by writing rj{u) in a coordinate system x l . ,x n , and 
noting that d/du commutes with d/dx J . 

3. A surface M C M 3 is called isothermal if it can be covered by isothermal 
coordinate systems whose parameter lines lie along the lines of curvature. 

(a) Surfaces of revolution are isothermal. 

(b) Problem 4-8 shows that ellipsoids and hyperboloids of one or two sheets 
have coordinate systems (w, r) with 


〈 


=(w — u) 


——— du ® du — 

L / ⑻ 


V 

W) 


dv ® dv 


where the u- and ^-parameter lines are lines of curvature. Conclude that these 
surfaces are isothermal. 

(c) Let X \, X 2 be a moving frame consisting of orthonormal principal vectors. 
Show that M is isothermal if and only if there is a nowhere zero function a 
such that 

da a 9 l + acof a 9 2 = 0 = da A0 2 — a.oy\ a 9 l . 

Hint: This means that d(u9 l ) = d(ud 2 ) — 0. 
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4. Let M C IR 3 be a surface, and a: [0,1] x M — R 3 a variation as on page 225. 

(a) Show that 

沴 i 3 A xjrl + A ^2 — 0 

dy\f \ — (o\ A 1^2 
d\j/l = -o)\ A i/rj 3 . 

(b) Show that // = 0 if and only if 

a6 2 = A 6 X . 

Hint: Use the equation on pg. III. 69. 

(c) Suppose that the moving frame X\ ,X 2 on M consists of principal vectors ， 
so that = ki6 l , where k\,ki are the principal curvatures. If p is an umbilic, 
then we always have H(p) = 0. [Hint: Use the first equation of (a).] On the 
other hand，if H = 0, and M has no umbilics，then 

a = 0 = y\f\ a . 

(d) If we write 

y\f}(t) = ^2 / li){t)9 } {t), / u ⑼ = 幻， / 2 2 ⑼ = &2 ， 
j 

then H = 0 =>* i\\ = hi = 0. 

(e) Conclude that if /f = 0, then 

dl\2 A 0 1 — 2/i2Ct>2 八 = 0 

di l 2 /\0 2 - 2i l2 cof a e l =o. 

Then use Problem 3 to show that M is isothermal. 

5. For vectors u! ， • •. ， v n -\ and u ； i ， • • • ， w n -\ in show that 

(i；i x … x v n -\,W\ X ••• x w n -\) = det( 〈 u,. ， u^>) 


by noting that both sides are linear in the Vi and Wj. 



CHAPTER 13 

THE GENERALIZED 
GAUSS-BONNET THEOREM 
AND WHAT IT MEANS FOR MANKIND 


I n previous chapters we have seen that interesting and challenging questions 
can arise even in the lowest dimensions, and that the methods used to resolve 
these problems often rely more on ingenuity and hard work than on particularly 
sophisticated concepts—the proofs maybe involved, but they have the satisfying 
concreteness of geometrical arguments, and something of the charm of antique 
music. Nevertheless, it is futile to deny the decisive influence which has been 
wrought upon the shape of modern mathematics by the daemonic spirit offunc- 
torial constructions. So it is appropriate that this book end with a topic that 
represents one of the triumphs of machinery in mathematics. Here, at last, con¬ 
nections in principal bundles play their true predestined role, the invariant form 
of the Bianchi identities prove their superiority, and connections on arbitrary 
bundles are frequently invoked. As a final affirmation that we have plunged 
into the icy stream of modern mathematics, hardly a picture appears. 

One of the star attractions of differential geometry is the Gauss-Bonnet 
Theorem, which for a compact oriented surface M states that 



KdA 


= 27rx(M). 


Although the curvature K is defined intrinsically in terms of the metric (,) 
on M, it can also be defined extrinsically when the metric ( , ) on M is induced 
by an imbedding M C M 3 . In fact, if v: M -> 5 2 is the normal map, and da 
is the volume element of S 2 , then K dA = v*(da), so that 



KdA = 



v*(da) = (deg v) 


/ da = ■ (deg v). 

Js^ 


As we indicated in Addendum 2 to Chapter 6, one can prove, without invoking 
any differential geometry, that deg v = thus proving the Gauss-Bonnet 

Theorem for the special case where the metric on M comes from an imbedding 
in R 3 . Precisely this argument was used by Heinz Hopf [2] in obtaining the 
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first generalization of the Gauss-Bonnet Theorem. Consider a compact hyper¬ 
surface M n C M w+1 , where n is even. If da denotes the volume element of S n , 
then 



K n dV 




v^(da) = (volume of S n ) - deg v 


(volume of S n ) 


/(A/), by Corollary 6-23. 


Now this result, although proved for a hypersurface of R n+ \ can be formulated 
for any compact oriented Riemannian /i-manifold (M，〈 ， 〉）of even dimen¬ 
sion n. In fact, we have already noted (pg. IV 69) that 



K n = 


l n f 2 n\ 


• contraction of ( (R (g) … ® (R ® 8 ® e). 

n/2 times 


In a coordinate system, we have (pg. IV 69) 

1 


K n 


2 n ! 2 n\ 


〉 : ^i\hj\]2 • • • R 




vJ 1 ...Jn 


in— 1 l n]n—\ Jn 


h ，… Jn 

J l ，… * Jn 


Vdet(gij) Vdet(gij) 


We are thus led to conjecture that we always have 

(volume of S n ) 


K n dV 


•xW, 


fM 


whenever M is a compact oriented Riemannian manifold with n even，where 
K n is defined by (*)• 

For the case where the metric on M comes from an imbedding M C R n+k 
in some Euclidean space，the result was first proved by Allendoerfer [1] and 
Fenchel [2]. This was done by considering a closed tubular neighborhood N 
of M, for which 3^ C R n+k is a hypersurface with a volume element d\, say, 
and corresponding . We can assume that n+k — \ is even (by considering 

M C R n+k C E w+A:+1 if necessary)，so that the result for hypersurfaces gives 

厂 i, jxt (volume of S”#— 1 ) 

/ K n+k -id\ = --- -X(dN). 

JUN 1 

Now it can be shown without too much difficulty that 


X(dN) = X (M)- X {S k - l ) = 2 X {M). 
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On the other hand, it also works out that 





can be computed in terms of / K n dV\ when the computation is effected，we 

JM 

obtain the correct expression for / K n dV. 

JM 

At the time of this proof, the Nash imbedding theorem was not yet known. 
But the Burstin-Janet-Cartan Theorem (Theorem 11-9) was known. In 1943 , 
Allendoerfer and Weil [1] proved a generalization of the Gauss-Bonnet formula 
for a polyhedral piece of a Riemannian manifold imbedded in Euclidean space; 
using this, they were able to obtain a proof of the general Gauss-Bonnet The¬ 
orem for (C w ) Riemannian manifolds，by means of a triangulation. Since the 
Nash imbedding theorem is now available, the earlier result of Allendoerfer and 
Fenchel implies that the generalized Gauss-Bonnet Theorem holds for all C°° 
manifolds. But a proof of this sort is clearly unsatisfactory, not only because of 
the difficulty and essentially non-differential geometric nature of Nash’s result ， 
but also because an intrinsic theorem ought to have an intrinsic proof. The 
intrinsic proof was obtained by Chern [2] in 1944 . Ensuing developments have 
led to a much deeper understanding of the fundamentals which are involved 
here, so that we can now give a completely non-computational proof of this ex¬ 
traordinary theorem. This proof by magic is presented in the first four sections; 
in the remainder of the Chapter we will contravene the rules of legerdemain, 
and reveal some of the mechanism behind it. 

1. OPERATIONS ON BUNDLES 

In the past we have considered numerous structures on vector bundles and 
principal bundles, but，except in some of the problems for Chapter 1. 3, we have 
not yet examined in detail the relationships between different bundles. The 
simplest relation is that of equivalence ^ between two vector bundles 专 1 and ^2 
over the same base space X. We have also defined the notion of a bundle map 
from 专 t = 丌 1 : £1 4 to 专 2 = 7T2 ： E 2 ^ 2 - This is a pair of continuous 
maps (/，/)，where f ： X\^X 2 and f: E\ ^ £ 2 ； the map / is required 
to satisfy 兀 2 。 / = / 。兀 1 ， so that / takes fibres of 左 1 to fibres of $ 2 ， and 

each map /: ^i _ 1 (x)-> 丌 2 一 ^/(x)) is required to be linear. In this chapter 
we will redefine the notion of a bundle map, by adding the requirement that 
each /: ^i _ 1 (jc) —> 7t2~ l {f{x)) be an isomorphism of vector spaces (so 专 1 
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and ^2 must have the same fibre dimension). Instead of referring to a bundle 
map (/，/)，we will often say that / is a bundle map covering f. If / is a 
bundle map covering a homeomorphism f \ X\ ^ Xj from X\ onto Xj, then 

we can define (/ ) _ : £ 2 E\. Using the local product structure, and the 

, ~. — j 

fact that A A~ l is continuous for A e GL(«,M), we easily see that (/ ) 

is continuous, so that (/ ) is a bundle map covering /— 、 In particular, a 
bundle map covering the identity map of X is an equivalence. 

Consider next two principal bundles 心 = 7T/ : P/ —^ Xi (i = 1,2) with the 
same group G; we denote the action of G on the right of Pi and P 2 by the 
same symbol A (principal) bundle map from to ^2 is a pair (/, /)，where 
f: X\ ^ X 2 and /: 尸 1 — 尸 2 , such that 兀 2 0 / = / 0 兀 1 ， and such that 
(*) f、u • a) = f {u、. a for all w e P and a € G. 

Notice that condition (*) already implies that / takes fibres to fibres, and thus 
automatically gives us the map /. We could thus speak simply of a bundle 
map /• In practice, it is usually more convenient to speak of a bundle map / 

covering /. Note also that /: 7t\~ x {x) is clearly a homeomor¬ 

phism, since the fibres of P { 2 ltc {u a : a € G} for fixed w，and similarly 
for the fibres of 尸 2 . As before, if / is a bundle map over a homeomorphism 
f: X\ ^ X 2 , then (/ ) is a bundle map over / _1 . When / is the identity 

map of X, we call / an equivalence, or an isomorphism. A principal bundle 
^ = 7 T : P ^ X k called trivial if it is equivalent to the bundle 7t f : X x G ^ X, 
where n f is projection on the first coordinate. As we have already pointed out 
(pg. 11.311)，if the principal bundle ^ has a section s . X — P, then $ is trivial, 
for we can define a map X x G —^ P by (x, a) 5 (x) - a. 

Recall (pg. II. 307) that for every «-dimensional vector bundle ^ = 7t: E — X 
we can define the principal bundle F(^) = w : F(E) —^ X of frames of E, with 
group GL(«,E), whose fibre (x) is the set of all ordered bases 
of the vector space 7r _1 (^) - If are vector bundles over Xi and f •• E\ — E 2 
is a bundle map covering f: X\ ^ X 2 , then we clearly have also a principal 
bundle map /: F(E\) F(£ 2 ) covering / (this would not be true if we did 

not require a bundle map to be an isomorphism on each fibre). Conversely, a 
principal bundle map /: F(E\) F{E{) covering / gives rise to a bundle 

map f:E\ — £ 2 - In fact, given any frame u = (wi,..., u n ) of n\~ x (x), 
there is a unique isomorphism 7 ri _ 1 (x) 兀 2 _ 1 (/ 00 ) which takes W/ to the 
/ th member of the frame of / (w). The condition (*) on / insures that this 
isomorphism is well-defined. 
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There is one operation which is special for vector bundles. Given two vector 
bundles = 7T / : Ef X over the same space we can form the direct sum 
7 i\~ x (x) © 7T2 _1 ( 乂） [= 々一 1 (x) x 兀 2— 1 (x) as a set] for each x € X. Let 

五 = U 7Ti _1 (x) X 7t2~ l (x) c £*1 x £* 2 , 
xeX 

with the topology it has as a subset of E\ x and let 7T: ^ X be the 

map which takes all elements of n\~ l (x) x 7 i2~ l (x) to x (thus n = Hi\E for 
i = 1,2). It is easy to check that n : E X is also a vector bundle, whose fibre 
dimension is the sum of the fibre dimensions of and ^ 2 - This new bundle is 
called the Whitney sum ^1 © ^2 of and ^ 2 - We clearly have 

6 ㊉ 专 2 ^6 ㊉6 ， （6 ㊉ $2) ㊉ 专 3 Ml 


Our next construction works for either a vector bundle or a principal bundle 
g = Jr: E — Y. Let f : X ^ Y bt continuous. We can construct a 


E 

n 

f 丄 

X — J -~~>Y 


[principal] bundle r] over X, and a [principal] bundle map (/，/) from r} to 
as follows. - 

X x E D E f — L ― >E 

71， 冗 

i , i 

X - J - - >Y 


Let 


E f cXxE = {(x,e):f(x) = n(e)}, 


and let 

7 r ’： E f ^ X be n\{x,e)) — x. 

Thus the fibre 7 T /_1 (x) over a point x e X is just {x} x tt _1 In the 

case of a vector bundle, we use the vector space structure on n~ x {f{x)) to 
define a vector space structure on 7r /_1 (x); in the case of a principal bundle, we 
use the action of G on n~ { (f(x)) to define the action of G on n f ~ x {x). It is 
easy to check that n / : E ; ^ X is 3 . vector bundle [principal bundle], and that 
f •• E’ — E defined by 


f{{x,e)) = e 
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is a [principal] bundle map covering /• The bundle 丌 ’： £’ 一 > X is denoted 
by /*$，and is called the bundle over X induced by / and If C K and 
i： X ^ Y is the inclusion map, then is equivalent to the restriction ^\X 
o( ^ to X. 1( g: W ^ X is another continuous map, then 

Finally, if^ = 丌： vector bundle, then 

Although we used an explicit construction to define /*$，this [principal] bun¬ 
dle can be characterized uniquely, up to equivalence, by the fact that there is 
a [principal] bundle map covering f from /* 专 to 备 . Indeed, suppose that 

rj = n” •• E" X is a. [principal] bundle, and f:E〃-> £ is a [principal] 
bundle map covering /. We define g : E" — E f by 

g(，) = (/(，(，))，/(，)); 

it is easily seen that g is an equivalence of r] and /*$. 

In the case of two vector bundles 备 / = 丌 ;■: Ei — Y we have 

U?2 ) 二 /* ⑹㊉ /* ⑸. 

The most reasonable way to prove this is to consider the explicit construction 
of the total space E of /*($i) ㊉ /*($2), and then define a bundle map / 
covering / from E to the total space of ㊉ $2. On the other hand, consider 
two bundles 心 = 丌/ : — A}，and let p t : X\ x X 2 ^ be the projections 

on the factors. Then we can form the bundle 

X $2 = PlD ㊉ P2*( 与 2) 

over X\ x the fibre over (: vi”\)) is essentially 兀 1 一 Ua 、） ㊉ 兀 2 —When 
X\ = X 2 — X, we have 

I ㊉ § 2 二 A* % x $ 2 )， 

where X X x X \% the diagonal map, A(a) = (.y ，.\)_ 

As a somewhat more esoteric example of induced bundles, consider a vector 
bundle ^ = n: E ^ X with a Riemannian metric ( ? ). Let S be the “sphere 
bundle” 


S = {e G E : (e, e) = 1} ? 
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and denote the restriction by no ： S ^ X. Then we can form the bundle 
over S. We claim that tto * 专 always has a nowhere zero section. To see this, we 
recall the construction of tto* 专 . For each e £ S ， the fibre of ;ro * 专 over e is just 


{e} X 7T _1 (7T 0 ⑷） ={e} X TT~ l (n{e)). 



We define a section s of ttq*^ by 

咖） = (e,e) e {e} x 7z~ l (n{e)). 


Since 

s(e) / {e, 0) = 0 element of fibre of tt 。 * 专 over 

this section s is indeed nowhere zero. Similarly, if we regard as a subspace 
of E (by considering X as the image of the 0 section), then the induced bundle 
(ti\E — over E — X has a nowhere zero section. On the other hand, 
the bundle tt*$ itself need not have such a section. Indeed, if it does, then the 
restriction of to X must have a nowhere zero section. But it is 

clear that ~ 

The most important result about induced bundles gives a condition under 
which ^ As a start towards this result, we note that any bundle over 
[0, 1] is trivial. The proof may be considered as an exercise for the reader; the 
next Lemma and Theorem establish a more general result. 


1. LEMMA. Let ^ be a principal bundle over X x [a, b]. Then every point 
x e X has a neighborhood U such that ^ is trivial over U x [a, b]. 

PROOF. Each point (x,0 G {x} x [a, b] has a neighborhood V x W such 
that ^ is trivial over V x W. By compactness, finitely many such neighborhoods 
V\ x W\,... ,V r x W r cover {x} x [a,b]. We claim that the theorem holds with 
U = H fl … fl The proof will be by induction on r. For r = 1 it is trivial. 
Assume it holds for < r — 1 sets. We can clearly choose a point to € (a, b) such 
that [a, to] and [^o, b] are each covered by < r — 1 of the sets Vi x Wi. Then ^ is 
trivial over sets U\ x [a, to] and U 2 x [^o, b]. This means that there is a section s 
of $ over U\ x [a, to] and a section a of ^ over L /2 x ⑹， 6]. On ((A fl (/ 之 ） x { 化 } 
we have 


s{x,t 0 ) = <y{xJo) -ci(x) 
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for a continuous function a: a{x) e G. Then we can define a section s on 

((/i fi t/ 2 、x [a, b] by 


s(xj )= 


\a(x,0 - a(x) 


a <t <t 0 

to <t <b. <♦ 


Now let j : X x {1} ^ X x [0,1] be the inclusion，and let p: A" x [0,1] —^ 
X x {1} oe p(x,t) = (x, 1). 


2. THEOREM. If 专 = 丌 ： P X x [0,1] is a principal bundle, and X is 
paracompact，then 

PROOF. We want to show that there is a bundle map p : P — n~ x {X x {1}) 
covering p. ~ 

P - ^ —— x {1}) 

X x [0,1] —— ^~~ >X x{l} 

By Lemma 1， there is an open cover {(/«} of X such that ^ is trivial on U a x[0, 1]. 
We can assume that {(/«} is locally finite, by taking a refinement if necessary. By 
Theorem 1.2-15 we can choose a partition of unity {<p a } with support (/> a C U a 
(the Theorem is stated for a manifold，but holds for any normal space A" if we 
only want the functions (f} a to be continuous). Let *y a be a section of ^ over 
U a x [0,1]. Consider the map, from n^ x (U a x [0,1]) to itself, defined by 

5 a (x,r) s a (x,min(t + <j> a {x), 1)). 


This map is the identity on (boundary U a ) x [0,1]. So we can extend it con¬ 
tinuously to X x [0,1] by making it the identity on (X - U a ) x [0,1]. Thus we 
obtain a map 


Pa ： P 



which is a bundle map from ^ to the part of ^ over the shaded set in the figure. 
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Suppose first that there are at most countably many such maps，.... 
Define 


P = Pi 。 Pi 。 • • • • 


This possibly infinite composition makes sense，since all but finitely many pi 
are the identity in a neighborhood of any point. Clearly p is the desired bundle 
map. 

Even if there are uncountably many maps {p a : a € A}, the procedure is the 
same. Choose any ordering on A (not necessarily a well-ordering) and define p 
to be the composition of the p a in the order given by A; in a neighborhood 
of any point，only finitely many p a are not the identity map, so this makes 
sense. ♦♦♦ 


In practice, it is more convenient to work with a slight restatement, and ap¬ 
plication, of Theorem 2. Let i t : X ^ X x [0,1] be i t (x) = CM). 


3. COROLLARY. If ^ is a principal bundle over X x [0,1], and X is para- 
compact, then 

PROOF. Let q : X x [0^ l] ^ X be the projection q(x^ t) = x. Then j o p = 
i\ o q. So, by Theorem 2 ， 

( 1 ) p*m。 p)^ = (hoqY^ q%% 

On the other hand，we also have q o iq = identity. Consequently, equation (1) 
gives 

^ /oW ㈣ A 。 (《o k)]^ - d ♦ 

From this we immediately obtain the result toward which we have been aim¬ 
ing. 


4. THEOREM (THE COVERING HOMOTOPY THEOREM). If rj is a 
principal bundle over Y and f^g: X Y are homotopic, with X paracom- 
pact，then /*r/ ~ g*". The same result holds if ^ is a vector bundle. 

PROOF. Let H : X x [0,1] ^ K be a map with 


// o /o = f and H o i\ = g. 
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Applying Corollary 3 to ^ = H*(r]) over X x [0,1], we have 

When t) is vector bundle we have, by the remark on page 268 ， 

F(f*r]) - r(F(r]))- g*(F(r)))^ F(g*r]). 

By the remark on page 266, this implies that f*r] — g*r] •♦:’ 

As a particular case of Theorem 4, note that if X is paracompact and con¬ 
tractible, so that the identity map \ : X ^ X is homotopic to a constant map c, 
then ^ cr 1*^ ~ d，which is trivial. So any principal bundle or vector bundle 
over X is trivial (compare with remark 3 on pg. 1.474). 

In applying these results, we will usually be interested only in vector bundles. 
But in one instance principal bundles will be used. Let ^ — -tt • E —>• ^ be a 
vector bundle, and let { , > be a Riemannian metric on 专 • As in Chapter 7, we 
can consider the principal bundle O(^) = w: O(E) -> X with group O(n), 
whose fibre nr 一 1 (x) is the set of all frames of 丌一 】（ x) which are orthonormal 
with respect to 〈 , ). If ( ， >’ is another Riemannian metric on 专 ， then we have 
another principal bundle 0 , (^) = tzt / : O f (E) X, consisting of frames which 
are orthonormal with respect to 〈，广 

5. COROLLARY. If$ = 丌 ： E 义 is a vector bundle with two Riemannian 
metrics ( , > and { , Y, then O(^) ~ O’ ( 专 ) • 

PROOF. Let ^ : X x [0, \] ^ X be the projection q{x,t) = x, and consider the 
bundle q*^ over X x [0,1]. The fibre of over (x,/) is 

{(x，/)} x n^ l (x). 

The inner products ( , ) x and ( , ) f x on n^(x) give us an inner product 

t( ,〉X + (1 - 0〈 ， 〉’X 

on 丌一 1 ⑴. Using this inner product on the fibre {(x，/)} x 兀一 1 ⑻， we obtain 
a Riemannian metric ( , ) on and we can consider the corresponding 
principal bundle 0 ( 分 H If 4 : X —>• X x [0,1] is it(x) = (x, /), then clearly 

0(^*^) — O ⑻ and /i* 0(〆$) 二 O’G). 


So the result follows from Corollary 3. ♦♦♦ 
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2. GRASSMANNIANS AND UNIVERSAL BUNDLES 

We have defined projective «-space IPto be the set of all pairs {p, —p) for 
p e S n C M w+1 . We could also have defined P n to be the set of all lines 
through 0 in E w+1 , since each such line intersects S n in a. set {p, — p). More 
generally, we define the Grassmannian manifold G n (R N ) to be the set of all 
^-dimensional subspaces of R N (we will always assume that N > n). In order 
to topologize G n (R N ), we consider first the Stiefel manifold 14 (IR^) consisting 
of all / 2 -tuples 

(ui,..., v n ) G R n x • • • x R n 

for which V\,... ,v n are linearly independent. Clearly ^(M^) is an open subset 
of R n x • • • x . We can define a map 

p ： v„(R N ) ^ G n (R N ) 

by letting 

p((v\ ，…， u„)) = subspace of R N spanned by v\,. .. ,v n . 

We give G n (R N ) the quotient topology for this map—thus V. C G n (R N ) is open 
if and only if p~ l (V.) C is open. 

We can also consider the subspace V^(R N ) C V n (R N ) consisting of ^-tuples 
(uj,..., v n ) € which are orthonormal. If po = p|l / w °(M Ar ), then the 

diagram 



G n (R N ) 


commutes, where i is the inclusion map, and g((uj,..., u w )) is the «-tuple in 
(R n ) which results by applying the Gram-Schmidt orthonormalization pro¬ 
cess to v\,... ,v n . From this diagram it is easy to see that the topology on 
G n (R N ) can also be described as the quotient topology for po. Since 
is compact, this shows that G n (R N ) is also compact. 

There is yet a third description of the topology of G n (^ N ) which will be 
important later on. Consider the orthogonal group 0(^). If Wo C is the 
^-dimensional subspace spanned by e\,... ,e n , then we can define a map 

O(N) 
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a{A) = A(W 0 ) e G n (R N ). 

The following diagram then commutes, 

V^(R n )—^G„(R n ) 

a 

O(N) 

where a is the continuous map defined by 

a(A) = ( 乂 (q), • • • ， A(e n )) e (M^). 

We thus see that if K C G W (M^) is any set, then 

(1) p~ l (U) is open ==» 0(~ ] (p~ l (U)) is open 

=>> is open. 



Notice moreover that we clearly have 

a(a- ] (U))Cp- l (U). 

In addition, the map a is onto which easily implies that we actually 

have 

a(a~ l m) = p^(U). 

Finally, the map a is an open map, so if K C G n (R N ), then 

(2) (T-'W) is open => is open 

=>■ p 一 1( W) is open. 

From (1) and (2) we see that the topology on G„(R N ) can also be described as 
the quotient topology for a. 

This description of G„(R N ) is useful for the following reason. The set 
cr~ l (W 0 ) = {A e O(N) : A(W 0 ) = VK 0 } 
is easily seen to consist of a\\ N x N matrices of the form 


C 0 
0 D 


for C e O(n) and D € 0(N — n). 
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For convenience, this group of matrices is usually denoted by O(w) x 0(N — n). 
Now any other element of G n (^ N ) is of the form B(Wo) for some B e O(N), 
and 

= {Ae O(N) : A(W 0 ) = B{W 0 )} 

= {Ag O(N) : B~ l A(W 0 ) = W 0 } 

= {Ag O(N) : B~ l A e O(n) x 0(N - n)} 

= the left coset B - (O(w) x 0、N — n)). 

Thus we can identify G n (M^) with the left coset space 

0(N)/0(n) x 0{N -n\ 

where this quotient space is given the quotient topology for the natural projec¬ 
tion map 

O(N) — 0(N)/0(n) x 0(N - n). 

In section 6 we will study in greater detail the quotient spaces G/H of a Lie 
group by a closed subgroup, and show that G/H is always a Hausdorff C°° 
manifold of dimension dim G - dim H. Thus will be a C°° manifold 

of dimension 

N(N - 1) ln(n-\) t (N - n)(N - n - l)) …、 

^2 + - 2 - ^=n{N-n). 

We can also describe this manifold structure on G n (R N ) directly as follows. 
For any W e G n (M^), consider the orthogonal complement W 1 C The 
decomposition R N = W ㊉ W- 1 determines an orthogonal projection 

丄 

p:R N ^ w 


Let V, C G n (R N ) be the set of all ^-dimensional subspaces V with V fl W 1 = 
{0}，so that p : V ^ W is 2 lu isomorphism. Clearly p~ x {Vi) C ^(M^) is open, 
so U is an open subset of G n (R N ). Now let u ； i ，…， be a fixed orthonormal 
basis for W, and let u;«+i, • • • ， wjv be a fixed orthonormal basis for VK 丄 . For 
every V e U, there are unique v\,...,v n e. V with /?(u/) = Wf, and these v/ 
can be written uniquely as 

N 

(*) Vi = Wi + ^ dij(V). Wj. 
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The one-one map 

V (a,-j(V)) 

takes U onto the set of n x (N - n) matrices. This map is continuous, since 
the V/ depend continuously on V ; moreover, the inverse map is 

N 

{an) i-^ space spanned by the Wj 4 - ^ a ij • w j ， 

j=n+l 

which is also continuous. Thus we have mapped U homeomorphically onto 
肱 We leave it to the reader to check that any two such homeomorphisms 
are C°°-related. Thus G„(R N ) is a C°° manifold. The reader may also check 
that the map 

G„(Er + ”）— G m (M m+n ) 

defined by taking an «-plane W to its orthogonal m-plane 灰丄 is a diffeomor- 
phism. 

Over the Grassmannian manifold G W (M^) there is a natural ^-dimensional 
bundle y n {R N ), constructed as follows. The total space E{y n {R N )) of the 
bundle will be the subset of G„(R N ) x consisting of all pairs 

(W,w) G x R n such that w gW, 

and the projection map n : ^(^(R^)) ^ G„(R N ) will beu;)) = W. 
Thus the fibre tc~ x {W) over the point W of G„(R N ) will just be W itself— 
more precisely, it will be 

{{W,w) : w GW}. 

The vector space structure on n~ x (W) is defined by using the vector space 
structure on the subspace W C thus 

(W, W\) + {W, W2) = (W, w\ + wi) 
a • {W,w) = {W,aw). 

To show that satisfies the local triviality condition, we consider a point 

\y ^ G n {^ N ), the orthogonal complement the corresponding projection 
p: ^N ^ w an( j t he open set U C consisting of all V with F fl 灰丄 = 

{0}. Now we can define a map 

n^\U) -^UxW^UxR n 


by taking 


{V,v) (K ， p(u)). 
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This map is easily seen to be a diffeomorphism, and is an isomorphism on each 
fibre, so is a smooth vector bundle over G n (R N ). 

Notice that for M > N there is a natural map a : G n (R N ) G n (R M ), 
since an ^-dimensional subspace of R N can be considered as an ^-dimensional 
subspace of R M . There is also an obvious map a : £ ， (y w (R ;v )) ^ 
such that (a, a) is a bundle map from y n (R N ) to Thus 

y n (R N )^a*(y n (W M )). 

Now consider a C°° manifold M n immersed in M w+1 . Since M need not be 
orientable, we may not be able to define the normal map v: M n ^ S n . But 
we can certainly define a map /: M -> P w = Gi(M w+1 ), by taking p G M to 
the 1-dimensional subspace of R w+1 which is parallel to the line M p L c W +l p . 


We can also define a map / from the normal bundle Nor A/ of A/ into the 
total space of y 1 (R n+l ) by sending v p e to ti). Thus we have a 

bundle map (/, /) from the normal bundle Nor M to the bundle 
consequently, the normal bundle Nor M is equivalent to /*(y 1 (R”+ 1 )). It is 
even more interesting to look at the map / from M into the diffeomorphic 
manifold G„(M W+1 ) defined by f(p) = subspace of R” +1 parallel to M p . For 
then we can define /: TM —*■ £'(y n (M n+1 )) by sending v p e M p to {f{p), d). 
Thus we see that the tangent bundle TM is equivalent to /*(y w (R w+1 )). More¬ 
over, this construction can be generalized. By Proposition 1.2-17, any compact 
«-manifold M can be considered as a submanifold M n c R N for some N. De- 
fipe f \ M G„{R n ) by f{p) = subspace of R N parallel to M p , and define 
f' TM — by sending v p e M p to (/(/?), u). Then (/, /) is a 

bundle map from TM io the bundle y w (M^). Thus the tangent bundle TM is 
equivalent to /*(y M (R^)). Actually this holds for all bundles. 

6. THEOREM. Let ^ = tt \ E X he 2 lw «-dimensional bundle over a 
compact Hausdorff space X. Then for sufficiently large N there is a map 
f •• x — such that § ~ /*(/<(]£#)). 
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If Z is a smooth manifold and ^ is a smooth bundle, then / can be chosen 
to be a smooth map. 

PROOF. Let U\,...,U r be open sets covering X such that each 专 is trivial. 
The Shrinking Lemma (Theorem 1.2-14) holds for the cover Ui,...,U r of X, 
for the proof merely uses the fact that X is normal. So there is an open cover 
Vi,.. .,V r of X with Vi C Ui ， Similarly, there is an open cover W\,..W r of 
X with Wi C V{. Let 4>i ： X -> R be a continuous function which is 1 on Wi 
and 0 outside of F/. 

By assumption on the Ui, there are equivalences 

U ： ^ Ui x M". 

Composing with the projections Ui x M n —> R™, we thus obtain maps 

r { : n-\Ui)-^R n 

which are isomorphism on each fibre. Define x / : £ — R” by 

|0 n(e) i Vt 

T， I 4>i(n(e)) - ti(e) n(e) G (//. 

These maps are linear on each fibre, but not one-one on all fibres. Now define 

T : £ — R n ㊉…㊉ K" & K'” 


by 

T{e) = {xx\e),...,x r \e)). 

Then T is linear and one-one on all fibres, so each set T{n~ x {x)) is an «-plane 
in W n . Defining f ： X ^ G„(K rn ) and f ： E £(y"(R r ")) by 

f(x) = T{n~\x))^ {T(e) : e e 丌 - 1 (x)} e G „( r ”） 
f(e) = T(e)) e E(y n (R rn )), 


it is easily checked that (/, /) is a bundle map from $ to y”(R rn ). 

When ^ is a smooth bundle, we choose the 少 , • to be smooth, and then / will 
also be smooth. ♦♦♦ 


The map f : X — G n (R N ) of Theorem 6 cannot be unique, for Theorem 4 
shows that P(y n (R N )) - g*(y n (U N )) whenever / and g are homotopic. But 
in a certain sense this is the only extent to which the representation fails to be 
unique: 
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7. THEOREM. Let /o, f\\ X G„{R N ) be two maps such that 

f 0 y n (R N )^Ay n (^ N )- 

Consider the natural inclusion a: G n (R N ) -> G n (R M ), for M > 2N. Then 
f 0 = a o f 0 and f\ = a o f x are homotopic. 

If /o and f\ are smooth maps, then /o and f\ are smoothly homotopic. 

PROOF. For each x e X we have two "-planes fo(x) and f\(x) G 
By assumption, there is a bundle map from the total space of fo*(y n (^ N )) to 
the total space of f\*(y n (R N )). Recalling how these bundles are defined, we 
see that for each x G A" we have an isomorphism 

h(x )： fo(x) -> /i(x), 

depending continuously on x. First we consider a 

Special Case. For all x € A" and all non-zero i; € /o(x), the vector / 2 (x)(u) is 
never a negative multiple of v. 

In this case, for each t G [0,1] we define a map h t (x ) : fo(x) -> R N by 

h t (x) = (1 — 0 • identity + t - h(x). 

For the image h t (x)(fo(x)) C we have 

ho(x)(fo(x)) = fo(x) 
hdx)(f 0 (x)) = A(x). 

We define a homotopy f t between /o and f\ by 

ftM = h t (x)(f 0 (x)). 

The assumption in our special case insures that each h t {x) is one-one on /o(x), 
so that we have f t (x) e G n (R N ). It is not hard to check that (x,t) f t {x) is 
continuous on Z x [0,1], and is therefore the desired homotopy. 

General Case. In the general case, the above construction does not work. More¬ 
over, it may happen that the hypothesis for the special case will never occur 
even when we replace /o by some homotopic map fo f . It is necessary to look 
at the compositions fo, f \： X -> G n (R M ). Note that 

- fi*a*Y n (R M ) 

^ fi*y n (^ N ). 
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So by hypothesis we have 

f 0 y n {R M ) ^ /i*y w (M M ). 

Now since M > 2N, we can define a map by 

(“1 ， • • . ， a n ， a n • i ^2N ? • • • ) ^ ~ > + 1 ? • • • ■> ^2N •••，•••）• 

This induces a map 5 : G n {R M ) —^ G W (R M ), which is homotopic to the identity. 
Thus S o f u so 

fo*y n {R M ) ^ / ， (/( 股似 ) ）二 （S o Ary"^). 

But fo and S o j\ clearly satisfy the hypotheses of the special case. So we have 

/ 0 二 S 二 / i . 

If fo and /i are smooth, so that fo and f\ are smooth，then the homotopy 
constructed above is also smooth. ♦ 

In algebraic topology it is customary to consider the union G W (M°°) of the 
increasing sequence 

、 G n {R n+l )cG n {R n+2 )c-- 

with the “weak topology ”： a set K C G n {M°°) = (J/ G W (M W+/ ) is open if and 
only if fl G n (R n+I ) is open in G W (M W+/ ) for all /. There is a natural «-dimen- 
sional bundle y n over G W (M°°), defined analogously to y n {R N ), and this bundle 
has the following two properties: 

(A) For every bundle ^ over a paracompact space X there is a map f : X ^ 
G n (R°°) such that ^ ~ /*(y w ), 

(B) If fo, f\ : X G«(M°°) are maps of a paracompact space X into 
G„(M°°) with f 0 *Y n W ， then / 0 - 

For this reason, y n is called the “universal «-dimensional bundle’’，and G n (R°°) 
is called the “classifying space” for n-dimensional bundles, since equivalence 
classes of ^-dimensional bundles over X are classified by homotopy classes of 
maps of X into G W (M°°). Since G n (M°°) is not a manifold, we do not work with 
these bundles. Instead we will continue to use the bundles which we 

also call, somewhat sloppily, “universal bundles”. 

All of the preceding discussion can be modified to deal with oriented bun¬ 
dles. Recall that an orientation fx for a vector space V is an equivalence class of 
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ordered bases for V, where (ui，. • • ，〜 (w ； i，• • • ， w n ) if and only if the matrix 
(aij) defined by Wi = Y^j a ji v j has det(a") > 0. There are only two such 
equivalence classes, and the one which is not /x is denoted by —fi. An oriented 
vector space is a pair (V, /x), where ji is an orientation for V; the condition 
(vi,... ,v n ) € fi is usually expressed by saying that Vi,.. .,v n is positively ori¬ 
ented (with respect to fi). Given two oriented vector spaces (V, fi) and (W, v), 
we orient K ㊉ W by declaring ui，• • • ， • • • ， to be positively oriented 
if v\,... ,v n and , w m are positively oriented with respect to ji and v, 

respectively. Thus the orientation for VK ㊉ F is {—\) mn times the orientation 
for F 

An orientation for a bundle ^ = n: E ^ X is a. collection ji = {ji x } of ori¬ 
entations for the fibres 丌 — 1 (x), satisfying an obvious compatibility requirement, 
while an oriented bundle is a pair ( 友， /x), where fi is an orientation for 专 . An 
orientation ji for ^ gives us another orientation —fi = {—/x^}; if X is connected, 
this is the only other orientation for Given two oriented bundles d fii) and 
( 专 2, 蛘 2) over the same space X, we can define an orientation on the Whitney 
sum 专 i ㊉ 专 2 by using the orientation on the direct sums of fibres described in 
the previous paragraph; thus we can define (^i © 专 2 , Mi ㊉ g 2 ) to be 专 i ㊉ 友 2 with 
this orientation. Given an oriented bundle (^, fi) over Y, and a continuous map 
/: A" —^ F, there is an obvious way to define an orientation /*/x for /* 专 ； thus 
we can define /*(^,/x) to be the oriented bundle (/* 专， 

For two bundles ^ 1 , ^2 with orientations /Xi, fi2, respectively, we can speak of 
orientation preserving bundle maps and equivalences, or we can simply speak 
of bundle maps and equivalences between the oriented bundles (^ 1 , /xi) and 
( 专 2 , M2). Notice that the oriented bundles (^, fi) and ( 专 ， — ji) need not be equiv¬ 
alent. For example, if [i is an orientation of the tangent bundle of S 2 , then 
(TS 2 , fi) and (TS 2 , —/x) are not equivalent. In fact, an orientation preserving 
equivalence from (7"5 2 , ji) to (TS 2 , —ji) would give us a continuous family of 
isomorphisms 

A p : S 2 P — S 2 P , with all det A p < 0. 

Now a linear transformation A : V —> V from a 2-dimensional vector space V 
to itself has two complex eigenvalues 入 1 ， 入 2 ， and if 入 1 is not real, then 入 2 = 
入 i. But the condition det A = X 1 X 2 < 0 clearly implies that we do not have 
入 2 = 入 1 ’ so J has two real eigenvalues of opposite signs. Thus we could use 
the A p to continuously pick out a 1-dimensional subspace of S 2 P for all p G S 2 , 
by choosing the eigenvectors with the positive eigenvalue for A p . But such a 
continuous choice cannot be made, by Problem 1.9-7. 

We define the oriented Grassmannian manifold G n (R N ) to be the set of all 
oriented /7-dimensional subspaces of We have already defined the map 
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P ： 

map 


G„(R n ), where 14(1^) is the Stiefel manifold. We can define a 
p ： G„(R n ) 


by setting 

piXv\ ， .. • ， ^«)) ~ ( p (^ i ， •. • ， u «)， m )， 

where " is the orientation of p{v x ,... ,v n ) determined by the ordered basis 
v x ,...,v n . We give G„{R N ) the quotient topology for p. If Po = 
then the diagram 


v„°(R N ) 



v^m N ) 


commutes; to prove this, one just has to check that the Gram-Schmidt process g 
preserves orientation. So the topology on G n (M^) could also be described as 
the quotient topology for po. 

Similarly, we can define a map on the special orthogonal group, 

a: SO(M) — G n (R N ), 


by 


o(A) = 


where the orientation " on A(W 0 ) is that determined by the ordered basis 
A(e\), … ， A(e n ). The diagram 


V^(R n ) P ^G n (R N ) 
a|SO(^V) 多 〆 


SO(iV) 


commutes, and of | SO(N) is onto for _/V > n. So, as before, we see that the 
topology on G n (R N ) can be described as the quotient topology for a. It is then 
easy to see that G„(R N ) can be identified with the left coset space 

so(A07so ⑻ x so^ -«). 

There is a natural map r : G n (R N ) — defined by 


r((W,ti)) = W. 
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If W e G„{R n ) and U C G„{R N ) is the open set on page 275, with Wi,...,U)„ 
a fixed orthonormal basis for W, then every V ^ U can be given the orienta¬ 
tion /i{V) determined by the ordered basis where v,- are the unique 

vectors in V with p(v,-) = w,-. The sets 

u + = eU} 

U- = {{V,-fi(V)) :V eU} 

» r *■"*•** 

are easily seen to be disjoint open subsets of Thus we see that G n (IR ) 

is a smooth manifold, and that r : G n (R N ) G n (R N ) is a 2-fold covering. As 
a matter of fact, G„(R N ) is clearly the oriented 2-fold covering of the non- 
orientable manifold G n (R N ), as described in Problem 8-2. 

Over G„(R n ) we define an oriented «-dimensional bundle as 

follows. The total space E(y n (R N )) consists of all pairs 

e G„(R n ) x R n such that w e W, 

and we define n((W ， ix),w) = W. The vector space structure on 
is defined as before, and we can also define the natural orientation on 

:w eW} 

by using the orientation ij, on W. (We ought to use a symbol like \i n ,N, but for 
simplicity we won’t.) Note that r *y"(]R^) is equivalent to the bundle 
where we forget about the orientation jt. For M > N there is a natural map 
a: G„(R n ) ^ G„(IR m ), with 

8. THEOREM. (1) Let be an oriented ^-dimensional bundle over a 

compact Hausdorff space X. Then for sufficiently large N there is a map 
f: X G n (R N ) such that (?，"）= f*(y n {R N ),\i). If X is a smooth manifold 
and ^ is a smooth bundle, then / can be chosen to be a smooth map. 

(2) Let / 0 ,/i ： X G„{R n ) be two maps such that jt) - 

fi*(y n (R N ), |Jl). Then the compositions fo = a o f 0 and f\ — a. o are ho¬ 
motopic, where a : G„(R N ) G n {R M ) is the natural inclusion, and M > IN. 
If /o and /i are smooth maps, then fo and f\ are smoothly homotopic. 

PROOF. Left to the reader. 
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5. THE PFAFFIAN 


We have already given an intrinsic expression, as well as an expression in 
terms of a coordinate system, for the function K n on a compact oriented Rie- 
mannian manifold M of even dimension n = 2m. But the most important 
expression for K n involves the curvature forms for a positively oriented or¬ 
thonormal moving frame X\,..., X n on M. In terms of these forms, we can 
easily write down the «-form K n dV which we want to integrate over M. We 
will be using the symbol 以 1 … 力 1 (defined on pg. IV 68); notice that a sum over 
permutations, like 

> : 乂 (^Gr(l )， • • • ， 

7T 


for example, can just as well be written as 

e J •- J "A(X jl ,...,X jn ). 


〉: ^jl 'Jn 


Jl ”"，_/« 

Now consider the m-(o\d wedge product 


☆ A ... A 


From the definition of A we have (remembering that the Q l j are 2-forms) 

^\l 1 _ 

E 吨 (A ， A) … Kr 


A 


(2 + . • • + 2)! 


2 ! … 2 ! 


n\ 


_/i，•"，_/•” 


2 /i/2 


E £h ' in 〈叫 A ， ^2)^2^/,) • (Rd”x jn )x in ,x in _,) 


j\ ， … ， j" 


1 


2 n / 2 


E 


^'" ln R i\i 2 j\h ' - - R i n -\i„j n -\ 


Jn 


(see pg. 11.190). 


ji I- 、 . ， j n 

So the formula on page 264 gives 
1 


K n 


2”/ 2 /z! 


J2 . 2” /2 .吨 A ... 八 


’•1 ，-- •，’ /I 


and thus 
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This computation shows, in particular, that the form on the right does not 
depend on the choice of the positively oriented orthonormal moving frame 
X\,... ,X n . It is also possible to prove this fact directly, by the following algebraic 
considerations. 

For an w x w matrix A — (atj ) with n — 2m even, we define the Pfaffian 
Pf(^4) of A by 


Pf(d)= 


2m m \ P …… a/" 2 

’1 ，…， ’w 


It will soon become clear why the factor \/2 m m\ should appear. At the mo¬ 
ment we can account for the 1/m! by observing that our expression has a 
lot of redundancy in it. Note first that e 11 … does not change when we in¬ 
terchange /* 2 /-i and i 2 k-i and also iii and i 2 k\ more generally, it does not 
change when we perform any permutation of the pairs So for any 

set P = … of pairs of integers between 1 and it makes 

sense to define 

...h m k m . 

it is not necessary to specify any ordering on the pairs (/?/, A：/) in P. Notice also 
that a permutation of the pairs (z. 2 ,- 1 ， hi) does not change the factor 


a i\ii a i n -\i n - 

So for each P as above we can define 


a P ~ a h\k\ • a h m k m . 

If ^ is the collection of all such P, we then clearly have 

_) = ^E s ( 尸 ) 即. 

PeP 


9. PROPOSITION. Let n = 2m be even. Then for all « x « matrices A and B 
we have 

?r(B x AB) = (detB) -Pf(yl), 

where 1 denotes the transpose. In particular, if S G SO(n), then 


= Pf(A). 
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PROOF. We have 

= D £ i ' Jn ^ b j\h a jd2 b j2h) - - - ^ b in-\in-\ a in-\jn b jnin) 

=J2 ■■- b inin a JU2 - a jn-'jn 

j \，.，，， jn / 1 ).•.)!/} 

=^ h " Jn det B ) - a hh … a in-ijn 

j \ ，…， •/” 

= 2 m m\{dctB)?r{A). ❖ 

Proposition 9 was stated for matrices of real numbers, but Pf(^4) can be 
defined so long as the entries of A are in some commutative algebra A over M. 
It is easy to see that Proposition 9 still holds when A and B have entries in A; 
in fact, the proof works without change. We could also deduce this extended 
version from the original Proposition by the “principle of extension of algebraic 
identities ”： First consider the ring 5/y] obtained by adjoining commuting 

indeterminants Aij and Bjj to M. Then the polynomials 
Pf(5 t >15) and (det B) - P((A) 

are elements of Proposition 9 tells us that these polynomials have 

the same values on all (a u )Abij) for G R. Therefore they are equal 

as polynomials in the indeterminants A 。， Bjj. So these polynomials are equal 
when we substitute elements aij^bij of the algebra A> for the indeterminants 
Aij, Bij. QE.D. 

Now let us consider once again a positively oriented orthonormal moving 
frame \ = X\,... ,X n on M, with curvature forms D). For each p G M, the 
direct sum 

A = R ㊉ fi 2 %) ㊉ Q\M P ) ㊉… 

is a commutative algebra over K, under A. Consequently, it makes sense to 
write Pf(^ (/?)), where is the nxn matrix (Q^ip)) of connection 2-forms 
at p. In fact, we clearly have 

Pf ⑺⑻) E ^" in K A … A 甿 -1 ⑻. 

Now if X / = X - ^ is another positively oriented orthonormal moving frame, 
then a(p) G O ⑻， and by Proposition II. 7-15 the corresponding curvature 
forms satisfy 


= a~ l Qa. 
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Then Proposition 9, in its extended form, shows that 

pf (^(^)) = = pf (^( / >))； 

thus the form 

… a … a% _ i 

i l ，…，, 

is indeed well-defined. 

Later on we will need to know the important algebraic properties of Pf(^) 
that hold when A is skew-symmetric. In this case, even the expression 

Pf ⑷ =i E d 作尸 

is redundant, for the term 

e’ w ”a /|/2 

is unchanged when we interchange iil-\ and iih Let f C P be the collection 
of all P = (h m ,k m )} e P with hi < k f for all i. Then for skew- 

symmetric A we clearly have 

Pf(^l) = e(P)a P , 

PeP f 

which is a polynomial with integer coefficients. (It follows that Pf(^l) can be 
defined for a skew-symmetric matrix A with entries in any commutative ring A 
with unit.) 

There is an important canonical form for skew-symmetric matrices, which is 
merely a reformulation of the following result which has already appeared in 
Problem 1.7-8. 


10. PROPOSITION. Let V be an n-dimensional vector space, and let a € 
Q 2 (V). Then there is a basis (j) x ,... ,(f) n of F* such that 

a = (0J A <j> 2 ) + ••• + (02r-l A <j>2r) 

for some r. (For a = 0 we must allow the vacuous sum, with r = 0.) If {0/} is 
the dual basis to {u/}, this means that 

I Oi(V2i-UV2i) = -Cx(v 2 i,V2i-\) = 1 for / < V 
\ a(u/, vj) = 0 for all other pairs i\ j. 
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PROOF. We use induction on n, the result being trivial for n = Assume the 
result is true for dimensions < n, and consider a non-zero a 6 Q. 2 {V), where V 
has dimension n. There exist vi,V 2 e V with V 2 ) = 1; let [i>i, 1 ^ 2 ] be the 
subspace generated by v, and v 2 . Now consider the subspace W C V of all 
v G V such that a(v!,v) = a(v 2 ,v) = 0 . This subspace W is ker /1 nker/ 2 
where : V 7 -> R is defined by fi{v) = a{v t ,v). So dim W >n-2. Moreover, 
we clearly have W fl [i；,, v 2 ] = {0}, so dim W = « - 2 and K = [q ， u 2 ] $ 灰 . 
Since the result is assumed true for a | VK x W, there is a basis V3, ... ,v„ of W 
such that (1) holds for these Vj. Then ui, V 2 , V 3 ,... ,v„ is the desired basis. ❖ 


11. COROLLARY. Let A = (a u ) be an « x n skew-symmetric matrix. Then 
there is a non-singular n x n matrix B such that 


l S 


bUb 


s 


s 


0/ 


where S is the matrix 


S 


-1 0 


PROOF. Let ^ 1 ,... ，^ be the standard basis of R", and define a e D 2 (M”）by 

a(ei,ej) = a”. 

Let vi,...,v n be the basis of M w given by Proposition 10, and let B = (b u ) be 
the matrix defined by 

n 

Vi = y^bkjefc- 


Then 


a 


A:=l 

(Vi, Vj) - a(^ y b ki e k , 

= ^b k ibija(ek,ei) 

kj 


^2,b ki bija k i = (B t AB) ij , 
k、l 


WJ 


hich gives the desired result. ❖ 



The Generalized Gauss-Bonnet Theorem 


289 


Using the expression 


PfM) = E e(P)a P 


for skew-symmetric A, it is easy to compute that 

心 Ah 

On the other hand, this matrix also has determinant = 1. This gives us 

12. COROLLARY. For every skew-symmetric n x n matrix A with n = 2m 
even we have 

{Pf ⑷ } 2 = detl 

PROOF. It suffices to prove this when det A ^ 0, since both sides are continuous 
functions of the entries of A and the matrices with non-zero determinant are 
dense. By Corollary 1 1， there is a non-singular n x n matrix B with 


S 


B X AB 


0 


0 ' 


s 


Then 


S 


det 


0 


0 


(det B) 2 - det A, 


S 


while Proposition 9 gives 


Pf 


S 


0 


(det S)Pf(/4). 


0 s 

For a skew-symmetric n x n matrix A with n odd we define 

Pf(A) = 0. 

Note that in this case we have 

det A = det A x — det(—/4) = (—l) w det A => det A = 0. 


So Corollary 12 still holds. 
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For even n the skew-symmetry of A is likewise crucial in Corollary 12. If 
we consider det(Aij) as a polynomial in n 2 independent commuting variables 
Aij, then det(Aij) is not the square of another polynomial. But if we consider 
det(Aij) as a polynomial in the n(n - 1)/2 independent commuting variables 
Aij for / < j [and define An — 0 , Aij = —Ay x for / > 7 ], then det(4")= 
{Pf(y4 )} 2 as polynomials in these A ijy since the two polynomials give the same 
results when applied to all real numbers a", i < j. Since is a unique 

factorization domain, Pf(/1) and -PfU) are the only two polynomials with this 
property. The principal of extension of algebraic identities shows that det A = 
{Pf(/1 )} 2 when A is 3 . 2m x 2m skew-symmetric matrix with entries in any 
commutative ring A with unit. 

[By working in the ring M[y4/y], we could have produced the Pfaffian in a 
neat, mysterious, way that avoids all computations. For there is a matrix X 
with entries in the quotient field of R [ 為 ; /] such that 



Hence the polynomial det A in M[/l/y] is the square (det X )— 2 in the quotient 
field of Mfyl/；]. Since R[Aij] is a unique factorization domain, this implies that 
det A is already a square in Mf/1/；]. There are only two possible elements ?((A) 
for det A to be the square of, and we determine Pf ⑷ by requiring that Pf have 
the value +1 on 



Similarly, if we consider the ring ， … ， B nn ] in the indeterminants Aij 

for i < 7 , and fi/y for all i,j\ then the identity detB t AB = (det B) 2 det A 
implies that 

?{(B X AB) = 土 (det B)?r A, 

and by choosing 5 = / we see that the sign must be + 1 .] 

As a rather trivial example of the use of polynomial rings to avoid some 
computations, we prove one more simple, but important property of Pf. If ^ 
and B are two square matrices, we will use 4 ㊉ 5 for the matrix 
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13. COROLLARY. For all skew-symmetric matrices A and B we have 

Pf04®5) = Pf04).Pf(5). 

JSfote: This result holds even when A or B, or both, is of odd order. In that case 
it says that Pf(A ㊉ 5) = 0. 

PROOF. By Corollary 12 (which holds even for matrices of odd order) we have 

(1) {Pf(A © B)} 2 = det(A ® 5) = det A - det B = {Pf(v4) Pf(5)} 2 , 
and thus 

(2) Pf(A ㊉ 5) = ± P((A) Pf(5). 

If ^4 or 5 is of odd order, then we already have Pf(^4 ㊉ 5) = 0. For A and B of 
even order, we just need to determine the sign in (2). Now the same sign must 
hold in (2) for all A and 5, for we may consider equation (1) as an equation in 
the ring Bij] with commuting variables A"、Bij (i < j in both cases). 

Letting A and B be of the form S ㊉…㊉ S 1 ，we see that the + sign always 
holds♦ 


4. DEFINING THE EULER CLASS 
IN TERMS OF A CONNECTION 

Consider a smooth oriented ^-dimensional vector bundle $ = 丌 ： ^ M, 
over a smooth manifold M (of any dimension). For compact orientable M 
we defined the Euler class /(?) G H n (M) in Chapter 1.11. To do this, we 
first defined the Thom class (/(?) G and we proved (Theorem 1.11- 

26) that U(^) is the unique class whose restriction to each fibre 丌 _1 (/?) is the 
generator v p e // c ” （ 丌 — 1 (/?)) determined by the orientation. From this result we 
can immediately conclude 

14. LEMMA. Let $ = 丌 ： £ — Mbea smooth oriented vector bundle over 
a compact oriented manifold M，and let /: M r —^ Af be a smooth map ， 
where M’ is also a compact oriented manifold. If E f is the total space of 
and /: ^ £ is a bundle map covering /， then 

严 (_)) = U(f^) e H n c {E f ). 
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PROOF. Note first that / is proper (the inverse image of a compact set is 
compact), so /* does take H^(E) to Let /* 专 be n f \ E' -> M'. 

If p r e M' is any point, and j p ，•• n f ~ x {p f ) E f is the inclusion，then 

jp*ru^) = (foj p ， ru^). 

If we recall how is defined，we see that (/o j p ，)*U (g) must be the generator 
of // 二 (7r’ _1 (//))，since 々 (〆)*(/( 专 ） is the generator of 扣 ( 丌 - 1 (/(〆)))• This 

shows that f*U (^) must be U (/*$)•♦:♦ 

We defined the Euler class ；(($) to be s*U (^) ? for any section s of In 
particular, we can choose 5=0 = the zero section. Hence 

15. PROPOSITION. Let ^ = n : E ^ M be 3. smooth oriented vector bundle 
over a compact oriented manifold M, and let f : M f —^ M be a smooth map, 
where M f is also a compact oriented manifold. Then 

PROOF. If 0 r denotes the zero section of /* 专 ， then / o 0’ = 0 。 /• So 

X (f^) = (oru(f^) 

=(0')*f*U(^) by Lemma 14 
=(/。(/)*(^) = (0。/)*{；(方） 

^f*0*U(^) = f*x^). ❖ 

As a particular consequence，we note a result which we will need later on. 

16. COROLLARY. If n is even, then 

诉 ”(]^))#0 

for all N > n. 

PROOF. Since S n C for N > n y we have a bundle map (/, /) : TS n 一 
E(y n (R N )) 7 as on page 277. So 

But Theorem 1.11-30 says that x(TS n ) is x(^ n ) times the fundamental class 
of and X (S W ) -2^ 0. ♦ 
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The Euler class has one further important property which it is not really 
essential to prove at this point, for it could eventually be derived from other 
results of this section. Nevertheless, it will motivate much of the argument to 

17. THEOREM. Let ^ = m ： E t M for i = 1,2 be smooth oriented 
vector bundles over a compact oriented manifold M. Then ㊉！ 2 > is the 

cup product ' 

X(?i ㊉ § 2 ) = X(§i) w x(?2)- 

PROOF. The Whitney sum 心㊉ is 兀 ：£ — M where E c E x x E 2 is 

■ ^\{e\) = 兀 2 (己 2 )}- Let pi ： E Ei be the restriction of the projection 
maps E\ 乂 Ei — Ei. For any p € A/, let 

j: n~ x {p) E, j i： tt 厂 Up) — Ei 
be the inclusions, and let 

cr/: n x ~\p) xtt 2 —— nr x (p) 

be the projections. Then 

ji 0 Cfi = Pi o j. 

So 

j*(P\*U\(^) W p 2 *U 2 (^2)) = (P\ o W (p 2 o j)*U 2 (^) 

= (^\*v\ w a 2 *v 2 , 

where v,- is the generator of H c n '( tt,--'( f)) determined by the orientation on 
A (/?)• But a x *v x vj a 2 *v 2 is easily seen to be the generator of the group 

” 2 (兀 1 _1 ( 尸 ） x 兀 2 _ 1 (/>)) determined by the orientation on jrr 1 (/;) x 兀 2 — 1 (/>) 
(given on page 281). It follows that " 

P\*^\ (^ 1 ) ^ Pl*U 2 (^ 2 ) = U(^), the Thom class of 
So if s,- are sections of then for the obvious section 〜+ 5 2 of $ we have 

X(^) = (^1 +5 2 )*t/(?) = (5! + s 2 )*(pi*Ui($0 kj p 2 *U 2 ($ 2 )) 

=[P\ 0 (^1 + 52)]*t/l(^l) W [p2 o (^i + 幻 )]*"2( 专 2) 

— 5 1*"1 ( 专 1) U 5 2*"2(夸 2) 

= Xl(?l)^X2fe). ❖ 
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Now we are going to look at principal bundles associated with a smooth ori¬ 
ented w-dimensional vector bundle $ = n.. E — M over a smooth manifold M. 
We have already considered the principal bundle F(^) of frames of E. If we 
have a Riemannian metric ( ? ) for then, as in Chapter 7, we can consider 
the bundle O(E) of orthonormal frames, which is a principal bundle with group 
0("). Since we will be considering only paracompact manifolds A/，we know 
(see pg. 11.342) that there is an Eheresmann connection a) on the bundle 0(£). 
Thus w is a matrix of 1-forms (ojj) on 0(£) taking values in o(n); the curvature 
form Q = Deo is a matrix of 2-forms (fij), also with values in o(n). [Since we 
will seldom be working with TM any more，and never with moving frames, we 
will not resort to any special symbolism to distinguish the forms wj, Qj defined 
on a bundle from those defined for some moving frame.] As we pointed out 
in Chapter 7, a connection co on O(E) is equivalent to a covariant differentia¬ 
tion operator on E which is compatible with the metric 〈， 〉• In the case of a 
general bundle ^ over M there will be many connections compatible with the 
metric 〈，〉； we cannot single one out by asking for a symmetric connection ， 
as this concept makes sense only for the tangent bundle. Since our bundle § 
is oriented，we can also consider the bundle SO(£') of positively oriented or¬ 
thonormal frames; if X is connected, it is simply one of the two components 
of 0(£). The group of this bundle is SO(«) ? whose Lie algebra is also o(n). 
So a connection o) on SO(n) again has values in o(n), as does the matrix of 
2-forms Q. 

Now let us specialize to the case of a smooth oriented n-dimensional vector 
bundle $ = 丌： E — M over A/，where n = 2 m is even. If ( ， 〉 is a Riemannian 
metric for 专 ， and ⑴ is a connection on the corresponding principal bundle 
tu : SO(£) ― ► A/，then we can consider the w-form 

2m m!Pf(^)= ^ e’l -’" 吨 a ... a 力一 1 ， 

which is defined on the bundle SO(E). The following proof is merely an invariant 
formulation of an argument presented in the last section. 

18. PROPOSITION. There is a unique n-form A on M such that 

a … , •” 八 •••△ 以 : r 1 = 2 Ww !p f (D). 

h ，…， ,•《 

PROOF. Given e M p , choose some u e m~ x (/?)，and let Y\,.. .,Y n 

e SO(£')„ be tangent vectors with = X：. Clearly A must satisfy 

A(Xi,...,X n ) = 2 m m\ Pf(Q)(ri,. 
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which proves uniqueness. Existence will be demonstrated once we prove that 
this A is well-defined. 

Consider first what happens when we take different tangent vectors Zi,..., 
Z/j € SO(E) u with zu^Zi = Xi. Since TU^iYi — Zj) = 0, all Yi — Z( are vertical. 
But Q(Y, Z) = 0 if either F or Z is vertical. So we clearly have 

Pf ⑼ (K ， … ， n) = Pf ⑼ (z! ， r 2 , … ， y„) 

=Pf ⑼ (A ， … ， z„). 

Thus the definition of A does not depend on the choice of the Yj. 

Now suppose we choose a different u € TU~ l (p). Then u = Ra(u) ^ u A 
for some A € SO(/t), and we can let the Yi e SO(E)u be Yi = Then 

Pf ⑼⑺ ,...,V n ) = Pf(Q)(R A , K ， … ， R A ,Y n ) 

= PfW 咖 , •••,>;) 

=Pf(4—• • • ， D by Proposition II.8-11 
=Pf(^)(Ki ，…， D by Proposition 9. ♦♦♦ 

We also have the following result, which is automatic when ^ is the tangent 
bundle of M. 

19. PROPOSITION. The unique «-form 八 of Proposition 18 is closed, dA = 0. 

PROOF. Given X n+ \ e M p , choose u G TU~ l (p) and Y\,...,Y n+ \ e 

SO(E) u with ur^Yi = Xj. Let hYi be the horizontal component of Yi. Then 

d 八 ， .. • ，(⑴ * K ， • • • ，⑴ * ) 

= dK{iu^hY\ ,..., ju^hY n+ \) 

= (rxT*dA)(hYu...,hY n+x ) 

= d(m*A)(hY u ...,hY n ^) 

= 2 m m\d{?r(Q)}(hY u ...,hY n+l ) 

= 2 w m!Z){Pf(D)}(y 1 ，...，>； +1 ). 

But DO, = 0 by Bianchi’s identity (Theorem 11.8-20)，and this implies that 
Z){Pf(fi)} = 0. ❖ 
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In view of Proposition 19, the «-form A determines a de Rham cohomology 
class [A] e H n {M). The form A itself depends on the oriented «-dimensional 
bundle ^ =n \ E M over M, on the choice of a metric 〈 ， > for 专， and on 
the connection 0 ) on the corresponding bundle SO(£). 

20. PROPOSITION. The cohomology class [A] is independent of the metric 
〈，〉 and of the connection a). 

PROOF. Let ( , ) and ( , 〉’ be two metrics for By Corollary 5, the corre¬ 
sponding principle bundles SO(E) and SO\E) are equivalent. If f : SO f (E) ^ 
SO{E) is a fibre preserving diffeomorphism which commutes with the action 
of SO(«), and ^ is a connection on SO(E )， then = f*co is a connection 
on SO’（£). It is easy to see that the corresponding curvature forms satisfy 
Q f = /*Q, so that Pf(^0 = /* Pf(fi). This implies that the corresponding 
forms A' and A are actually equal. To complete the proof it therefore suffices 
to show that any two connections a>o, o)\ on the same principal bundle SO(E) 
give rise to forms 八 o and A\ whose difference is exact. 

Let q : M x [0,1] ^ M be the projection q 、 pj) = p ， and consider the 
bundle q* SO ( 专 ） over M x [0,1]. There are obvious induced connections q*o) 0 
and q*a)\ on q* SO ( 备 ) • Let r: M x [0, 1] -> [0,1] be the function r(pj) = t, 
and form the connection 

0 ) = (1 - x)(q*o)o) + 仞 i) 

on q* SO( 专)， with connection form S2, say. If 心 ：M — M x [0, 1] is h{p)= 
then io* (c*)) can clearly be identified with (Do, and /i*((*)) can be identified 
with o)\. By Propositions 18 and 19 (which hold for manifolds-with-boundary 
as well as for manifolds), there is a closed /t-form A on M x [0,1] which pulls 
back to 2 m m\ Pf (fl) on the total space of q* SO(^). Clearly we must have 

/o*A = Ao and i\* A = A\. 

Now Theorem 1.7-17 (pg. 1.224) shows that 八！ — Ao is exact♦ 

We thus see that every oriented smooth bundle 专 over M of even fibre dimen¬ 
sion n determines a de Rham cohomology class C(^) = [A] 6 H n {N). Clearly 
C{H) = C{r,) if ^ 

21. PROPOSITION. Let ^ = n : E M be 3. smooth oriented bundle 
over M of even fibre dimension n, and let /: M f — M be a smooth map. 
Then 


C(f^) = /*(C(^)) G 
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PROOF. Let E f be the total space of /* 专， and let f: E f ^ E be the bundle 
map covering /. If 〈 ， > is a metric on E, then /*( , ) is a metric on E f . 
Clearly there is an equivalence /: SO(£’）—^ SO(E) covering /. 

f 

SO(E f ) — J - ~~ >^0{E) 

M' - [ —— >M 


If a) is a connection on SO(£)，then f*(co) will be a connection on SO (£’)， 
and it is easy to see that the corresponding connection forms satisfy Q f = f*^2. 
Consequently, 

Pf ⑽ =Pf(/*fi) = /*Pf ⑼. 

For the n-forms A on A/ given by Proposition 18 we then have 

7n f *(f*A) - f*TU*A 

= 2 m m\ f* Pf(fi) 

= 2 w m!Pf(^). 

So /* A must be the «-form 八 ’ on A/’ given by Proposition 18♦ 

We will extend the definition of C by setting C(^) =0 when ^ is a smooth 
oriented bundle of odd fibre dimension. We would like to show that C(^) is 
always some constant times x(^). If this is the case，then we ought to have an 
analogue of Theorem 17 for C. And indeed we do. 

22. THEOREM. Let = nt : Ei —^ A/ for i = 1,2 be smooth oriented vector 
bundles over M, of fibre dimensions n\ and If nt = 2m“ then 

⑽ ® 6) = (ffll + W 2 ) ! C( ^ )w 邮 ) 
mi! m 〗！ 

(For n i or odd, this just asserts that C ( 专 i ㊉ 专 2 ) = 0.) 

PROOF. Choose Riemannian metrics < ， 〉,■ on 匕 ， and let 〈，〉 be the obvious 
metric 〈 ， 〉i ㊉ < ， 〉2 on 匕 ㊉ 6 = 兀 ： £ — M. Let zdv : SO(£|) —^ M and 
tu : SO(£) —> Af be the corresponding principal bundles. Over M we consider 
first the principal bundle SO(£i) * SO(£*2), with group SO(rt\) x SO(«2) C 
SO(tt\ + « 2 ), whose fibre over p e M is just the direct product x 

TU 2 ~ X (p), so that we can regard 

SO(E x ) * SO(E 2 ) C SO{E). 
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Let pi : SO ( 五 i)*SO(£ 2 ) SO(£,) be the obvious projection maps. If u>i are 

connections on SO(£,), with curvature forms then 

* m * ( P*^ 0 ) 

内叫 ㊉ 内叱 0 P 2 * C 0 2 ) 

is a connection cb on SO(E\) * SO(£^)，with curvature form 

0 P2*^2j ' 

The connection d) can be extended uniquely to a connection a) on SO(E) 
[the requirement J>((t(A/)) = A/ determines (i> at the new vertical vectors, 
hence cb is determined at all points of SO(£"i) * SO(£ ， 2 ), and then at all points 
of SO(E) by the requirement co(Ra*Y) = Ad(/l _1 )6(10]• At any point e € 
SO ( 五 i) * SO(^ 2 ) the horizontal vectors for a) are the same as for &， so at e we 
have 

Q, = Q, [on tangent vectors to SO(£'i) * SO(£2)] 

Pf(fi) = Pf(fi) = Pf(Pi*f2i) A Pf(p 2 *^2) by Corollary 13 
= p 1 *Pf(^ 1 ) A/)2* P 叩 2). 

So if A/ ? A are the forms given by Proposition 18, then at ^ we must have 

nr*A = 2 mx ^ mi {m\ + m 2 )l Pf ( 亡 ） [on tangent vectors to SO(E x ) * SO(£ 2 )] 

= (m ' +m2)! 2 mi m l lp l *Pf(Qi)A2 m2 m 2 !p 2 * Pf(^2) 
m\\rri2\ 

= ( w H 2« AiA «a 2 
m\\m2 - 

= ( " 1 +m ^^A,A^A 2 . 
mi! m:! 

This implies that 

(mi +m2)\ A . . 

A = — ^Ai A A 2 . ❖ 

mil m 2 ! 

Applying Theorem 22 when n i = 1, we immediately deduce that the class C 
has a property which we have already mentioned for / (pg. 1.445): 
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23. COROLLARY. If the oriented bundle 专 = 丌 ： £ —M has a nowhere 
zero section s, then 

C(^) - 0. 

PROOF. Let E\ c £ be 

U 

peM 


and let E 2 C E be the orthogonal complement 

U(IR 为 )) 丄 

peM 

with respect to some Riemannian metric on E. Then = 丌 1 | 五 1 : £1 — M is 
an oriented 1-dimensional bundle, so 专 2 = 丌 2 | 五 2 : E 2 ^ M is also an oriented 
bundle (since ^ is oriented). Clearly 专之 ？ 1 ㊉ 专 2 . So Theorem 22 shows that 
C ( 专 ）=().♦:♦ 

But this fact practically characterizes /: 


24. COROLLARY. If^ = 丌： £ -> M is a smooth oriented vector bundle of 
fibre dimension n over a compact oriented manifold M, then the class C(^) e 
H n (M) is a multiple of the Euler class /(^). 

PROOF. Let S be the sphere bundle S {e € E : (e^e) — 1} formed with 
respect to some Riemannian metric on £, and let 丌 0 : S ^ A" be the restriction 
丌 IAs we pointed out in section 2, the bundle 丌 0 * 专 has a nowhere zero section. 
So Corollary 23 gives 

0 = C(7t 0 ^) 

= 7To*C(^) by Proposition 21. 


But Theorem 1.11-31 says that a class a £ H n (M) satisfies Tto*ot = 0 if and only 
if a is a multiple of X(S). 


If we apply this corollary to the tangent bundle of a compact oriented man¬ 
ifold M of even dimension n，we find that the class C(TM) G H n (M) is some 
multiple of the Euler class x(TM). This statement is not very interesting, since 
H n {M) is I-dimensional (all it tells us is that C{TM) = 0 if /(7"M) = 0). But 
we obtain a statement which is interesting when we apply the corollary to the 
universal bundle: 
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25. COROLLARY. For every even n, there is a “universal constant 55 A„ such 
that 

C(^) = A n - X (f) 

for all smooth oriented w-dimensional bundles 专 over compact oriented mani¬ 
folds. 

PROOF. Consider the bundles for N > n. By Corollary 24, there are 

constants A n ^ such that 

(1) = A n , N - € H n (G„(R N )). 

If a: G n (^ N ) G n (M m ) is the natural inclusion, then 

a*{y n {R M ))-y n {R N ), 
so Propositions 15 and 21 give 

(2) CCy^M^)) =a*C(y n (M M )) 

(3) 

Equations (1)-(3) give 

a„, n - = a„, m - x(y n m N ))- 

Since W(M#)) ^ 0 by Corollary 16, this implies that A n ，jv = A n> M for all 
N，M > n. Denoting this common number by A n , we have 

(*) 〔 6 ”( 1 ^))= 水 1 ( 汽 1 ^)). 

Now by Theorem 8 any smooth oriented «-dimensional bundle 专 over a com¬ 
pact manifold M is equivalent to f^y n {W N ) for some smooth map / : M — 

G n {R N ). Thus 

C(^) = C(ry w (M' v )) 

=/*C(y w (M^)) by Proposition 21 

= 4„ . 尸 ; by (*) 

= A n - /(^) by Proposition 15♦ 

To see what this universal constant A n is, we merely have to compute it in 
some convenient special case: 
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26. THEOREM (THE GAUSS-BONNET-CHERN THEOREM). For even 
n = 2m, the constant A n is 

n\ 

A n — — • volume of the unit «-sphere S n 


n\ n m 2 n ^m\ 


n m 2 n m\. 


Consequently, if (M, 〈， )) is a compact oriented manifold of even dimension 
n = 2m, then 

f K n dV = ^volume of • x(A/) 


n m 2 n m\ 

= —X(M). 

PROOF. Let ^ be the tangent bundle TM of a compact oriented Riemannian 
^-manifold M. On page 284 we have a formula for K n dV (in this formula the 
are the curvature forms for some positively oriented orthonormal moving 
frame) which clearly implies that the form A given by Proposition 18 for the 
bundle SO ( 与） =SO(TM) is 

A =n\K n dV. 

So if fi is the fundamental class of M, then 


K n dV) ^ 


八 M 


Hence 


-/(A/) - (i by Theorem 1.11-30. 




Taking M = S n in (1), with A：„ = 1, we have 

volume S n = ~x(S n ) = 

n\ n\ 


volume S T 


n\ n m 2 n ^ x m\ 


n m 2 n m\, 


by Problem 1.9-14. 


Substituting this value of A n back into (1) we now have, for any M, 

f jt m 2 n 

K n dV = — ： -^ x{ M).^ 
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5. THE CONCEPT OF CHARACTERISTIC CLASSES 

Our proof of the generalized Gauss-Bonnet theorem made essential use of 
the fact that both the Euler class x(^) and the class C(^) are “natural ”： for a 
bundle $ = n •• E — M and a map /: M f M wc have 

x(/*^) = f* ( 乂 m and C(f ^)= 尸 (C ⑻). 

This suggests that we might obtain greater insight into the theorem by trying to 
find out what all such natural classes are. To be precise, we define a character¬ 
istic class of dimension k for smooth /t -dimensional bundles to be a function C 
which associates to each smooth ^-dimensional bundle ^ = Jt: E ^ M 
element 

C ⑻ e H k {M), 

with the following property: if 专 ' = 丌'： E' -> M' is another smooth «-dimen¬ 
sional bundle, and (/, /) is a smooth bundle map from ^ to then 

⑽ = f*(Cm e H n (M'). 

Here is an equivalent formulation: C ⑻ =C(r?) if f — r], and for every smooth 
« -dimensional bundle ^ = Jt : E M and smooth map f: M' —> M we have 

c(/^) = r (cm 

We can also define characteristic classes for oriented bundles; these are the 
characteristic classes that we will actually investigate. What we would like to 
do is to find out what all these characteristic classes are. This question might 
look hopeless, were it not for the universal bundles y n {R N ). Notice that a 
characteristic class C of dimension k for smooth «-dimensional bundles gives 
us, in particular, certain elements 

c N = C(y n (R N ))€H k (G n (R N )). 

If ~ ~ , 

OlN,N' •- ~^ ) N' > N 

is the natural map, then 

Conversely, suppose we are given classes 

c n g H k (G n (R N )) 
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satisfying the compatibility condition 

(C) = cjsi for > N. 

Since, by Theorem 8, any oriented «-dimensional bundle ^ over a compact M 
is equivalent to f*y n (R N ) for some / : M — G„(R N ), we can define 

= f*CN- 

Then C(^) is well-defined, for if we have 

/: M — G n (R N ) and g: M ^ G n (R N/ ) 

with 

f*y n (R N ) - ^ - g*y n (U N， ), 

then the compositions 

<XN,N" ° f, 0tN\N" ° g, N" > 2N, 2N' 

are homotopic, so 

f*CM = f*otN,N"*CN" by condition (C) 

= (aN,N" ° f)*CN" 

= {0lN\N" ° g)*CN" 

= g*c N >. 

Moreover, if /j: -> M is a smooth map, then 

C{h*^) = C(h*f*y n (R N )) 

= h*f*c N 
=h*C 

So we could just as well define a characteristic class of dimension k for smooth 
oriented n -dimensional bundles to be a collection of classes 

CN G /^(G„(Ry)) 

satisfying 

(C) = cn for N f > N. 



304 


Chapter 13, Section 6 


Now the problem doesn’t seem quite so formidable; the main task seems to be 
the computation of H k {G n {^ N )). Asa matter of fact, it will turn out that the 

maps 〜 

a N , N '*: H k (G„(^ N )) 

are isomorphisms for N,N' >n+k. So a 〜 characteristic class of dimension k will 

be just the same as an element of for any N > n + k. 

[If we were willing to work with singular cohomology, say, on spaces which 
are not manifolds, then we could define a characteristic class to be simply an 
element of the 众 -dimensional cohomology of the space G„(R°°), the oriented 
version of the space G„(M°°) defined on page 280.] 

Now the calculation of cohomology groups is really the business of algebraic 
topologists, and all sorts of machinery has been used for computing character¬ 
istic classes [for all coefficient groups]. Rather than using any of the standard 
methods from this field, we will compute characteristic classes by purely differen¬ 
tial geometric methods, making essential use of the fact that the Grassmannians 
are coset spaces of Lie groups. Although the procedure is quite involved, along 
the way we will get to look at several topics which are interesting in their own 
right. Moreover, the analysis will motivate the definition, in section 10, of one 
of the famous constructions in differential geometry. Finally, the Pfaffian will 
arise in a completely natural way. 

6. THE COHOMOLOGY OF HOMOGENEOUS SPACES 

By a homogeneous space we will mean a left coset space G/H, where G is a 
Lie group and // is a closed subgroup. We let 兀 ：G -> G/H be the natural 
projection n{a) = aH, and we give G/H the quotient topology: a set K C G/H 
is open if and only if tt — 1 (抝 C G is open. It is an easy exercise to show that 
G/H is Hausdorff. Notice also that if V C G is any set, then 

n{a) e n{V) <=> aH e {bH : b € V} 

> —— > aH = bH for some b e V 

^ —— > a e bH for some b € V. 


n~ l {n(V)) ■ H = V - h. 

heH 

This shows that it(V) C G/H is open if V C G is open; thus it is an open map’ 
as well as a continuous one. 
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For every a e G we have a map L a : G/H ^ G/H given by L a {bH) = abH 
(the notation L a \ G — G will be reserved for the map given by L a (b) — ab). 
Obviously the diagram 

G — ^~ yG/H 
La La 

G — ^L—^G/H 

commutes, which implies that L a is continuous; more generally, it is easy to see 
that the map 

G x G/H ^ G given by (a,bH) i-> abH 

is continuous. 

In this section we will show that G/H is a manifold, and we will find a method 
of computing the de Rham cohomology H'G/H) when G is compact and 
connected. More precisely, we will reduce the determination of the de Rham 
cohomology to purely algebraic calculations involving the Lie algebras of G 
and H. In section 9 we will carry out a sufficient portion of the algebraic 
calculations for the Grassmannians G n (R N ) = SO(N)/SO(n) x SO(N — «) to 
determine all characteristic classes for oriented bundles. 

We already know, from Theorem 1.10-15, that the closed subgroup // of G is 
a Lie subgroup; in fact, there is a C°° structure on //, with the relative topology, 
that makes it a Lie subgroup of G. 

27. PROPOSITION. Let G be a Lie group of dimension and H a closed 
subgroup of dimension d. Then G/// is a topological manifold of dimension 
ft 一 d, and there is a unique C°° structure on G/H such that 

{i) n:G ^ G/H is C°° 

(ii) For every point of G/H there is a neighborhood U and a C°° section 
^ : K — ^ G (a map s : V. ^ G satisfying n o s = identity). 

PROOF. From the proof of Theorem 1.10-15 we know that there is a coordinate 
system (x, U) around e with 

x ⑷二 0 

= ( —M) X ... X (-£, £), 

such that each slice 

x dJrX = constant, ...,x n = constant 
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is an open subset of some left coset of H. In particular, the slice S e through e 
is an open subset of H. Since H has the relative topology, this slice is of the 
form V C\H for some open set V. So by choosing e smaller, if necessary, we can 

assume that 

U D H = S e . 

We will now show that we can arrange for all slices to lie on different cosets 
of H. Choose £i,f2 < e so that the sets t/,. with = (-£/,£;) x ••• x (-£/, £/) 

satisfy 

ur l - V\ C U 2 , U 2 -U 2 C U. 

If a,b G U\ satisfy aH = bH, then 

b- l a e C/ 2 n // = l/ 2 n & 4 a e /) • (t/ 2 n &). 

Now b - (Uz D S e ) is connected and lies in l/, so it lies in a single slice. This 
shows that a and b lie in the same slice. Equivalently, different slices of U\ 
lie in different cosets, as desired. For convenience, we assume that U\ is our 
original U. 

If we now consider the “cross-section” C C U defined by 
C = {a e U\ : x 1 («) = *•* = x d (a) — 0}, 


we see that 

7r IC: C ^ G/H 


is one-one, with image n(C) = n(U), which is open in G/H. Since n is both 
continuous and open, the map n\C is a homeomorphism. The inverse home- 


omorphism 


X = (7r|C)— 1 : n(U) C 


can be regarded as a map into we will use this map as a coordinate system 

around the coset H in G/H. For every a e G we let be the composition 


n(a - U) 


L fl -1 


♦ n(U) 


(n\cr 


♦ C. 


Then for a^b ^ G we have 

Xa ° Xb l = (丌 |C ) _1 0 L fl -i o L& o 7T|C 

on the set W = x〆 71 ^ • 以 ） A ;r(f). t/)). 

For c e C we have 

L fl -iL^(^|C)(c) = a_ l bcfJ ， 
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and it is easy to check that if c e W, then 

(tt|C)-’L yL〆 丌 |C)(c) = a~ x bc. 

This shows that Xa and Xb are C°° related，so the collection {x a } determines a 
C°° structure on G/H. 

To show that 7T: G —> G/H is C°° at a, we have to show that the map 

L a oX~ X 71 Xa 

( 一 £, £) X • • • X ( — s) - > Q • U — > ix{a • (/) — > C 

is C°°. This map is 

L a o x~ x n Lfl-i ( 丌 |C) 一 1 

( —— s, x • • • x ( —— s, £) - > ci • U — > ix(a • U) - > Tt{U) - > C , 

which equals 

x _1 Ji (丌 |C) 一 1 

(—£, £) X • • • X (—£, £) - > U — 、 7t(U) - > C ； 

the latter map is just projection on the last n — d coordinates. 

To prove (ii)，we note that 

S = L a O Xa - 兀 (a . U) — G 

satisfies n o s = identity. 

Uniqueness is left to the reader. ♦:. 

The quotient topology on G/H has the property that /: G/H — > X is con¬ 
tinuous if and only if / 。丌 ：G —> A" is continuous. The C°° structure on G/H 
given by Proposition 27 now has the property that /: G/H —> M is C°° if and 
only if / o 丌 ： G —> M is C°°. In fact, if / o 丌 is C 00 , and 5 is a C°° section 
on K C GjH, then f\V. = f on o s is C 00 . It is also easy to see that the map 

G x G/H G/H, {a ， bH)B abH 

is C°°: if s : W —> G is a section，then on G x V. this map equals 

identity x s jt 

G x %l - > G x G — > G — > G / H. 


In particular, each L a : G/H —> G/H is C°°. Finally，we recall that in section 3 
we defined a C°° structure on geometrically. It is easily checked that 
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this C°° structure satisfies (i) and (ii) when we consider G n (M N ) the quotient 
space SO{N)/ SO ⑻ x SO(A^ — n). 

For the remainder of this section we will assume that G is a compact, connected 
Lie group, with Lie algebra and that //is a closed subgroup with Lie algebra 
{) C fl. Before we consider the cohomology of G/H, a few preliminaries are 
needed. Recall (Proposition 1.10-20) that any left invariant «-form or” on G is 
also right invariant. We will choose o n to be the unique bi-invariant n-form 
with f G a n = 1; as before, for a function /: G ^ M we often write 

J f a n as J f{a) da. 

For every a G G we define the map Ad(o) : Q — 3 by 
Ad(^z) — (^La ° 1 )* : S ~^ fl* 

When G is a subgroup of GL(/t,M), so that ft is a subspace of = 

n x n matrices, we have the simple formula (Problem 1.10-19 or pg. II. 309) 

Ad{A)M = AMA~ l for A G G, M e o,. 

Finally, recall that there is a bi-invariant Riemannian metric ( , ) on the 
compact Lie group G. When G = 0(/7) we can describe such a metric explicitly 
as follows. For M, P G o(«) = skew-symmetric n x n matrices, let 

(M, P) = trace MP X = ^ Mij P". 

U 

For every A G 0(n) we have 

(Ad{A)M, Ad(/1) 尸 〉 = \x?iQtAMA~ x - {APA~ X ) X 
= \x?ict A{MP x ) 

=trace MP X = (A/, P). 

So if we extend ( , ) to O(zi) by left invariance, then it will also be right invari¬ 
ant. 

Now consider a A:-form on G/H. We say that is invariant if L/w = ⑴ 
for all a G G. For any A:-form co on G/H we can define a new k-form 

(x) = / (a [a* ⑴、 = j dil\ 
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this equation really means that 

,..., = / [a ,..., ^)]a w = J L a *co(Xi,. ..,Xk)da. 

It follows easily from left invariance of o n that o) ; is invariant. More generally, 
given a smooth family a r] a of -forms on G/H, where r\ a is defined for all a 
in an open set U C G, we can form 




(a r r] a )a n = rj a da ， 


W 


which is a A:-form on all of G/H. If X\^..Y are vector fields on G/H, 
then 

^ ( 又"“义 1 ， …，^ ：) 心 ) =f .., Xk)) da; 


iu 


this follows from Proposition 9-10 when we choose an integral curve c for Y 
and let 

r(w) = [a r] a (X\ (c(w)),..., X k (c(u)))] - a n . 

Using Theorem 1.7-13, we then see that 

d Uu( a B 。 = f^ 0 ^ dr 1a)o n \ 

in simpler, but rather confusing, notation, we have 


d 


!u 


rj a da 


) 


W 


dr] a da. 


28. PROPOSITION. If is a closed /:-form on G/H, and 

a) f = I L a *co da, 

JG 

then a) — a) f is exact. 

PROOF. For a fixed a ^ G, the map L a : G/H —> G/H is smoothly homotopic 
to the identity map L e : G/H G/H. In fact, we can write a = exp% for 
some X e q (Problem 1.10-27), and consider the smooth family of maps L ex p tx 
from L e to L a . It follows from Theorem 1.8-13 that there is a (A: — 1)-form % 
with 


(*) 


co - L a *co = dr) a - 
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Moreover, the proof of this Theorem gives us an explicit formula for r] a - 

Now let 五 C fl be an open set on which exp is a diffeomorphism. from 
the explicit description of rj a we see that rj a varies smoothly with a for all 
a g exp(£). So we can integrate equation (*) over exip(E), to obtain 


[volume exp(£)] - (o — 


,exp ( 五） 


\j a ^(x)da = d 


I exp(E) 


r]a da 


(Notice that the three forms in this equation are each defined on all of G/H) 
But by Theorem 8-31, we can choose E so that G — exp(£^) has measure 0. 
Then our equation becomes 


co — 


f L a *o)da 

Jg 



❖ 


On the other hand, it is even easier to show 


29. PROPOSITION. If is a form on G/H which is invariant and exact, 
then o) is actually the exterior derivative of some invariant form. 

PROOF. If a) = dr], then 



where v( is invariant. ♦:. 

From Propositions 28 and 29 we immediately have 


30. THEOREM. The 々 -dimensional de Rham cohomology H k (G/H) of G/H 
is naturally isomorphic to 

, closed invariant /c-forms on G/H 

H (G/ 打）〜 {rfn an invariant (k — l)-form on G/H} 

The cup product in H^{G/H) corresponds to A under this isomorphism. 



The Generalized Gauss-Bonnet Theorem 


311 


What really makes this result important is the fact that we can describe the 
invariant /r-forms on G/H in terms of the left invariant forms on G. Note 
that the map Ad(a): ^ induces maps Ad(a)*: Q k (q) Q k (q); the map 

Ad ⑷ * is just (L a oR a -i)* dte. A/:-form r] on G will be called Ad (//)-invariant 
if 

Ad(a) 、 (e) = r](e) for all a e H. 

We say that T] annihilates f) if r](e)(X u ..., X k ) =0 whenever some X t e t). 

31. LEMMA. n: G ^ G/H is the natural projection, then the map cd 
⑺ is a one-one correspondence between the invariant A:-forms on G/H and 
the left invariant, Ad(//)-invariant k-forms on G which annihilate t). 

PROOF. If o) is invariant, then for all a e G we have 

L a ^n*a> = n^a^o) = n*o), 

so n^d) is left invariant. If X u ...,X k eg and some X t G I), then n^Xi = 0, so 
(; r * ⑴)(不，…， = o ){ n ^ X \,.. • ，兀*义， • • ., n ^ Xk ) = 0; 
thus n*o) annihilates t). Finally，if a G //, then the map 

n o L a o R a ^\ : G G/H 
is 

b aba—' H = abH = L a (bH) = L a (n(b)), 

so we have 

(0 7i o L a o R a -\ = \j a o n ； 

consequently, 

(L a o R a -\ )*n*a) = n*l^ a *o) = 
so n^o) is Ad( H )-invariant. 

Conversely，suppose that the A-form r? on G is left invariant, Ad(//)-invariant, 
and annihilates f). The map ;r*: g — {G/H)h from Q to the tangent space of 
GjH at the coset H has kernel precisely f), and therefore induces an isomor¬ 
phism 

JT*: fl/I) — (G/H) h . 
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We can consider r}(e) e since rj annihilates f), so there is a unique 

co{H) e Q k ((G/H)H) with 

(2) n*{(o(H)) = r](e) 

Define a> on G/H by 

a){aH) = L a -i*o)(H). 

To show that a) is well-defined, consider a,b £ G with aH = bH. Then 
c = a~ x b e H. So by (1), 

n*L c *o){H) = (L c o R c -xfn*(o{H) 

={L c o R c -\)*r]{e) 

— ?? ⑷， 

since T] is Ad(//)-invariant. Since (o(H) is the unique element satisfying (2), we 
conclude that 

(o{H) = L c *co(H) = (Lfi 
= L b *(L a -,*oj(H)), 

and hence 

L b -i*o)(H)=L a -i*co(H) y 

as desired. Clearly co is invariant. Moreover，for all a € G we have 
rj(a) = L a -i*r/(e) since rj is left invariant 

= ix*{oj(aH)) 

— (n*(i>)(a). ❖ 

Notice that in the first part of the proof we showed that for all a € //， the 
given o) satisfies (L a o R a -\)*Jt*o) = 丌 *o> at all points, not just at e. Since any 
left invariant form rj on G which annihilates i) and satisfies {L a ° 穴 一 
r](e) is 7 r*o) for an invariant form o> on G///，it follows that such an r] satisfies 
(La o R a -\)*r] = ^ at all points, for all « G //; this conclusion does not follow 
just from the fact that r] is left invariant—we need to know that r] annihilates f). 
Similarly, but more important, since do) is clearly invariant for all invariant o) 
on G/H, it follows that if r) is left invariant ， Ad(//)-invariant，and annihilates t), 
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then dr] has these same properties [but the fact that r] annihilates f), for example, 
does not by itself imply that drj annihilates f)]. 

We are now ready to give a completely algebraic description of H k (G/H). 
Notice first that if a> is a left invariant 众 -form，and , X^\ e 3 , then 

da){X u ..., X k+i ) can be computed by applying Theorem 1.7-13 to the left 
invariant vector fields Xi extending X\. The terms 

⑴ , . .., Xf ， . • • ， + 1 ) 

are all constant by left invariance, so our formula becomes simply 

(*) X k+x ) = Q)([Xj, Xj], % ， … ，不， … ， A} ， … ， A^ +1 ), 

i<j 

which involves only the bracket operation in g. Now let 

= {o)e Q k (c^) : o){X u ..., X k ) = 0 if some X t € t)}. 

The elements of are clearly in one-one correspondence with the left in¬ 

variant forms on G which annihilate t). If a € ff, and Xt e f), then Ad{a)Xi e f), 
since L a 。 R a -i : H H] this shows that 

Ad(ay : ^(a/t)) ^ 的 a/t)) for all a G H. 

Let 

^(g/f))^ = e : Ad(a)*o) = w for all a € H). 

The remarks in the previous paragraph show that 

where d is now defined by (*)• Moreover, Theorem 30 shows that 

kerd: 严 — Q k+l (M H 

Even this description of H k (G/H) can be simplified. Notice that if ^ C fl 
is a subspace with =[) ㊉ f/，then the elements of are in one-one 
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correspondence with the elements of given u> E we define 

the corresponding d) 6 以 （ fl/t)) by 

d)(Xi,...,X k ) = component of component of X k ). 

In particular, consider the orthogonal complement t ) 丄 C of t] with respect 
to { , ) e , where 〈 , > is a bi-invariant metric on G. Since each L a and R a is 
an isometry of (G, < , )), the map Ad(a) : g — is an isometry with respect 
to { , ) e - Since Ad(fl )： () -> £) for fl 6 //, we also have Ad(a): f) 丄 — 丄 for 
a G //, and hence 

Ad(a)*: 丄） —Q 以丄 ） for alias//. 

If we define 

的 办丄严 ={a; e 的為丄） :Ad(«)*ft> = co for all a G H}, 

then the elements of 卩 々（ f) 丄） 好 are in one-one correspondence with the elements 
of Putting all this information together, we have finally 


32. THEOREM. Let G be a compact connected Lie group, and H a closed 
subgroup. Then the ^-dimensional de Rham cohomology H k (G/H) of G/H 
is naturally isomorphic to 


H k (G/H) ^ 


kerd: 丄 ) 秄 — 卩 々 + 1 (t ) 丄严 


where 


丄 C fl is the orthogonal complement of i) 
with respect to a bi-invariant metric, 


and 

Q k (l)- L ) H = {co G 丄）： Ad(a)*co = co for all a G H}, 
and d is defined by 
dco{X \^..., Xk + \) 

=l) / " f " 7 qj(t)~ L component of [Xi ， Xj], X\,.... Xi, •. • ， Xj ， A+i )， 

i<j I 

for X\,..., G I). 

The cup product in //*(G/ H) corresponds to A under this isomorphism. 
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Naturally, the simplest applications of Theorem 32 will occur when // is a 
large subgroup, so that I ) 丄 is small. As an example，we consider G = SO(n+ 1 )， 
with H = SO(n) c SO(n + 1), so that G/H = G n (R n+l ) ^ Gj(R w+I ) is S n . 
In this case, where the geometry is so simple, it is easiest to use Theorem 30 
directly. It tells us that in computing H k (S n ), it suffices to consider A:-forms co 
which are invariant under the action of SO{n + 1). In particular, at any point 
p ^ S n ^ the function co(p) G must be invariant under any linear 

transformation A : S n p S n p which is special orthogonal with respect to the 
usual inner product on S n p . Now \{ Q < k < n and e S n p are 

orthonormal, then there is an A of this sort with 

A{X\) = X 2 , A{X 2 ) — X\, A{X() = i = 3,..., k. 


Consequently 


.., Xk) = co(p){X 2 , 义 1 ， … ， X k )^ 


so co{p)(X\, ..., X^) = 0. This implies that co(p) = 0. Hence H k (S n ) = 0 
for Q < k < n. For k = n, we can choose co(p) to be a multiple of the 
volume element o{p) of S n at p. Since co must also be invariant under special 
orthogonal maps taking p to any other point q e S n , we see that co must be a 
constant multiple of the volume element a. We have da — 0 automatically, and 
since there are no invariant {k — l)-forms, we see that H n (S n ) ^ E. 

It will also be instructive to see what happens when we do not rely on the 
geometry，and use Theorem 32. The Lie algebra q = o(n + 1) is the set of all 
skew-symmetric (« + 1) x (« + 1) matrices，while t) consists of those of the form 


M 


0、 


M g o(n). 


For the bi-invariant metric (M, N) = trace MN X = ) M" jV" ，the orthogo¬ 

nal complement f ) 丄 is spanned by the n matrices 





> • • • ? 
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For any matrix ^4 G // of the form 


A = 



A 


0 ... 0 



A e SO ⑷， 


we compute that 





n 

= Yl a j iY J- 

/ =i 


So if we regard the K, simply as vectors in R”，then the adjoint action Ad(/1) 
on the Y( is just the usual action of the orthogonal matrix A on the vectors Yi ， 
As we saw in the previous paragraph, this means that 




0 < k < n 
k = n; 


hence H k (G/H) = 0 for 0 < A: < «, and H n (G/H) ^ R. 
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7. A SMATTERING OF CLASSICAL INVARIANT THEORY 

The simple algebraic considerations used at the conclusion of the previous 
section won’t get us very far when we replace the subgroup H = SO(n) C 
SO(« + 1) by a smaller subgroup. In order to analyze the more general situa¬ 
tion in an effective way, we need to delve briefly into classical invariant theory, 
which was once considered the cornerstone of all mathematics, and then rapidly 
dwindled to a state of near extinction, although recently it has excited new in¬ 
terest. 

As an example of the sort of question that arises in invariant theory, we con¬ 
sider a standard fact from algebra, to which we have already alluded on occa¬ 
sion. A function 

/: M x • • • x M 4 M 

V 

m 

is symmetric if 

， ^m) = f • • • ， ^n(m)) 

for all permutations n e S m . Alternatively, if we define an operation of S m on 
R x … x R by 

7T • (Xi ， • • . ， Xffj)= ( 义兀 (1)， • • • ， 

then / is symmetric if and only if 

f{n-x) — f{x) for all x € R x ... x M and all Jt e S m . 

As examples of symmetric functions we have the “elementary symmetric func- 
tions” 

m 

(-^1 ， . • • 5 ^m) = 〉 : ? ^ 2(-^15 • • • ， ^m) 〉 : XiXj 

/ =1 i<j 

(-^1 ， • • • ， ^m) = X\ • • • ^m\ 

and for all x, j G M x • • • x M we have y = 丌 .x for some 丌 € if and only if 
ov(x) = 07 ( 3 ;) for all i (compare pg. IV65). From this we see immediately that 
any symmetric f can be written 

f {X \, . . . , X m ) = F(G\(X\ , . . . , X m ), . . . , G m {X\ ^ , Xm)) 

for some function F. Indeed, we can define 

尸 ( 心 ， • • .,s m ) — .,x m ) for any X\,...,x m with a/(^i,.. • ,x m ) = Si 
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—such .xi,.. .,x m certainly exist: we can take .Vi,... ,x m to be the roots of the 
polynomial 

■ 一 1 +••• + (-”％ = o . 

On the other hand, if / is a polynomial, then it is by no means so evident that 
we can choose F to be a polynomial; the argument which establishes this fact 
involves a slightly delicate induction, and can be found in any standard algebra 
course. 

Note, by the way, that the polynomials are algebraically indepen¬ 

dent, i.e., if p is any polynomial with 

p{o \ (x 7 ^ O'm (-^-1 ? • • * ? ) ) _ 0 

for all xi， …， then p=0. In fact, this equation implies that 

for all and hence that p =0. 

Now consider a function 

/*： r — 

m times 

which we will often describe as a “function of 爪 vectors in M””. A typical 
element of M n x • • • x M" will be an w-tuple of vectors (ui,.. v m ), and each 
is an «-tuple v rU .--,v rn . We say that a function / of w vectors in M” is 

invariant under 0{n) if 

f{v \,..., v m ) = f{A{v \),..., A(v m )) 

for a\\v\...,v m e M" and all A e 0(n). Alternatively, if we define an action of 
O ⑻ on R” x … x 1R” by 

A • ,..., = ))， 

then / is invariant under 0(/7) if and only if 

f(A - u) = f(v) for all u e x • • • x R n and all A e 0(«). 

Similarly, we can consider functions invariant under any subgroup of GL(«,M). 
In writing A(v r ), we are considering an « x « matrix A = as a linear 

transformation /I: ^ , by the rule 

n 

A(ei) = y^ f ajjej. 
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Since we are regarding v r == (v rU ...,v rn ) = Ylh v rheh as a row vector, this 
means that we have 

Mv r ) = ^ V r hA(eh) — ^Y^VrhUjhCj 

h hj 

=( 〉 : v rh^lh 5 . • . ， 〉: v rh a nh^i 

and consequently 

[the product of the 1 x n 
A(v r ) = v r • A x matrix v r with the n x n 

matrix A x ], 

which is slightly unpleasant, but something we can live with. 

If i;, u; G M w x • • • x M w are m-tuples of vectors with (v r , = (w r , w s ) for 
all r, s, then there is A e O(n) with w = A - v. It follows immediately that every 
function / of m vectors in M w which is invariant under 0{n) can be written as 

f(vi, ...,v m ) = F((vi, Vi),...,, {v m , v m )) 

for some function F. For brevity, we will also write 

f (v\ ,..., v m ) = Us 〉})， 

and if we introduce the inner product functions 

， . • . ， ^m) — 〈 Ur ， W 〉， 

then we can write 

f = F ° ({〜})• 

From this general, and trivial result, however, it does not follow that every polyno¬ 
mial function of m vectors in M w can be written as a polynomial in the i rs (a func¬ 
tion /: x • • • x > M is a polynomial function if / a\ei ,..., 

is a polynomial in the a l j). This deeper algebraic result is the content of the 
“first main theorem of invariant theory for O(w)”. In order to prove this result, 
as well as the corresponding result for SO(«), we will follow the classical route, 
which will get us to our destination in the shortest time, although it involves 
some unpleasant calculations, and uses some mysterious identities. 

First, some preliminaries about polynomial functions / of m vectors in R n . 
We say that / is homogeneous of degree (Qfi,..., ot m ) if 
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Every polynomial function / can be written 

(*) f = 

(ofi 

where / ai ，…， is homogeneous of degree (a! ， • • • ， ot m ). For example, we might 
have /: M 2 x M 2 ^ M with 

f{x u xi,y\,yi) = 3xi 2 x 2 yi 2 + lxix 2 2 y\yi + 8x, 3 + lx^ • 

degree (3,2) degree (3,0) degree (4,0) 


It is easy to see that the expression (*) is unique. Moreover, if / is homogeneous 
of degree (aj,..., a m )，then so is 

(uj,..., v m ) h-> /(A • v\,A • v m ) 

for any linear transformation A. From this we easily see that if / is invariant 
under any group of linear transformations, then so is / a| ”.”a w . So we will 
henceforth consider only homogeneous polynomial functions. 

Notice that if /: R n — 1R satisfies /(A.u) = \ k f{v), then 

k\ k -' m = ^ k m = ^/(^) = L v 备 ⑽. 

/ =i 


In particular, for A. = 1 we obtain Euler’s Theorem 


kf = t^ 


dxi 


(In the case of a polynomial function /: ^ M, this result can be verified 

directly.) Naturally, there is an analogous result for homogeneous functions of 
several vectors in M w . 

Now let 


e r i = (0,..., , 0) € x x R n , 

个 

r th place 


where 0 denotes the zero vector of M n , and ei is the / th standard basis vector of 
R n . The e ri form the standard basis for M 71 x . • • x M" 1 when we identify it with 
R w/w , so for a function 


/: R" x … x — M 


m times 
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we can consider the partial derivatives 

de r r 

these partial derivatives certainly exist if / is a polynomial function. Now for 
I < r, s < m wt can consider the function 

n gr 

(D sr f)(v \,..., v m ) = ^ v s i- — (v \,..., v m )； 

i=\ oeri 

in terms of the dual basis {(p r ^} to the {c r j}, we can write 

〜含•忐. 

For example, if (x \,..., Ji,..., y n ) denotes a typical element of M w x M w 
then for /: M w x ^ M we have 

n g r 

^ 21 /( 又 1 ，少 1 ， • • • ， ^ yi 7 — (Xi, ... , Ji, ... , y n ). 

i=\ 0Xi 

The operator D sr is called a polarization. It is important for the following 
reason. 

33. LEMMA. Suppose that 

/(〜••.，〜）= f{A{v x ),...,A{v m )) 
for a\\vu...,v m GR n and some linear transformation A. Then also 
Dsr f (v\ ?..., v m ) = D sr f {A(i)\ )，•••， A{v m )) 

for all ui,..., 

PROOF. If (afj) is the matrix of A, then by hypothesis we have 

/(••• ， (Vri,...,v r „), •••) = /(••• ， ([y =1 a\jv r j,..., Y!j=\ a nj v rj ),...), 
which implies that 

df ( 、心 df 

k=\ 
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Therefore 

« df 、 AA df 

/ y ” si g; (v\,... ,v m ) = 2_^ 2^ akiVsi ~^e^k … 
i = \ ri k=\ i=l ’ 

n g r 

= 〉 ' ^4(^)^ 7 ； (J ( 以 1 ) ， -•• ， /(U/w))- ♦♦♦ 

h derk 

In particular, we sec that polarization takes polynomial functions invariant 
under a group of matrices into polynomial functions with the same property 
Note that if / is homogeneous of degree (ai ， ... ， Q^)，then Euler’s theorem 
implies that D rr f = ov . /. Note also that polarizations take the inner product 
functions into sums of such: 

D S r l qp — ^rqhq + ^rphp- 


Finally，consider a determinant function 


(q，•..，〜）4 det 



which we will denote by det〜..〜.We clearly have 


D s rj det ri 〜 r/ , = det ri 5" /+ 1 … 

D sr det r r" r , ? = 0 if r ^ r\,... ,r n . 


Now we want to look at the result of composing two or more polarizations. 
It would be nice if 


认 w 认… / ㉙ !>' V 2, _ 2 

i\Ji 


9 2 / 

d^r\ i\ 9^r2i2 


But this holds only when 12 , S 2 ^ s\. It will be convenient, however: to denote 
the right side of the above equation by a symbol that looks like a composition, 
even in the case where ;*2 or s 2 equals s\. So we will use the symbol A sr for 
the same operator as D sr . but we will define the operator not as a 

composition, but formally by 


△52 ~ 


^s\r\ 


=J]0 5l/l 0 52/l 

/ 卜 i‘2 


d 2 

i\ 
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the operators △ <y2r2 A 〜 ri ， etc.，are defined similarly. As for the actual com¬ 
position D S2r2 D Sxr{ we have 






M，*2 


nh 


which shows that 

(1) 认 in = △以2~1广1 + △以1 . 

Now consider the operator 


det 


Ml 


^12 \ def 


) 


^ 11^22 — D 2 \ D\2- 


Z >21 D 2 2 

From (1) we have 

D\\D 2 2 = A11A22 ， D 2 \ D\2 = A21 A12 + A22, 

so 

D\\D 22 — D 2 \D \2 + ^22 = All A22 — A21 Ai 2 . 

We used the indices 1 and 2 for convenience, but we clearly have the same result 
for any distinct indices cx\, 0 ( 2 . We can write our equation as 

( △OfiOfi 、 


( 2 ) 


— (Ul D aia2 \ = ^ 

V D aiClx D a20l2 ) 


V 


X2Ct\ L -^a2Ct2 / 

Remarkably enough，this equation can be generalized. First we compute that 

3 2 / 


^s } r i (^S2r2^ i s\ri) f = 0 5 ' ，，3 ^ ^ (p S2,2 (p s ' 1 

= 0W 3 ^ 2/2 0 Ml 


de r2 i 2 ^ e r\ /1 


d 






de r2 i 2 de r] i { 


de r2i2 de riii 

/,,/3 de r 2 i,de nil 

(this formula works even if 51 = &). Consequently, 

⑶ Z)。。q (A i y 2r2 A Sl n) = AW3 △ < ?2 广 2 △•sin + A Awi △•^2 + - 
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= f (SS 1171 ") . Ar ⑴， 1 。 ( A Jr(2),2A ff (3),3) - 
neS^ 


We can also write this equation as 



[For each term of this sum, operators in the first column of the matrix appear 
on the left, followed by operators from the second column, etc.] Using (3) we 


have 

i 

(D n 

△12 

△13 

det I 


△22 

△23 

\ 


△32 

△33 


=(sgn^){A^ (1)i i A^ ( 2),2A n .(3),3 

+ ^(3) A 7r(l),3^7z(2),2 

+ 4(2) A Jr ⑴， 2 A ?r ⑶， 3) 

(sgn7r){A jr ( 1)i iA w (2),2A^(3),3 


neSi, 


4 ⑴ A t(3U △ 兀 ⑵ ,2 


^ ( l ) A^(2),2A ff (3),3} 


[compose n with the trans¬ 
position interchanging 
;r(l) and 兀 ⑶] 

[compose 丌 with the trans¬ 
position interchanging 
^(1) and ^(2)] 


(sgn^)A^ u)i i A^( 2 ),2A ff (3),3 
-2 J2 (sgn^)A ff( 2),2A ff (3),3 


neSi 

with 



An 

△12 

△13 

△21 

△22 

△23 

△31 

△32 

△33 


2det 


( 


△22 ^23 

△32 A33 


Now we consider the operator 


AAA 

2 2 2 
12 3 

AAA 



3 3 3 
12 3 

AAA 


12 3 

AAA 

112 3 

AAA 

7 
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Using (2), we find that 

/ D u +2 D X1 ^13 \ / A u A 12 A 13 \ 

det 1 Z) 2 i D 2 2 + 1 D 2 3 j = det I A 2 i A 2 2 ^23 j • 

V 乃 31 ^32 D 33 / \A 31 A32 A 33 / 

Of course, the numbers 1,2,3 could be replaced by any three distinct integers 
from 1 to m. The same general procedure yields, by induction, the 

result 


(4) det 


D\ \ + {m — \) D \2 .... D\ m 


D22 + {m — 2 ) 


An ... A 


\m 


det 


D m \ 


D m i 


Dmn 


△ml • • • △« 


We introduce the Cayley ^-process which takes a function f of n vectors 
in R” to the function Qf of n vectors defined by 



3^11 

Qf = det : 

l 丄 

\ de nX 



Notice that we could just as well write the transpose matrix here，since all partials 
commute. It is easily seen that 

• u，• • • ，乂 . i;„) = (det A) - 2/(ui，• • • ， u„). 

So if / is invariant under 0(n) or SO(«)，then fi/ is invariant under SO(«). 
Using det for the function 


we now have 


(ui，• • • ， u„) det 



34. THEOREM (THE CAPELLI IDENTITIES). Let / be a polynomial 
function of m vectors in R n . Then 


/ D n + (m - 1) 

D\m \ 

( 0 m > n 

det I 

: )/ = 

V D m \ 

y 

Djnm 少 

1 det Q/ m = n 
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PROOF. Equation (4) shows that at the left side of our equation 

has the value 


^ (sgn7T)A n -(i) > i - - - Ajr(m) ， m/(in，• • • ， fm) 


neS n 


0 j 

E ^0).M - - - V ^^ dei . i ...de m Z {VU - " ,Vm, 


7T€S, 


i i »•••，,” 


E E (sgn^)^(i) i( -, - - - Vn(m),i m 

^ 1 = ^ 7T €Sffi 


^ m _l_ 

•. d( 
d m f 


^ e \J\ ' * * ^ e mJ m 


(Ui ” ， Vm)- 


If i a = for some a # 0， then the sum inside the brackets is clearly 0. This 
always occurs if m > n, so we obtain 0 for the total sum in this case. When 
m = n, the sum inside the brackets is zero unless / 1 ,..., is a permutation of 
1 ， … ， /i, so our total sum becomes 


EE (sgn7r)^ (1)ij0( i) - •. 〜 („) ， 〆„) 


peS n neS n 


d n f 


如 1 ， " ⑴ … de „， p ⑻ 

d n / 










det(v u ...,v n ) ❖ 


In order to make use of the Capelli identities, we introduce a partial order¬ 
ing -< on the homogeneous polynomial functions of m vectors in R n . Let / 
and / be homogeneous of degrees (ai，• • • ,a m ) and (a\,... ， 5 m ), respectively, 
and set d = oi\ + • • • + (x m and d = Si + •.. + ot m - Then f < f if and only 
if ： d < d\ or d = d and a m < a m ; or d = d and a m = a m and a m -\ < a m -\； 
or ... . This can also be expressed a little differently. Among all homogeneous 
polynomial functions / of fixed total degree d = 的 + … + a m ，we can consider 
(of m ,a m _i,... ,ai) as the digits of a number to the base d + \. We define the 
rank of / to be this number, 

rank f — (X\ + oijid + 1) + oi^id + l) 2 + … + cx m (d + l) w 1 • 

If / and g both have total degree d, then f < g\i and only if rank / < rank g. 

Now consider the effect on / of the operator on the left side of the Capelli 
identities. The main term 


(D\\ + m — \ ) • • • D mm f 
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is (by Euler’s theorem) just 

(«i + m — 1 ) • • • 0 W / = (constant). /， 


and this constant is 0 only if / does not depend on v m . All other terms will 
involve certain diagonal terms，which are all just multiplications by constants, 
and a term 


D S{ r x … 认 f where 


n < … < 〜 

si + n 

，…， 〜is a permutation 

of n， …， V 


In particular, < r^. But D Su r u f is homogeneous of degree 
( Of ! ， . • • ， " I - 1 ， • • * ，一 1 ， • . • ， 
which means that D s ^ r ^f < f. Thus 

认 …… w = %•••/* = #*， 
where /* 入 /， and ^ is a composition of polarizations; since /* is itself a 
polarization of /, it is invariant under 0(n) or SO(^) if / is. So the Cappeli 
identities show that 


(A) (constant) - / 


a sum of terms m > n 

a sum of terms + det - Q f m — n 

where /* < / is invariant under 0(n) or SO(/i) if / is, ^ is a compo¬ 
sition of polarizations, and the constant is 0 only if / does not depend 
on v m . 


We are now ready to prove 


35. THEOREM. For all m and n we have 

O?: Every polynomial function f of m vectors in which is invariant under 
0 (/ 1 ) can be written as a polynomial in the inner product functions i rs - 
SO^: Every polynomial function / of m vectors in which is invariant un¬ 
der SO(n) can be written as a polynomial in the functions i rs and the 
determinant functions det rj ... r „ . 

PROOF. Notice that a function of m vectors can always be thought of as a 
function of a larger number of vectors; so Of => O^ 1 and SO^ =>• SO^ 1 
automatically for m f < m. Note also that the determinants in SO^ 1 are zero 
unless m > n. 

The proof of Of and SO^ 1 proceeds in two parts. 
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36. LEMMA. If [respectively SO^] holds, then O^ 1 [respectively SO?] 
holds for all m > n. 

PROOF. The proof for SO will be almost exactly the same as for O, so we give 
only the latter. Actually, we give the proof only for , as it will then be clear 
how to proceed by induction. We consider invariant homogeneous polynomial 
functions / of « + 1 vectors in R n , of fixed total degree d. We will prove that they 
can be represented in the desired form by complete induction on their rank. 
If rank / < (^ + l) w , so that the degree of / in u„+i is 0 ， then / does 
not involve w+i，so the result follows from the hypothesis that holds. Let 
ro > {d + l) n . Assuming that all / of total degree d and rank < ro can be 
expressed in the desired form, we will show that all / of total degree d and 
rank "o can also be so expressed. The constant in equation (A) is # 0 for our /, 
so / is the sum of terms f/*, where < f is invariant under O(^) and P is 
a composition of polarizations. Since f* is a single polarization applied to /, 
the total degree of /* equals the total degree of /. Since /* /, the inductive 

assumption says that each /* can be written 

r = F*o({ £r5 }) 

for some polynomial F*. This implies that 

for some polynomial 3^*. Since each S^irs is a sum of i rs \ it follows that each 
^Pf* is a polynomial in the i rs , and thus / is. Q.E.D. 

We still have to show that and SO^ hold. In the case of SOJ5 there is a 
single determinant det(iv/) involved. If ^4 = (iV/)，then 

(Z • ^)rs — > : ”rk”sk = Us). 
k 

Hence 

[det(ivf)] 2 = det A • A x = det({u r , v 5 )) 
is a polynomial in the i rs . Thus we need only linear terms in det • 

37. LEMMA. holds for all n. Moreover, SO^ holds in the strengthened 
form 

SOJJ: Every polynomial function of n vectors in W 1 which is invariant under 
SO(n) can be written as g + (det) - h, where g and h are polynomials in 
the inner product functions i rs . 
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PROOF. We use induction on n. Consider first a polynomial function f: R 
R. If / is invariant under 0(1), then f(x) = f(~x). So f(x) involves only 
even powers of x. Hence f(x) = F(x 2 ) = F((x,x)) for some polynomial F. 
Moreover, any polynomial function /: M ^ M can be written 

/(x) = g(x) + xh(x) = g(x) + (detx) - h(x), 

where g and h involve only even powers. 

To carry out the induction step, 

W {0^：J and SO^：；} ^ {O^ and SO^}, 

we first show that 

0 ::j =>* S0^ _1 (=> - 0^~\ since no determinants are involved). 

So consider a polynomial function f of n—l vectors in Define a polynomial 
function / of « — 1 vectors in by 

= /(而，…，〜-1)， 

where 

= ， • • • 3 1 ， 0 ). 

If / is invariant under SO(«), then / is actually invariant under 0(n — 1). So 
by hypothesis, there is a polynomial F with 

= F{{(w r ,W s )}). 

Now given u! ，…， v n -\ e R w , choose A e SO ⑷ so that all A v r lie in IR” - 1 x {0 }， 
and hence A • v r = w r for some w r € M w_1 . Then 

= /(A v n -i) = f(w u ...,w n -i) 

= f ? • • • ? ^n) — F ({(w^r ? )}) 

=f({(^r,V s )}). 

This completes the proof that O^lj =>• SO^ -1 . 

Now for the proof of (*)• This proof will also be by induction, using the same 
general scheme as in the previous lemma, but there will be a slight complication, 
for we will actually be using a double induction, first on the total degree of /, 
and then within each total degree on the rank. In addition, the statements 
and SOJJ will have to be proved jointly in the induction. Thus, for a fixed total 
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degree and rank，we will show that all / of this degree and rank which are 
invariant under O(w) have the desired form, and also that all / of this degree 
and rank which are invariant under SO(«) have the desired form, assuming that 
the same two statements hold for all / of lower degree, or of the same degree 
and lower rank. There is certainly no problem beginning the induction with 
degree 0; moreover, within any particular degree, the polynomials of sufficiently 
low rank will not involve so we will be back to the cases SO^ _1 and Og 一 1 
which we have already proved. 

Now consider a particular invariant /. We use equation (A), in the case 
m = n,to see that / is a sum of terms plus a constant times det • Qf. The 
sum of the terms 沪 /* can be written as F o ({i r5 }), as before, and we just have 
to worry about det • Qf. First suppose that / is invariant under O(az). Then 
Qf < f is invariant under SO(«), so by the induction hypothesis we can write 

= g + (det) - h, 

where g，h < f are invariant under 0(«)，and thus by the induction hypothesis 
expressible as polynomials in the i rs . So we have 

f = F o ({i r5 }) + (constant) • det • [G o ({(”}) + det • // o (〜})]• 

Since / ， i rs , and det 2 are invariant under O(w)，the term det - G o ({( 以 }) must 
also be invariant under 0(/2)，which is possible only if G = 0. Thus / is a 
polynomial in the i rs . 

If / is assumed invariant under SO ⑻， then everything remains the same, 
except that G need not be zero♦ 

8. AN EASIER INVARIANCE PROBLEM 

For an « x « matrix A/, we define /i(A/) ， ... ， / W (M) by 

det(/ + XM) = 1 + 入 /1(M) + … + X n f n {M). 

It will also be convenient to set /o(M) = 1. Then the ft are polynomial 
functions of the entries of M which are invariant under the adjoint action of 
GL(/i, M), 


fi{Ad(A)M) = fi{AMA~ x ) = fi(M) for A e GL(«,M). 
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If M has eigenvalues 入1 ， •. • ， and 07 denotes the / th elementary symmetric 
polynomial, then* 

fi (A/) = 07 ( 入 1 ， . . • ，入 ”). 


According to Problem 1.7-15, every polynomial function on the n x n matrices 
gl(«,M) which is invariant under the adjoint action of GL(« ， M) is a polynomial 
in the ft (notice that we are now considering functions of a single matrix, rather 
than functions of many vectors). Now we want to find out which polynomial 
functions on o(«) are invariant under the adjoint action of O(rt), or of SO(rt). 
The line of argument will be essentially that used in Problem 1.7-15, except that 
in some ways it will be even easier, since we have an especially simple “canonical 
form” for elements of o(«), which greatly strengthens Corollary 11: 


38. PROPOSITION. For every A e 0{n) there is a matrix B € 0(n) such that 
BAB~ X equals either 



(some of the 入 ’s may also be 0 ). 

PROOF. 1( T: R n R n is the linear transformation determined by A, then 
the skew-symmetry of A means that 


(1) {T u, w) = —(v, Tw) for v,w eR n . 

[Conversely, if this relation holds for T : (V, ( , 〉） — （ K， 〈， 〉），then the matrix 
of T with respect to an orthonormal basis is skew-symmetric, and we have 

(2) det 7" = 0 if dim V is odd 

as a particular consequence.] Equation (1) implies that (image 7 ")丄 =ker T. 
Consequently, T must be one-one on image T. Therefore rank T 2 = rank T. 

*The 入 / are the roots of the characteristic polynomial /(A) = det ( 入 / — M). Recall 
that the 07 = a, ■( 入 1 ” • • ，入 w ) satisfy 入 ” — G\X n ~ x + ... = ]"[/( 入 — 入 /) = 入 ) • So 
A/ 1 + G\X n ~ x + … =(—l) w x(—A) — (—l) w det(—A/ — M) = det ( 入 / + M). Hence, 
det(/ + 入 A/)= 入 ” det (// 入 + M) = X n [{\/X) n + G X (\/X) n ~ x + ...] = 1 +a,X+ •••. 
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Moreover, this rank is even, by Corollary 11. [Alternate proof: The map 
7" I (image 7") : image T image T is one-one, so its determinant must be non¬ 
zero. Applying (2), we see that dim image T is even.] 

Now A 2 is symmetric, so there is an orthonormal basis ... ， of eigen¬ 
vectors of r 2 , with eigenvalues "i，• • • ， fi n . Note that 

My = (vj,T 2 vj) = -(Tvj,Tvj) < 0. 

By renumbering, we can assume that /ii , … < 0, and that the remaining 
/i’s equal 0. Define a new orthonormal basis u)\^... ^w n by 

W 2 = 1. —— T(v { ) 


^2m—\ = 

Wj — Vj 

The matrix of T has the desired form with respect to the basis u ； i,..., w n . ♦♦♦ 

Notice that for M G o(n) we have 

(/ + XM) x = I -XM ^ det(/ + XM) = det(/ - XM), 
so 

1 + + ... + X n f n (M) = 1 一入 /KM) + ••• + (^l) n X n MMl 

and hence fi{M) = 0 for odd i. We will also need to use the following formula, 
whose verification is left to the reader: 

巧灸 ( 入 1 ，一入 1 ，入 2,— 入 2, ... ，入 m ， 一入爪 )=°^( _ 入 1 2 , ••” _ 入爪 2 ). 

39. THEOREM. Let n = 2m or n — 2m + l. Then every polynomial func¬ 
tion /on 0 ⑻ which is invariant under the adjoint action of O(w) is a polyno¬ 
mial in 力， 
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PROOF. For Ai,..e R，let be 



depending on whether n = 2m or n = 2m + l. Notice that the eigenvalues of 
[ 入 i ， • • • ，入爪 ] are / 入 1 ，一 z 入 i ， •. • ， / 入爪， —lk m [and 0, if /? = 2m + 1], so 

/2 灸 ([ 人 1 ， .. • ，人 m]) = a 2 〆/ 入 1 ， 一 /h ， • • • ， / 入爪， -/A m ) 

=( J /；； (人 • • •, 

Define 

g"(A. i,..., 入 m ) = ,..., 入 m]). 

Then g is a polynomial function of 入 i ， • • • ， A m . Notice that for the matrix 



we have 


[ 入 1 ， • • • ，人 m] .乂 = [ 入 2 ,人 1 ， •… ，入 m]. 


Similarly, we can interchange any two 入 ’s by some A G 0(n). Thus g is sym¬ 
metric in the 人 ’s. Notice, moreover, that for the matrix 



we have 


5 •[入 1 ， . • = [一入 1 ，入 2 , • • •，入爪]. 
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Thus 

,..., 入 w) = — 入 1 ， 入 2 , • • • ， 乂 m) . 

This shows that the polynomial g does not have any terms involving X\ to an 
odd power. The same result clearly holds for all 入 ’s，so we can write 

g ■( 入 1 ， • • • ，入 m) = h(X \ ， • • • ，入 w ) 

for some polynomial h. Clearly h is symmetric in its arguments, so there is a 
polynomial p with 

笑 （入1 ， • • • ， 久 /w) = pi.^\ ( ^* 1 ，•• •，人 /w )，•••， 汀 /w ( 入1〗， • • • ，入爪2 )). 

Thus we have 

/( [ 入1， … ， 人 m])= 尸 (/2 ([ 人1， ... ，人 w]) ， … ， /2/W ([ 人1， … ，人 w])). 

Now for any M € o(«) there is, by Proposition 38 , some A G O(n) such that 
A^ l MA = for some Since /， / 2 , • • • ， / 2w are invariant 

under the adjoint action of 0 {n), the above equation yields 

f(M) = p(/ 2 (M) ， … ， fimiM)). ❖ 

Note that the polynomial functions /2,..., fim are algebraically independent 
on o(n)—i{ 

p(/ 2 (M )， •.. ， = 0 

for all M G o(«), then p = 0 . Indeed, this equation implies that 
/ 7 ((Tl ( 入 i 2 , • . • ， 入 w 2 )，. • • ，(入 1】， •. • ， X m ^)) = 0 
for all and thus that the polynomial 

尸 （0 "i (•'、，.. . , Xfn Ofn (.' 1 ， • • • ， •'、)) 

is zero whenever Xi,...,x m take on positive values; but this implies that this 
polynomial in . .,x m is identically zero, and hence that p = 0, as we re¬ 
marked on page 318 . 

With slight modifications of our previous argument we obtain 



The Generalized Gauss-Bonnet Theorem 


335 


40. THEOREM. (1) If n — 2m + 1, then every polynomial function / on 
o(n) which is invariant under the adjoint action of SO(") is a polynomial in 
， • • • ， flm • 

(2) If « = 2m, then every polynomial function / on o(n) which is invariant 
under the adjoint action of SO(n) is a polynomial in / 2 ,..., fim -2 and the 
Pfaffian Pf. 

PROOF. (1) Notice that the matrix A in the proof of Theorem 39 is actually 
in SO(n). If n is odd, then [ 入 1 ， . • • ，入 w ] has a zero in the (n,n) th place，so for 
the matrix B in the proof of Theorem 39 we can just as well replace the 1 in 
the (n，《) th place by —1; this new B is in SO(n). Now the proof of Theorem 39 
goes through as before. 

(2) The matrix A is still in SO(n). We cannot arrange for B to be in SO(«), 
but for the matrix 



C = 


0 1 
1 0 

1 


€ so ⑻， 



we have 


C . [ 入 i ， •. • ， k m ]C 


= [—入 1， _ 入2,入3,…，入 m ]. 


Similarly, we can send any pair of 入 ’s to their negatives. So the symmetric 
function g in the proof of Theorem 39 has the property that each monomial 
appearing in it is either of even degree in all 入 ’s or else of odd degree in all 入 ’s. 
So g can be written 


g (入 1 ， • • • ，人 / W ) — ^ 1 ( A . 1，•• •，入 /yj ) + ( 入 1. ••人 w )办2(入1， • • •，人 /w ). 

Since g is symmetric, the term //i (入 i 2 , • • • ,k m 2 ) [= the sum of the monomials 
of g which are of even degree in all 入 ’ s ] must be symmetric in 入 i ， • • • ， 入爪. So h\ 
is symmetric in its arguments. Thus A 2 is also symmetric in its arguments. So 
we can write 


g (入 l ， • • •，入 wi ) = (ai (入 l ， • • •，入 /m )，•••， (入 l ， • • • ， \ m 2 )) 

+ ( 入 1 • • • 人 m ) • P2 (^1 (入 1】， • •. ，入/«2)， . . . , O m (入 1之， • • • ，入 / w 2 )). 
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Thus we have 

/ ([ 入 l ， • • •， = P\ ([入 1 ， • • • ，入 w]，• • • ， flirt (1 ， . • • ，入 /n])) 

+ Pf ([ 入 i ， • • • ，入 m]) • /^2(/^([ 入 1 ， ... ，入 m])，• • . ，([入 1 ， • •. ，入 /n])). 

It follows, as before, that 

f(M) = Pl(, 2 (M) ， … ， / 2 m(M)) 

+ Pf(M) • p 2 (/ 2 (M) ， … ， flm(M)) 

for all M e o(n). We can dispense with j\ m , since 

f 2 m (M) = det M = {Pf(M)} 2 . ❖ 

We have already observed that the polynomials /〗，…， fim are algebraically 
independent on o(n). For n = 2m, the polynomials /^ ， ... ， /2m-2，Pf are alge¬ 
braically independent on o(n). For suppose that 

/K/ 2 (M) ， … ， / 2m - 2 (M) ， Pf(M)) = 0 for all M e o ⑻. 

Then for all A ， i,..., we have 

0 = p{a\ (Ai 2 ,..., 入 w 2)，• • . ， 1 (入 1 ， . • • ，人 m )，Xl . • • 入 m) 

=Pi (0"i ( 入 1 〗， .•. ，入爪 2 )， • • • ， ( 入 J ， • • ，入爪 2 )， ^_爪 ( 入 i , . . . , X m )) + 

{X\ • • • A./71) p2 (^1 (人 1】, • • •, 入 m]), • . • ， ^m — \ (^-1 , • • • ，入 /n ， • • • ，入 w ))， 

for certain polynomials p\ and pi - This polynomial in 入 i ， .. . ，入 w can be zero 
only if the two summands, representing the terms with all 入 ’s of even degree 
and the terms with all A’s of odd degree ， respectively，are each zero. Then as 
before we conclude that p\ = pi = 0- 

There is one further simple property of the functions In Corollary 13 we 

gave a formula for Pf(J ㊉ 5 ), where 


a ® b = { A q 5 ) - 

It is easy to find a formula for /〆 」 ㊉ 5)，for all y4 € gl(r, M) and B e gl(\ R). 
For we have 

det(/ r +<s + 入 ( 」 ㊉ 忍 )） 

=det((/ r + ㊉ （’s + 入万 )) 

=dct(/ r + 入 ^4) * det(/ s + 入 5) 

=(1 + X/i(A) + • • • + X r / r (A)) - (l + X/i(B) + . . . + X s f s (B)). 
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k 

fk、A ㊉ 5) ：= coefficient of ^ fi{A) • 

1=0 

When A and B are skew-symmetric, we have 

k 

fik(A ㊉ 5) = f 2l (A). f 2k ^ 2 ,(B). 


9. THE COHOMOLOGY OF 
THE ORIENTED GRASSMANNIANS 

We are now ready to compute part of the cohomology of 

= SO(N)/SO(n) x SO(jV - n) = SO(N)/H. 
The Lie algebra o{N) has as a basis the matrices 


= ] (_! ! ) l<a<^<N 

which have non-zero entries only in the (a, 卢 ） and (^,a) positions. [We adopt 
the convention that the indices a, ^ range from 1 to N, while the indices i, j 
run from 1 to o, and r, 5 range from n + 1 to A^.] Let {^} be the dual basis to 
the {Xa}. The Lie algebra I) consists of matrices 

(L\ 0 \ L\ g o(«) 

V 0 L 2 )， L 2 e o(N -n). 

The orthogonal complement {) 丄 ， with respect to the bi-invariant metric on 
page 308, consists of all matrices 


d ， 


P 2lu n x (N - n) matrix, 


and has as basis the X[ for 1 < / < « and n + \ < r < N\ so the corresponding 

(f> r i are a basis for (I) 丄 ) * [more precisely, the restrictions of the # to $ 丄 are a 
basis]. 
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The adjoint action of SO(n) x SO(iV — w) on I ) 丄 is easily computed to be 


A 

0 


)( 


0 

-P x 


P 

0 


A 

0 


0 

B 


A 

0 

A 

0 


0 

B 

0 

B 

0 


)( 

)( 


0 

一尸 t 

0 

-PM* 

APB ts 


P 

0 


A f 

0 


0 


PB V 

0 




We want to know which elements of 丄 ） are invariant under the induced 
adjoint action of SO ⑻ x SO(N - n). We will split this question up into two 
parts, by considering invariance under the adjoint action of the two subgroups 


SO(«) x {/} 


{/} x SO(N -n) 


Ko 

Ko 


o' 

I 

0 

B 


A e SO ⑻ 


Be SO(N - n) 


We consider first the adjoint action of {/} x SO(N - n), given by 

)(-% o)(o 


I 

0 


0 

B 


0 

BP X 


PB X 

0 


If we regard f ) 丄 as the /7-fold product R N ~ n x . . . x R N ~ n by identifying 
( 0 愈尸 ) e 丄 with the n-tuple of the rows of P, then this action is the usual 

action of SO(N-n) on each factor. Since a form rj e Q k (ir) can be regarded 
as a polynomial function on the a?A:- fold product W^~~ n x • • • x w , Theo¬ 
rem 35 shows that r] is invariant under the adjoint action of {/} x SO(iV - n) 
if and only if it is a polynomial in the inner products and determinants of the 
vectors involved. We have to figure out just what this means when r ； is a k-fbrm, 
and express r) in terms of the forms . From now on we assume that k < N - n. 
Consider first the case where q is a 1-form, and thus a function 丄 —1R. 

If rj is invariant under {/} x SO(N — n), and M = :) ， then t}(M) 

can be written as a polynomial in the inner products of rows of P and in the 
(N — n) x (N — n) subdeterminants of P. Thus is a polynomial in 


N 


J2 0- W1 <hJ2<n 


=n-\-\ 



The Generalized Gauss-Bonnet Theorem 


339 


and 

the determinants of the matrices formed 
by picking (N — n 、 rows of P. 

Multiplying A/ by a G R multiplies the first terms by a 2 and the determinants 
by a N ~ n . So r](M) cannot be linear in M unless it is zero. Thus ^(f) 丄）好 = 0. 

Now consider a 2-form r] e D 2 (f) 丄） • If q is invariant under {/} x SO(N — n), 
then M2) can be written as a polynomial in 

- 0[ 2 (Mi), ^^(M 2 ) • 0[ 2 (M 2 ), • 0[ 2 (M 2 ) 

r r r 

and 

the determinants of the matrices formed by picking n\ rows 
of Pi and ri 2 rows of P 2 , with n\ + ri 2 = (N — n). 

Multiplying M\ [or M2] by a multiplies these determinants by a ny [or a n2 ]. 
But either > 1 or > 1， since we are assuming that 2 = k < N — n. Conse¬ 
quently, since r] is multilinear, the determinants cannot be involved. Moreover, 
of the remaining terms, only those of the third kind can be involved. So 

T] = 3 . linear combination of the ® (f> r h . 

r 

Since q is a 2-form, we have 

r] = Alt r] — 3 . linear combination of the (p r i{ A 0[ 2 . 

r 

Thus fi 2 (f]- L ) // can contain only linear combinations of the 2-forms 

— A 0[ 2 1 < U < h < n. 


For a 3-form r] e Q 3 (f) 丄 ） to be invariant under {/} x SO^ — «)，it must be 
possible to write M2, A/3) as a polynomial in 

4> r iS M h) • 4> r i z ( M h) J'l ' h = 1 2, 3 


and 


determinants formed from rows of 尸卜尸 2, 尸 3. 


As before, the determinants cannot be involved, since we assume 3 = k < N—n. 
Then it is easy to see that no non-zero polynomial in the other terms can be 
multilinear in (A/j,M2,M3). So Q 3 (f) 丄）打 = 0. 
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If rj G Q 4 (f) 丄 ） is invariant under {/} x SO(N — n), then y]{M\, ..., M 4 ) can 
be written as a polynomial in the 

[<(A) • 《 2 ( M J2) 71,72 = 


(determinants are ruled out as before). Since rj is multilinear, it is easy to see 
that the only monomials which can appear are 

(M 72 )} . { J>；3 (My.,) . < (M 74 )}’ 


where ji,..U are distinct. This term can be written 


< S ) 0[ 4 )(从冗⑴， M n ( 2 ), A ⑶， Mn •⑷) 


for some permutation n G S 4 . Since r] is alternating, we find that q is a linear 
combination of terms ^/,/ 2 A ^/ 3 / 4 . 

In general, we clearly have: 

If k < N — n k odd, then 丄严 = 0. 

If k < JV - n is even, then all elements of 丄严 can be written as 
linear combinations of the forms 


C/V2 A … A ^i k _ ] i k . 


To determine S^(f) 丄 ) 好 completely for all even k < N ~ n, we still have to 
consider invariance under SO(n) x {/}• But we already see, from Theorem 32, 
that 

(A) If k < N — n is odd, then H k (G n (M N )) = 0. 

Moreover, the maps 

w_i 代丄) 丑 土 y+i(f ) 丄严 

are zero for even k < N — n — \, since the vector spaces on the ends are 0. 
Consequently ， 

H k (Gn(^ N )) = 媒 =^(^) N /0= _ 丄 ) 好 • 
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Actually，this result holds for all k, but we need a different argument. Notice 
that something special happens when we take the bracket of two elements of 丄 . 
We have 

( 0 0 Q\ _ f 0 Q\( o p\ 

y-p' o 八 —0 / V-e* o 八 - 尸 * oj 

-PQ t + QP t 0 

0 -P l Q + QP* 

which is in I). Consulting the statement of Theorem 32 we see that our map 

d: 丄严 —W + 1 (b 丄严 

is always 0. Thus 

(B) For all k we have H k {G„{R N )) = W ( 石丄严 . 

We now have to investigate linear combinations of the forms (，- 1/2 a • • • A 
(Uk- Such combinations can be described in terms of polynomial functions 

f •• 0 (n) — E which are homogeneous of degree k/2 ： if / is a sum of mono¬ 
mials 

c - 伞 K • ， 1 < h a -i < ha < n, 

then /(O G 丄 ） will denote the A:-form which is the sum of the correspond¬ 
ing terms 

C 八 A . ••八 ^i k _ x i k 

(since the are 2-forms，the A products commute，so the order of the factors 
is irrelevant). Clearly every linear combination of the forms ^/,/ 2 八.••八 ^i k _ x i k 

is /(O for some /: 0 («) — R. Since the are linearly independent，this / is 
unique for k < N—n. Moreover, for homogeneous polynomials /, g : o(«) IR 
we have 




( 1 ) 


(fgm = no a g (o^ 


We want to find out how SO(«) x {/} operates on /(<)• Take first the special 
case / = 0 j, so that =： t ； ij. For 


A = 



^ G SO(n) x {/} 


= 



Pi 

0 
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we have 

[Ad(i)^ i7 ](Mi,M 2 ) 

^ 4>\ A (f>j (Ad(i)Ml, M(A)M 2 ) 

r 

.r( 0 APA r ( o ap 2 \ 

^ {- pu 1 o J M- 似 o )- 

= J2 {(APl)ir(AP 2 )jr - (AP 2 )ir(AP l )jr} 
r 

n 

=^ {/4// x (尸(尸 2 )ur — 山从(尸 2) 从; 

r y=l 
n 

— 〉 : ^4 Aj v 

and hence 

Ad(i)*C/i = E 

or 

(2) Ad(i)*(0j(O) - ( 

On the other hand, for a matrix L e o(^) we have 

n 

(pj(Ad{a)L) = ^(ALA 1 ) — ^ Aj^Aj V L^ 

/i，V = l 

⑶ « 

=>• 0joAd(>4)= [ Ai^Aj v (f>^ . 

Comparing (2) and (3)，we see that 

Ad(i)*(0j(O)= ⑷。 AcM)](0. 

Using equation (1)，we find that for all f : o(n) M we have 

(*) Ad(i)V(0 = [/oAd(/l)](0. 


^^(P\)fxr(Pl)vr — (P2)^r(P\)vr 

匕 r 
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From equation (*) we see that a linear combination /(^) is invariant under all 
Ad(i)*，and thus/(O e 以 (f) 丄) 汗 ％ ifand only if/： o(n) ^ R 

is invariant under all Ad(A), for A e SO(«). But Theorem 40 says that all 
such / are polynomials in 

/2, • •. ， fi[n/ 2 ] if n is odd 

/2,…，/«-2, Pf if n is even. 

Moreover, / is uniquely expressible as such a polynomial, since / 2 ,..., / 2[ „ /2 ] 
[ or h ， … ， /«— 2 , Pf] are algebraically independent (pages 334 and 336). 

Cose 1. n is odd. The forms /2(0, • •. ， /2[«/2](0 have dimensions 4, 8,, 4[«/2]. 
So 

1( k < N — n is not a multiple of 4, then H k (G n (R N )) = 0. 

If k < — « is a multiple of 4, then every element of H k (G n (R N )) is a 

unique linear combination of cup products of the classes corresponding, 
via Theorem 32, to the forms 

/2(0, …， /"4(0. 

Case 2. n is even. The forms /2(0, • • • ， /«—2(0，Pf(<) have dimensions 4,8, • • • ， 
In — 4,So 

If k < N — n is odd, then H k (G n (R N )) = 0. 

1( k < N - n is even, then every element of H k (G n (R N )) is a unique 
linear combination of cup products of the classes corresponding, via The¬ 
orem 32, to the forms 

/2(0,... ， /[zt/4](0， and Pf(0 ifk > n. 

This can all be said more prettily if we fix « and allow N to increase: 

41. PROPOSITION. If a: G n (B. N ) —> G W (M^) is the natural map, and we 
have M > N > n + k, then the induced map 

«*： H k (G„(R M )) ^ H k (G„(R N )) 


is an isomorphism. 
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PROOF. Because of the preceding discussion, it obviously suffices to show that 
the element of H k (G n {R M )) corresponding to f r goes by a* to the element in 
H k (G„(R N )) corresponding to f r . Proving this is just a matter of unraveling 
definitions, and will provide a good opportunity to set straight everything done 
up till now♦ 


Henceforth we consider only N sufficiently large so that 4[n/2] < « for 

odd n, and 2n - 4 < N - n and « < - n for even n (we can take N > 3n —2 

in both cases). Then all elements of H*(G„(R N )) in dimensions < N - n are 
unique linear combinations of cup products of the classes corresponding to 

/ 2 ( 0 ,… ， /2[»/2](C) n odd 

/2(0,… ， /« - 2(0 ， Pf(0 « even. 


We let 

p n . k € H Ak (G n {M. N )) k = \,...,[n/2] 
be the class corresponding to 


1 

(2n) lk 


f2k(0. 


and we let 

e n e H n {G n {R N )) n^2m 


be the class corresponding to 


1 


(2n) m 


Pf(0- 


We defined p n: k for k = 1 ， … ， [n/2] for both odd and even just for simplicity 
For even n this gives us the extra class p«;«/2, corresponding to f n (t,)/(2n) n . It 
satisfies 

Pn:n/2 = ^ 

since e n \j e n corresponds to 

— J — Pf(0 A —-— Pf(0 = — 5 — Pf 2 (0 by equation ⑴ on page 341 

{2n) m VW (2n) m K } {2n) n 7 H W 

= (2n) n dCt( ^ = 

In these definitions，we are always taking N large, and applying Proposition 41 ， 
so that there is no need to have an extra subscript N on the symbols p n; k and e n . 
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In accordance with our discussion in section 5, each class 
p n , k e H 4k (G„m N )) N large 
determines a “characteristic class”，that is, a function 

^ Pn 携 U H 4k (M) 

which assigns to a smooth oriented n-dimensional bundle ^ = n: E M 2 lu 
element of the cohomology of M. Explicitly, 

Pn;k(^) — S* Prt;k 

where 

g : M G n (R N ) satisfies g*y n (R N ) ~ 

This characteristic class is called the k th Pontryagin class for n-dimensional 
bundles. For even we have the additional class 

^ e n {^). 

When one is dealing with characteristic classes, the number n is usually appar¬ 
ent, since it is the fibre dimension of the bundle whose characteristic class is 
being considered. Consequently, we write simply Pk(^) and e(^). If ^ has fibre 
dimension n, then Pk(^) is defined for k = 1 ， … ， [n/2]; if n is even ； then we 
also have the class e ⑻， and p n /2^) = w e(^). 

Since all elements of in dimensions < N — n are linear com¬ 

binations of the p n ^ and e n , we see that all characteristic classes for oriented 
«-dimensional bundles are polynomials in the Pontryagin classes together 
with ^ if « is even. In particular, the Euler class must be representable in this 
way, and our notation clearly suggests that the Euler class is, in fact, just the 
characteristic class e. In order to prove this, we have to look a little more care¬ 
fully at the universal bundles. 

Consider the universal bundle y n (R N ) = n : £'(y w (R ;v )) —> G n (R N ). A 
point of G n (R N ) is an oriented «-dimensional subspace W C R N , and the fi¬ 
bre n~ l (W) over W is {(W, w) : w G W). So there is a natural Riemannian 
metric { , ) on : the inner product of (W,Wi),{W,w 2 ) e 7t~ l (W) is 

just the usual inner product of W 2 e R N • For the corresponding princi¬ 
pal bundle m : SO(£'(y /l (E Ar ))) —> G n (R N ), the fibre m~ l (W) is the set of 
all (W, (u ； i, • • • ， u; w )), where (u ； i, • • •, w n ) is a positively oriented orthonormal 
-frame in W C U N . Now we can define a map X : SO(N) SO(£'(y w (M Ar ))), 
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from the special orthogonal group SO (AO to the total space of this principal 
bundle，as follows: If W 0 C R N is the subspace spanned by q，• • • ， 〜， then 

A.(^4) = (A(Wo), (A(e \),..., A(e n ))). 

It is easy to see that for the point x = {Wo, (e\,... ， e n )) G SO(E(y n ))), we 
have 

X^( X ) = {I} xSO{N -n); 

more generally, for any x E SO(E(y n (M N )) the set A. -1 (x) is a left coset of 
{/} x SO(N-n). So SO(E(y n (U N )) can be identified with the left coset space 

SO(A0/{/} x SO(N -n). 

We leave it as an exercise for the reader to show that the topology and C°° 
structure on is the same as that on this left coset space, and 

that the projection 

m: SO(N)/{I} x SO(N -n) ^ SO(N)/SO(k) x SO(N - n) 


is just the natural map taking the coset A - [{/} x SO(iV — k)] to the coset 
A - [SO (幻 x SO(A^ - k)]. Notice that the diagram 



commutes, where Tt\ and 丌 2 are the natural projections. As in section 6， we 
will use La for the left multiplication La : SO(A^) —> SO(iV), and La for the 
diffeomorphism of SO(A^)/{/} xSO(A^—«) taking the coset B [{I}xSO(N—n)] 
to AB - [{/} x SOW — «)]• We also have the map Ra : SO(iV) — SO(A^), and 
the map taking the coset B - [{/} x SO{N — n)] to BA - [{/} x SO(N — n)}. 
The reader should check that for A e SO(rt)，the map corresponds to the 
right multiplication by A in the principal bundle SO(y /l (M ;v )). 

On SO(iV) we have the left invariant 1-forms (a < whose values at / e 
SO(iV) are the elements G o(N)*\ set = — 0^ for a > 卢， and 0^ = 0. We 

claim that for i, j < n there are unique 1-forms 0 )j on SO(A^)/{/} x SO(jV —/?) 
such that 


( 1 ) 


= 0j. 
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To prove this we first note that Hu is always onto. Since we need to have 

(2) cd){iiuX)^^{X) 

for all tangent vectors X of SCK#)，this proves uniqueness. To prove existence, 
we need to show that definition (2) is well-defined, by showing that ^{X) — 0 
whenever tt^X — 0. So suppose X € SCKA^. Then X = La^Xj for some 
X[ £ o{N). Since n\ o La : o 7 Ti , we see that 


7T\^t — 0 ^ 7T\ ^LJ == 0 

— 0 

==> 丌 i*A7 = 0 since La is a diffeomorphism 
Xj is of the form ^ ^ 

= 0 

=>-= 0 since is left invariant. 

Thus the forms exist. Note that 

L a *o)j(tcuX) = (Vj(L A *nuX) 

^ 4>j(L A *X) 

= = 0)j(7TuX). 


So 

= ojj. 

Now a) = (a) l j) is an o ⑻ -valued 1-form on SO(N)/{I} x SO(A^ — n). We 
claim that o) is, in fact, a connection on the principal bundle m : SO(AT)/{/} x 
SO(_/V - w) — SO{N)/ SO(n) x SO(W — n). We have to check that 


a>(q{M)) = M 

= A~ ] o)(Y)A 


for M e o(«) 

for A G SO{n) and Y a tangent 
vector on SO{N)/{I} x SO(jV — «). 


Recall that the value of a(M) at the coset B [{/} x SO(A^ — n)] is c’(0) where 


C(0 = RexpfM - [{/} X SO(iV — «)]) 

= B(exptM) - [{/} x SO(JV — rt)] 

= 7T\LB{txpt M) 

=> C'(0) = 7T\^Lb*M . 
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Thus 


(x)j (a{M) at B [{/} x SO(A^ — n)]) = o) 


( 〆 ⑼） 

{nuL B *M) 

{L b ,M) 




which proves the first condition. To prove the second, take a tangent vector Y 
at the coset B - [{/} x SO{N — n)] and choose a tangent vector X € 
with n\^X = Y. Then 

(^ l jiX) = ⑺ j (丌 1*1) = ~ 


while 


= ^>j{Ra^X) ^ tangent vector at BA 

— ~ * * *Ljg—\ 3 ti X) 

= ( /> i J (Ad{A^)L B - u X) 

= <l> i j {A- l (L B - U X)A) 

k 

= J2 by linearity of 

/x,v=l 

which proves the second condition. 

It is easy to see which vectors 丌 i* A" are vertical or horizontal when X e o(N). 
First of all, 

丌 u% is vertical <=>• m^n\^X = 0 

<=>• 丌 2*% = 0 

X € 0 (/i) x 0 (^ - n). 

On the other hand, 

丌 is horizontal all o>j (丌 i*A") = 0 

all o)j(X) — 0 
X has the form =). 
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Given X e 0 (^), we write it as 

:) + (“） 

=^1 + Xj , 

Then n\^X\ is horizontal and is vertical. This means that the horizontal 

component of n\^X is precisely 

h ( 7T \ sjc ^ 1 * . 

To compute the curvature forms Q l j for the connection coj, we use the fact 
(Problem 7-15) that the forms satisfy 

d^a = ~^24>y A 4>a- 

y=l 

Then for X,Y G 0(") we have 

= d(o'j(hnu^, hn u Y) 

= dto'jiKuXu ^i*Fi) 

= d(n l *aj i j)(X u Y l ) 

= d^{X u Y x ) 

N 

=- 

y=l 

Since 

^i = ^- E 办 X ). X L y^ = y- E 

a or P > n a or P > n 

this gives 

^j(7I U X,7TuY)= 八 

r 

which shows that 

(*) at SO{N)i. 

(In fact, we also have n\*Q l j = f"，where is the left invariant form extending 
€"，since the equation L^*a)j = o) l j implies that we also have = Q).) 
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42. THEOREM. If ^ is an oriented ^-dimensional bundle, with n = 2m even, 
then the characteristic class e(^) is the Euler class x(^)- 


PROOF. It suffices to prove this when 专 is the universal bundle We 

know, by Corollary 25 and Theorem 26， that the Euler class is 

represented by the unique form T on SO(iV)/ SO(/i) x ?>0{N — n) such that 


m*r 


1 


n m m\2 
1 

n m m\2 n 
1 


- a ■ A ^ 


h ，… “" 

2 m m!Pf(fi) 


(2^ 


Pf(fi). 


We want to show that T corresponds, via Theorem 32, to the form 

— ^― Pf(^). 

(2n) m 

Note first that if U A is the diffeomorphism of SO(iV)/SO(«) x ^0{N — n) 
taking the coset B - [SO(n) x SO(A/^ — n)] to AB - [SO(«) x SO(A^ — «)], then 
O 777 = 77J O L^. So 


(2nY 


Pf(L^f2) 


{2n) m 


Pf ⑼ 


= 777*r. 

By uniqueness in Proposition 18 we have L^*T = T for all A G SC^A^. In 
other words, T is an invariant form on SQ{N)j SO(n) x SO(_/V — «)，as defined 
in section 6. So the element of Q n (o(N)) corresponding to T in Theorem 32 
is simply Ji 2 *r at /. But 

JT 2 *r =^*777^ 


1 

(2jr) m 


JT!* Pf(fi) = 


1 

(2n) m 


Pf(7r,*n) 


{2nY 


Pf(0 at/, 


by equation (*)•♦:♦ 


The classes Pk{^) of an oriented bundle g = n •• E — M may be described 
in exactly the same way: Choose a Riemannian metric 〈 ， 〉 for $， form the 
principal bundle O(^) = m : O(E) — Af, and let be a connection on 0(£)， 
with curvature form Q, 
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43. THEOREM. 


There is a unique 4/:-form A on M such that 

1 


TU A 


(2n) lk 


hk ⑼. 


This form A is closed, and the cohomology class [A] is independent of the choice 
of the Riemannian metric { , ) and the connection a> in terms of which A is 
defined. The cohomology class [A] is precisely p k ( 与 ） • 

PROOF. The proofs of Propositions 18, 19, and 20 can be adapted, essentially 
without modification, to prove the first two assertions. The proof of the final 
assertion is exactly like the proof of Theorem 42. 


As a simple application, we consider a Riemannian manifold (M , 〈 , )) of 
constant curvature Kq. Then the curvature form Q on 0(TM) satisfies 

Q) = KqO 1 A e ] . 

To calculate f 2 k(^), we use the explicit formula given in Problem 1.7-14, to 
obtain 


fik^) 


(2k)\ 


E 




(l 」 2k 
J \ … hk 


(K 0 ) 2k 

(2k)\ 


o h a e h a 


7 1 」 2k 


a e hk / \e i2k 8 i{ - A } k 


In this sum, the 8 term vanishes unless is a permutation of / 】， ••• ， / 2 灸 ; 

but then 9 jx 八 … 八 has repeated factors, so it vanishes. Thus ， 


44. COROLLARY. If M n is a compact manifold of constant curvature，then 
Pk(TM) = 0 ? k = I，••” [/i/4]. 

Another application of Theorem 43 gives us an analogue of Theorem 17. For 
a bundle ^ over M we define the total Pontryagin class p(^) to be the element 
of // 0 (M) ㊉ H 4 (M) ㊉ •. given by 

〆$)= 1 + p x (^) + ... + ^ [/l/2] (^) = /? 0 (^) + + • • • + P[n/2](^), 

where 1 e H°(M) is the standard element (represented by the constant func¬ 
tion 1 on M). 
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45. THEOREM. If ^ and r] are oriented bundles over the same compact man¬ 
ifold M, then the total Pontryagin class of 专㊉ q is given by the Whitney product 
formula 

/?(备 ㊉ = 尸⑻ • 


[This means that 


k 

PkG®r]) = Yl PI 送、。 Pk-l ⑽， 
1=0 


when we look at individual components.] 


PROOF. The proof will be almost exactly like the proof of Theorem 22. For 
convenience we rename our bundles ^ and r] as : Ef ^ M for i = 1,2, 

and let 匕㊉ 6 = n : E — M. We introduce the corresponding principal bundles 
mi: SO(Ei) M and m: SO(£) — M，the principal bundle SO(E\) * 
SO(£ 2 ) —从， an d the projections pi : SO(E\) * SO(£ 2 ) — SO(£/). Choose 
connections o)( on SO(£>)，with curvature forms f2/. Then 

* _ + ( Pi * ⑴ 1 0 、 

A 叫 ㊉ P2 ⑴ 2 = ( 0 p2 ^J 


is a connection cb on SO(£i) * SO(£*2)，with curvature form 

and d) can be extended uniquely to a connection a) on SO(£). At a point 
e e SO(E\) * SO(£ 2 ) we have 


Q = Q (on tangent vectors to SO(£i) * SO(£^ 2 )) 


which implies that 


k 

flk(^) = flk(^) = ^ A flk-21 (P2*^2) 

/ =0 

by the formula on page 337 


k 

=filial) A P2* flk-21 (^ 2 )- 
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So if A k is the form representing p 2 k(h ㊉ 与 2 ) while T/ are the forms repre¬ 
senting p 2 i(^i), then at e we have [on tangent vectors to SO (五 ！）* SO (五 2 )] 

1 灸 1 

m * Ak = = E (^7^V2/(^l)A 

k 

=/\ pXTl—t 
i=o 
k 

1=0 

This implies that 

k 

1=0 


10. THE WEIL HOMOMORPHISM 

The invariant polynomial functions f lk \ o(«) —► K and Pf : o(n) R arose 
naturally in our attempts to calculate the cohomology of each one 

gave us an element of If*(G n (R N ))，and hence a characteristic class ^ C(^) 

for oriented bundles. On the other hand, at the end of the last section we saw 
how these characteristic classes C($) could be defined directly for the bundle 专， 
by means of a connection on the associated principal bundle SO ⑻. There is 
no reason why we cannot use exactly the same procedure for groups other than 
SO(n), " 

For any Lie group G，with Lie algebra fl，we consider the set 沪⑹ of functions 
/: ^ E which can be expressed as polynomials in {0 a }，where {cj> a } is a 

basis of fl*. Such functions are called polynomial functions on (the concept is 
clearly independent of the choice of basis {0 a }), and the set of all homogeneous 
polynomial functions of degree k will be denoted by We say that /: 

R is Ad(G) -invariant if / o Ad(«) = f for all a ^ G. Instead of considering 
polynomial functions on it is often more convenient to consider the set 
of symmetric A:-linear maps /: x … x g —> R. Given / e 4 灸⑻， we define 
a polynomial function ^Pf e ^P k {c\) by 
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Conversely, given a basis 0 1 ，... ，〆 of and a polynomial function / of de- 
gree k on we can write it uniquely as 

d ai ...a k (p a ' ■■■4> ak 

where the a a \." ak are symmetric in a u • •. ， a k ; then we define %f e by 

X k ) = {Xl) - ^ {Xkh %，…， A 

It is easy to check that the maps 

S 3 -. ^ k {C[), s ： ^(3) -> S k (0) 

are inverses to each other (so S doesn’t depend on the choice of basis). For 
/ e ^(a) and g e S 1 (q) we define fg e # +/ (g) by 

fg{X u ,..,X k+ i) 

—— ' f (^Gr(l)，• • • ， ' S^n(k+\)t • • • ’ ^n(k+l))- 

{k+l) -nk + , 

This makes : P(Jg) = 沪 （/) • 沪 U). We define / e ^(fl)to be Ad(G)-invariant 
if 

f(Ad(a)Xi,...,Ad(a)X k ) = f{X x ,....,X k ) 

for all ^ G G and X\^... ^ G fl ； 

then / is Ad(G)-invariant if and only if 少 / is Ad(G)-invariant. The set of 
all / e which are Ad(G)-invariant is denoted by I k (G). Thus, P takes 

I k (G) into the set of polynomial functions on g which are Ad(G)-invariant, 
and S takes this set back to I k (G). 

Now let 兀：尸 — M be a principal bundle with group G, and let a) be 
a connection, with curvature form Thus both a> and ^ are 3 -valued, so if 
4> i ,...,(p r is a basis of Q*, then we can write co = [ and 2 ^ 

for ordinary forms (o a and Given f €. J 3 左 (g), we write it as a sum of terms 

c • 旷 1 • • • (p ak , 

and then let /(^) be the 2A:-form on P which is the corresponding sum of 
terms 

f f 八 … 八 Q ak 
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(since the are 2-forms, the order in the product 0 ai . - .0°^ is irrelevant). 
This is the definition used previously for the case G = SO(n), where the Lie 
algebra o(«) has a natural basis (provided we use the convention that 

a polynomial in the (i,j = 1 , •••,«) be interpreted as a polynomial in the 
{ ( l > j}i<j by replacing (f>! by —tpj for j > i). A more intrinsic description is 

possible when we work with / e We now define /(D) to be the 2A:-form 

on P given by 

m){x u ...,x 2k ) 

(sgnTr) - X n{2) ),... ,Q{X n(2k ^), X n{2k) )), 

7T€5 2 众 

where X\,..Xik are now tangent vectors of P. It can be checked that 
(P/) ⑸） =/(S^) for / g 4^(g); equivalently, (4/)(^) = f(Q) for / e ^ k (Q) 
(so the definition of f(Q) doesn’t depend on the choice of {4> a }). 

46. THEOREM. Let 专 = ;r: 尸 —Mbea principal bundle with group G, 
and let w be a connection on 尸 ， with curvature form Q. Then for every / e 
I k (G) there is a unique 2^:-form A on M such that 

: r*A = f(Q). 

The form A is closed, and its de Rham cohomology class w^(f) = [A] is 
independent of the choice of co. For / G I k (G) and g e I l (G) we have 

PROOF. Exactly like the proofs of Theorems 18, 19, and 20♦ 

Ifwe set //*(M) = and 1(G) 二 Re/'G) ㊉ ••• ， then 

we have a homomorphism \ 1(G) depending only on the given 

principal bundle $ = n • P — M. This map is called the Weil homomorphism. 
It is natural, in the following sense. 

47. PROPOSITION. Let Tt : P A/ be a principal bundle with group G and 
let /: M r — M be a smooth map，inducing the map /* : H*(M) 

Then 

= /* o 

PROOF. An elementary exercise (just like the proof of Proposition 21)♦ 
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If we take G = SO ⑻ in Theorem 46, and consider the functions g 2 k = 
e I 2k (SO(n)) corresponding to the polynomial functions fik on o(n), 
then we have classes w v (g 2 k) ^ H 4k (M) for any principal SO ⑻ bundle r] 
over M. If 专 = 丌 ： E M is an oriented ^-dimensional vector bundle over A/, 
then we can form the principal bundle r] = SO ⑻ by means of a Riemann- 
ian metric on ^ [all such r] are equivalent by Corollary 5 ]， and Theorem 43 
amounts to the assertion that w v (g2k) — Pki^h Notice that the SO(«)-invariant 
polynomials f 2 k on o(n) are also GL(« ， M)-invariant polynomials on 
So there are corresponding g f 2 k ^ I 2k (GL(n,R)) which restrict to g 2k on 
0 (n) x ••• x o(^). Now a connection o) for the principal bundle r] = SO ( 专） 
extends to a connection co f for the principal bundle of frames of ^, 

and ^ is an extension of Q. Thus the form 

S 2k{^ ) restricts to g2k(^) on SO(£*). 

This shows that w^ig^k) = w v(S 2 k) ^ Pk (^)- Since (g f 2k) doesn t depend 
on the particular connection for we see that we can define in 

terms of an arbitrary connection for F(^); it is not necessary to use a connec¬ 
tion which preserves inner products, and our bundle does not even have to be 
orientable. 

On the other hand, for n = 2m, the Pfaffian Pf : o ⑻ M is not GL(n, M)- 
invariant，nor even GL+(w ， ]R)-inv3Tiant，so our construction definitely requiies 
orientability, and a connection on SO (- £), i.c., a. connection compatible with 
some metric. Indeed, there are examples (see Milnor and Stasheff {1; pg. 312}) 
of oriented bundles ^ having a connection a> with Q = 0, but with x(^) / 0 ； 
naturally such a connection cannot be compatible with any metric on 

11. COMPLEX BUNDLES 

A complex vector bundle n : E ^ X is defined precisely like a real vector bun¬ 
dle, except that each fibre 丌一丨 （ x) has the structure of a vector space over C，and 
in all the conditions for a vector bundle, including local triviality，we replace M 
by C whenever it occurs; vector space isomorphisms are always understood 
to be isomorphisms of complex vector spaces, hence linear over C. Linearity 
over C is also understood in the definitions of bundle maps (and equivalences) 
between complex bundles. The Whitney sum $ ㊉ " of two complex bundles ^ 
and r] is a complex bundle, and so is the induced bundle f"% The principal 
bundle F{^) of frames is now a principal bundle with group GL(w ， C) = the set 
of all non-singular nxn matrices with complex entries (which may be identified 
in a natural way with the set of all non-singular linear transformations of C ). 
Note that the Covering Homotopy Theorem (Theorem 4) holds for complex 
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bundles, since it holds for the corresponding principal bundles. There are two 
reasons for discussing complex bundles, and their characteristic classes. On the 
one hand, everything works out to be simpler; on the other hand, there are re- 
lations between the characteristic classes for real bundles and those for complex 
bundles. To discuss complex bundles, however, we need several preliminaries 
about complex vector spaces. 

On the vector space C” we could consider the bilinear function 

n 

(z, w) y^z'w'. 

«=i 

This is not an inner product, since it is not even real, and certainly not positive 
definite. The linear transformations T: C n C n which preserve this bilinear 
function correspond to n x n complex matrices A such that AA i = I. This 
group of matrices is known as the complex orthogonal group. It is of little 
interest to us, mainly because it is not compact. We consider instead the function 
C n x C n C given by 

n 

(z, w) - • w l . 

/ =1 

More generally, for any vector space V over C we define an Hermitian inner 
product to be a map 〈 ， 〉 ： F x V — C which is linear over C in the first 
variable, and which satisfies 

(i；, w) = (w, v) (=> (v, v) is real) 

(v, i;> > 0 for i; / 0. 

The first condition shows that 〈，〉 is conjugate linear in the second variable 
(i.e. ， (u, w\ + wi) = (u, u)\) + (i;, W 2 ) and (v,aw) = a(v, w)). Because of the 
second condition, we can define |u| = y/{v~v). We compute that 

1^ + w \ 2 ~ \v — w\ 2 = 2((u, w) + {u, w)) 

=> - iw\ 2 — |u + iw\ 2 = 2i((v, w) — {v, w)). 

Consequently, we can express {v, w) in terms of | |. A basis v\,...,v n of V 
is orthonormal with respect to an Hermitian inner product 〈 ， 〉 if we have, 
precisely as in the real case, (u/, vj) = Sij. We can always obtain an orthonormal 
basis from a given one by the Gram-Schmidt process, which works just as well for 
Hermitian inner products. Hence, any ^-dimensional Hermitian inner product 
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space (V, ( , )) is isomorphic to C n with the standard Hermitian inner product 
{z^w) = Y,i zi - 

We define U(«) C GL(«, C) to be the subgroup of all A such that AA* = /, 
where A* denotes the conjugate transpose of 乂， 

A* = A f , i.e” A*ij = Aji. 


We can also think of U(«) as the set of all linear transformations of C n which 
preserve the standard Hermitian inner product. It is easy to see that U(«) is 
compact, just like 0(n). Thus U(n) must be a Lie group (Theorem 1.10-15). 
To see this in a more elementary way, we can consider the exponential map 
exp: (n x n complex matrices) — GL(n, C) defined, just as in the real case, by 

M 2 

exp M = I + M -\ ——— !-•••• 

Reasoning as on pg. 1.388, we easily see that U(«) is a Lie group whose Lie 
algebra u(w) is the set of all « x « complex matrices M with M + M* = 0 
(skew-Hermitian M). Thus M € u(«) if and only if M has the form 


ib'i 

B 



bn real. 


So U(w) has dimension 

n + 2(1 + ••• + « — 1) = n 1 . 

Notice that U(l) is just the set of complex numbers of absolute value 1. Hence 
U(l) is connected. We can regard S ，2w_1 C C w as the set of all z € C n with 
|z| = 1. So for n > 2 we can define f : U(«) — S 2n 1 by f{A) = A(po), 
where po is the «-tuple of complex numbers (0, 1). Then f~ x {po) is 

homeomorphic to U(w 一 1). Using induction, a.s in Problem 1.3-30, we see that 
U(w) is connected for 3.11 w. (Reasoning similar to that in Problem 1.3-31 would 
show that GL(«,C) is also connected.) 

Every vector space V over C is also a vector space Vr over M [formally, Fr 
is V with the same addition map V xV V and the multiplication M x F —^ K 
which is the restriction of the given multiplication C x V V]. If v\,.,.,v n 
is a basis for V over C, then vj , ivi, V 2 , iv 2 , • •. ， z is a basis for Fr over M. 
L e t r: K —► K be a linear transformation (over C) whose matrix with respect 
to v\,... ,v n is the n x n complex matrix 

A = (a^) = {a jk + ibjfc\ 
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so that 

n 

= 〉: j - 
k = l 

Then the matrix of T: Fr Vr with respect to the basis v\,iv\,..., v n , iv n is 
the 2n x 2n real matrix h{A) = (a^), where is the 2x2 block 

a ； - ( a i k ~ b J k \ 

lk ~ W a jk ) - 

It is easy to see, using block multiplication of matrices, that 

h : {n x n complex matrices} —> {2n x 2n real matrices} 
is a homomorphism. Hence it also gives us a homomorphism 

h: GL(nX) ^ GL( 2 «,M), 

and moreover, we easily see that 

h^ = h: g[(n ， C) — 3l(2«,R). 

It is also easy to see that 

h : U(«) 0{2n). 

Since U(«) is connected, and h takes the identity matrix of U(«) to the identity 
matrix of 0 ( 2 / 1 )，we actually have 

h : U(«) —> SO(2«). 

This also follows from 

48. PROPOSITION. For every n x n complex matrix A we have 

dct h{A) — I det ^4| 2 . 

PROOF. The formula clearly holds for a diagonal matrix 

li 


So it also holds for diagonalizable matrices. But the diagonalizable matrices 
are dense, and both sides of the equation are continuous in A. So it holds for 
all A. ❖ 
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If ui，• • • ， and w\,...,w n are two bases of V and A is the matrix express¬ 
ing the w's in terms of the u’s，then h(A) is the matrix expressing the basis 
W\Jw\,..., w n , iw n in terms of V\,iv\,... ,v n Jv n . Since det h(A) > 0, this 
shows that Vr has a natural orientation (which is but a reflection of the fact that 
GL(«,C) is connected). If ^ is a complex vector bundle, then we can form a 
real vector bundle by replacing each fibre by the corresponding vector space 
over R; clearly 专 r is always orientable, with a natural orientation. 

For complex vector bundles it is natural to consider Hermitian metrics, which 
assign an Hermitian inner product to each fibre. We can prove they exist, as 
in the real case, by using partitions of unity (note that a positive real multiple 
of an Hermitian inner product is also an Hermitian inner product). Using an 
Hermitian inner product ( , ) on the complex bundle ^ = n: E ^ X we can 
define the principal bundle U(^) = w : U(E) X with group U(n), whose 
fibre zcr~ l (x) is the set of all frames of 兀 _1 (x) which are orthonormal with 
respect to {,). 

Corresponding to the Grassmannian G„(R N ), we have the complex Grass- 
mannian manifold G n (C N ), consisting of all W C C N which are subspaces of 
C N (as a vector space over C) of complex dimension n. If ^(C^) is the set of 
all linearly independent «-tuples (i ； i,..., u w ) e x • • • x C' we define the 
map 

P ： V n (C N ) ^ G n (C N ) 

by letting 

p((ui, … ， u w )) = (complex) subspace of C N spanned by q ，••• ， 

and we give G n (C N ) the quotient topology for this map. Reasoning exactly as 
in the real case, we see that G n (C N ) can also be described as the left coset space 

U(JV)/U(n) x U(N~n). 

Over G„(C n ) we have a natural complex bundle y n (C N ) defined exactly as in 
the real case, and (or M > N there is a natural map a : G n (C N ) G n (C M ) 
such that y n (C N ) ^ a*y n (C M ). The reader may easily check that Theorems 6 
and 7 hold for complex bundles when we replace y n (R N ) by through¬ 

out; the proofs are exactly the same. 

To find the characteristic classes for complex bundles, we thus need to com¬ 
pute the cohomology of U(N)/ U(n) x U(N — n). For this we need the solution 
to two invariance problems. First we want to consider polynomial functions on 
C” x ... x C”，by which we mean real-valued functions which are polynomials 
(over M) in the real and imaginary components of the various vectors. 
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49. THEOREM. Every polynomial function / of m vectors in C n which is 
invariant under U(n) can be written as a polynomial in the real and imaginary 
parts of the Hermitian inner products. 

Notice that this result is much simpler than the corresponding result for O(n) 
and SO(«), for there are no determinants involved, even though U(«) is con¬ 
nected. The proof is also simpler, in the sense that various delicate details which 
arose in the proof of Theorem 35 are not needed. However, certain other con¬ 
siderations are required, and the proof is deferred to Addendum 1. 

Another instance of the greater simplicity to be found in the complex domain 
is afforded by the spectral theorem, which is both more general and easier to 
prove. We recall that for every linear transformation T : C n ^ C n there is a 
unique linear transformation T* •• C n C n ， the adjoint of T, with 

(T u, w) = (v, T*w) for v,w € C n . 

If T corresponds to the matrix A, then T* corresponds to the conjugate trans¬ 
pose matrix A*. We call A normal if AA* = A*A, and similarly for transfor¬ 
mations. Both self-adjoint transformations (T* = T) and skew-adjoint transfor¬ 
mations (T* = —T) are normal. If T is normal, then 

(Tv, Tv) = (v, T*Tv) = (v, TT*v) = {T*v, r*u). 

Applying this to 7"— 入 /， which is also normal, we see that 

\{T -XI)v\ = \{r -XI)v\. 

Now any linear transformation T: C n ^ C n has an eigenvector, since the equa¬ 
tion det(r — 入 /) = 0 has a root in the field C. The above equation shows that 
if T is normal, then an eigenvector i; of T is also an eigenvector of T*. There¬ 
fore the subspace [v] spanned by v is invariant under T*. Consequently, the 
orthogonal complement [u] 丄 (under the Hermitian inner product) is invariant 
under T** = T. From the invariance of both [v] and [u] 丄 under T, we easily 
see, by induction, that T has an orthonormal basis of eigenvectors. Equiva¬ 
lently, for every normal matrix A, there is a matrix B e U(«) such that BAB~ X 
is a diagonal matrix. 

Now it is easy to give a canonical form for elements of u(«). 


50. PROPOSITION. For every A € u(n) there is a matrix B e \J(n) such that 


, rea , 

\ 0 iX n J 
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PROOF. Since A = —A* is normal, there is B G U(n) such that BAB~ l is 
diagonal. Moreover, 

(BAB~ X Y = B~ U A*B* = = -BAB~\ 

so the diagonal entries of B~ l AB must be pure imaginary. 

Using this result, we can easily describe the polynomial functions on u(/ 2 ) 
which are invariant under the adjoint action of Since the polynomials 

f\,..., fn of section 8 are not real-valued on u(«), it is convenient to consider 
instead the polynomials 

f k (M) = i k f k (M) = f k (iM), 

so that 

det(/+ 入 /M) = 1 +X/ 1 (M) + ... + r/ w (M). 

We also set /o(M) = l. If M e u(n), then for all real 入 we have 

{I + XiMY = I +XiM => det (/ + XiM) = det (/ + A/M), 

which shows that all fi{M) are real. It is easy to see, as on page 337, that for 
all A e gl(r, C) and B G gl(^, C) we have 

k 

1=0 

51. THEOREM. Every polynomial function / on u(«) which is invariant un¬ 
der the adjoint action of U(«) is a polynomial in /i,..., / M . 

PROOF. For Aj,..., g C, let [Ai,..., A w ] be the diagonal matrix with entries 
z • 入 i, … ， / 入《 on the diagonal. Define 

g (入 1 ， . • •，入 w )= ‘,( [入 l ’. • •，入 《]). 

Then g is a polynomial in 入 i, … ，入 … Moreover, g is symmetric, since 
[ 入 ； r( 0 ? • • •, 入 = 乂 • [^- 1 9 • • • ? 入 4 
where A e U(«) is a suitable permutation matrix. So we can write 
《(入 1 ， • • • ，入 ”）^ 入1， • • • ， / 入”)， • • • ’ (/ 入1， . • • 入 /!)) 

for some polynomial p. Then 

‘,( [入 l ，...， 入 W ]) 二 ‘,1([入 1，.. •，入 《])，•••，‘/^ ([入1， • . • ，入 /!]))• 

The result follows as before, using Proposition 50. ❖ 
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Using Theorems 49 and 51， we can carry out the whole program of section 9 
for 

G„(C n ) = V{N)/V{n) x V(N ~ n) = V(N)/H. 

A bi-invariant Riemannian metric ( ，〉 on U(«) can be defined explicitly as 
follows. For M，P G u(«), let 

{M, P) = Re (trace MP^) = Re M" . P". 

U 

As in the case of O(n)，if we extend 〈，〉 to U(«) by left invariance，then it will 
also be right invariant. Now J) 1 consists of all matrices 

P 2 lu n x (N — n) complex matrix. 

On 心 丄 x t)" 1 we have the functions 

( 户 ， 0 b Ed 
r 

(which are bilinear over M); their alternations given by 

^ij(P,Q) = Y,Pi - Q r i -Pf, 

r 

are complex-valued alternating bilinear functions on b 丄 • A form r/ e Q 左 (b 丄) 
will be invariant under {/} xU(A^—«) if and only if it is a linear combination of 
wedge products of the forms Re xj/ij and Im xf/ij (since there are no determinants 
to worry about in the first main theorem of invariance theory for U(«)，we do 
not need k < N — n). Such linear combinations can be described as /(^) for 
polynomial functions /: u(n) — R [this representation is unique in dimensions 
< TV — 《]，and the combinations which are invariant under U(w) x {/} corre¬ 
spond to functions /: u ⑻ —IR which are invariant under the adjoint action of 
U(«). Thus we have a class fi{^) e H 2i {G n {C N )) for each of the polynomials 
f\y...,fn of Theorem 51, and every element of //*(U(A^)/U(«) x U(A^ — n)) 
is a linear combination of cup products of these elements [it is a unique linear 
combination in dimensions < N — n]. 

The analogue of Proposition 41 holds, so we will consider only N with In < 
N -n. Then all elements of H^(G n {C N )) in dimensions < _/V — w are unique 
linear combinations of cup products of the classes corresponding to 


(二 0 


/iW ， … ， /"(VO- 
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We let 

c n , k G H 2k {G„{C N )) k = l,...,n 
be the class corresponding to 

For an ^-dimensional complex bundle ^ over M we define 


where 

g: M ^ G n {C N ) satisfies g*y”(C N ) 

The characteristic class ^ c^) is called the A: th Chern class for «-dimen¬ 

sional complex bundles; every characteristic class for n-dimensional complex 
bundles is a polynomial in the Chern classes Ci ， • • • ， The class 

c{^) = 1 + ci ( 专） + … + = 0)( 专） + ci(^) + • • • + c n (^) 

is called the total Chern class of the «-dimensional complex bundle 专 . 

Just as in the real case，the Chern classes of an «-dimensional complex bun- 
dle ^ = 7 r: £ —^ M may be described in terms of a connection. Choose 
any Hermitian metric for 专 ， form the corresponding principal U(n) bundle 
U(^) = m : A/, and let a; be a (u(/t)-valued) connection on U(^), with 

II(n)-valued curvature form Q. 


52. THEOREM. The k th Chern class c^) of ^ is represented by the unique 


form A on M with 


777*A = 


{2n) k 


/ 澗. 


In other words, we have 

Ck (^)= ⑴⑹， 

where gk = S{f/c) G I lk (U(n)) corresponds to the polynomial function fk 
on u(h), and w is the Weil homomorphism for U(^). 


PROOF. First of all, an obvious analogue of Corollary 5 shows that the princi¬ 
pal bundles r] are all equivalent, no matter what Hermitian metric we choose. 
Now to prove the result，we just have to consider the universal bundle 
This has a natural Hermitian metric，just like the natural Riemannian metric 
for /”（!!?#)，on page 345. All the succeeding considerations also have natu¬ 
ral analogues，and the result follows exactly as in the proof of Theorem 42 (or 
Theorem 43)♦ 
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As an immediate consequence we have 

53. THEOREM. If ^ and t] are complex bundles over M, then the total Chern 
class of 左 ㊉ q is given by the Whitney product formula 

c ( 专 ㊉" ） =c(^)^jc(t]). 

PROOF. Exactly like the proof of Theorem 45, except now using the formula 
on page 362. ❖ 

We can also find relationships between Chern classes and Pontryagin classes. 
For a real vector space V, we define a complex vector space Vq by letting Vc = 
V" ㊉ K，with complex multiplication determined by 

i • (u, w) = {—w, u) [thus we think of (u, u;) as u + iw]. 

Doing this in each fibre of a real vector bundle ^ gives a complex vector bun¬ 
dle 


54. THEOREM. If ^ = re: E M is an oriented n-dimensional vector 
bundle, then 

ciki^c) = ( 一 i) k Pk(S) k = I ， … ， [n/2]. 

PROOF. Choose the Hermitian metric on 专 c = 兀 ’ ：Ec M to be an exten¬ 
sion of a Riemannian metric on 专 . Then SO(£") C U(£c), and the projection 
in : SO(E) —> M is the restriction of the projection m , : U(£'c) —> M. A con¬ 
nection co on SO(E) has a unique extension to a (u(«)-valued) connection \jr 
on U(£'c) [as in the proof of Theorem 22 ,少 is determined on the new vertical 
vectors of SO(E), and hence on all of U(£'c)]. Let 屮 be the curvature form 
of xfr. At any point e € SO(£) the horizontal vectors for x/f are the same as 
for a), so at e we have 

^ = Q [on tangent vectors to SO(£)] 

=> = hkm = {- \) k fikisi). 
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This implies that 

A = (-1 )灸 丫 . 

The odd Chern classes，which are missing in Theorem 54, are easily calcu¬ 
lated by the following considerations. Every complex vector space V gives rise 
to another complex vector space V in which complex multiplication • is defined 
by 

a • v = a ■ v. 


Applying this process to each fibre of a complex bundle $ we get the conjugate 

bundle The bundles $ and | are equivalent as real bundles, of course, but 
there may not be an equivalence which is complex linear on each fibre. 


55. PROPOSITION. If ^ is a complex vector bundle, then 
c ($) = 1 — Ci (专） + C2( 专）一 O ⑻ + … • 


PROOF. If zu: U(£) -> M is the associated principal bundle U(^) for with 
R a the right multiplication by A e U(«), then for the principal^ bundle U(f) we 
may choose the same total space U(_£), but with the action R of U(n) on the 
right given by 

Ra = ^a- 

So if w is a connection on U ⑻， with curvature form then d) (the complex 
conjugate of (i>) will be a connection on U(^), with curvature form If A 
represents Ct(^) and T represents c /^)，then 


m*r 


(2n) k 

1 

(2n) k 

(- 1， 
(2 兀 P 


Am 

A(-^) 

A(^) 


= (—1)^ w* A. 


Hence 丫 = (-1 产八 . ❖ 


56. COROLLARY. If 专 is a real vector bundle, then 

Cki^c) = 0 for k odd. 
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PROOF. We just have to note that 

— (as complex bundles). 

This is due to the fact that there is a natural complex isomorphism V c Vc 
for every real vector space F—we merely take (v, w) (u, -w). 

Instead of starting with a real bundle, we can instead begin with a. complex 
bundle 专 ， and regard it as an oriented real bundle (of even dimension). In 
order to find its Pontryagin and Euler classes, we need a lemma concerning 
the homomorphism h : GL(« ， C) — GL(2n ， M) defined on page 359. Since 
h = h，. gt(« ， C) — c?I(2a2,M), we have h{n(n)) c o( 2 n). 

57. LEMMA. For M € u(«) we have 

2k 

fik(HM)) = (-1 产 J](-l) / / / (M)/ 2 ^ / (M), 

1=0 

PROOF. For all real X we have 

1 + X 2 f 2 {h(M)) + ••• + k 2n f 2 n(h(M)) = det(/ 2 „ + Xh(M)) I 2n = 

=det M 4 + 入 M) /„= 

=I det (/ w + XM)\ 2 by Proposition 48 

= |i-/x/ 1 (M)- 入 2 / 2 (m) + a 3 mm) + 入 4 / 4 (m)- … i 2 
= |(1 - + A 4 ^(M) -z (A/i (Af) - + ••• )| 2 

=(i - x 2 mm) + k 4 Mm ) —— ) 2 + (a/!(M)- x 3 mm) + •. • ) 2 . 

The coefficient of X 2k on the right side is 

E (-l) 2 (-l) 2 ^/ / (M)/ 2 ik _ / (M) 

/ even 

l odd 

=(-D^ J2 MM)f 2k _,(M)~ fl(M)f 2k .,{M) 

L / even I odd J 
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For the Pfaffian we have 


[Pf(/j(M))] 2 = det/i(M) 

_ um 2 

~ ~ Jn 


---|detM| 2 = \f„(M)\ 2 


and hence 

Pf(/i(M)) = ±/ w (M). 
To settle the sign, we consider 


M = 



=> h{M )= 





Then ~ 

Pf(/i(M)) = (-l) w = det/M = / W (M), 

so the + sign is correct. ♦♦♦ 


The relevance of this Lemma will become immediately apparent in the proof 
of our final result. 


58. THEOREM. If ^ is a complex bundle of dimension n, then 


2k 

Pk(^R) = ( _ 1 产 1)^/(^) ^ c 2k-l(^) 
/ =0 



and 


X(^e) = G ⑻. 


PROOF. Note that an Hermitian inner product 〈，〉 on a complex vector 
space V gives an ordinary inner product on — we define • • • ， ^ v n 

to be orthonormal whenever v\^... y v n is orthonormal with respect to 〈， 〉. 
This inner product on Fr is well-defined, for if = J2i a lj v l 1S another or¬ 
thonormal basis, then the matrix A = (a") is clearly in U(«), so h{A) € SO(n). 
Choosing an Hermitian metric on $ = n •• E — M ， and applying this con¬ 
struction to each fibre, we obtain a Riemannian metric on Moreover, for 
the corresponding principal bundles, we have U(E) C SO(£), and the pro¬ 
jection 瓜： U(£) — ► M is the restriction of the projection m f : SO(E) M. 
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For A e U(n), the right action R A on U(E) is just the restriction of the right 
action R h(A ) on SO(£). A connection o) on U(£) is u(«)-valued, as is its cur¬ 
vature form The /i(u(n))-valued form // o w has a unique extension to a 
connection 少 on SCK^)，with curvature form vp. At any point e € U(£) we 
have 

= h o Q on tangent vectors to U(£). 

So if A represents p/c ( 与 r) and A/ represents c/($) for l = 0, • • .,2k, then at e 
we have 


m'*K 


(2n) 2k 


h k m 


--^r k h k {ho^) 

1 

= 7^(— 1 产 f2k-im 

() 1=0 
2k 

= (-1 )灸 D(-l)’nr* 八 / A TU*A 2 k-i, 

l=o 


by Lemma 57 


which proves the first formula. 

If A represents then at e we have 




1 


(2nr 

1 


Pf(vp) 


Pf (A o Q) 


- ^ 、” /” ⑼ by Lemma 57 

(2 丌尸 

=nr*A„. 


This proves the second formula♦ 


12. VALEDICTORY 

Now that we have built up so much machinery, it seems a shame not to 
use it. But this would really take us out of the field of differential geometry 
entirely. We have tried to show how the characteristic classes arise naturally, 
how they can be computed by differential geometric means, why they should be 
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expressible in terms of curvature, and especially how the Euler class is expressed 
in terms of K n dV, which involves Pf(^). For further applications of these 
characteristic classes, the reader is urged to consult books specifically devoted 
to the subject, where characteristic classes are usually defined by methods of 
algebraic topology. One of the most famous set of notes, now finally available in 
book form，is Milnor and Stasheff {1}. Here the Euler class is defined essentially 
as we have defined it, in terms of the Thom class. But the Pontryagin and Chern 
classes are defined in completely different ways. For a complex n -dimensional 
bundle 专 = 丌 ： £ —the top Chern class c„ ( 专 ） is defined by the formula of 
Theorem 58, as 

= X(^K)- 

The other Chern classes are defined inductively, as follows. Choosing an Her- 
mitian metric for 专 ， we form the associated sphere bundle S C E, and let 
7 T 0 : S -> A" be the restriction of 丌 .It turns out that the map 

n 0 *: H k (X) — H k (S) 

is an isomorphism for k < n. Now 丌 o * 专 has a section, so it can be written as 
the Whitney sum 

兀 o * 备 = ㊉ 专2, 

where 左 2 is a trivial 1-dimensional complex bundle. The Chern class is 

defined as 

This makes sense, since is defined for the (« - 1)-dimensional complex 
bundle f]. Moreover, it is compatible with our definition, since it is equivalent 
to 

(丌 oD = ^1-1(6)， 

which is what the Whitney product formula gives when h is trivial. Now that 
is defined for all ^-dimensional complex bundles $， the Chern class 
Cn-ii^) can be defined as 

= (丌 o * 厂 Uoi - K 专 l ))， 

and so on，by induction. After the Chern classes are defined，the Whitney 
product formula is proved，and the cohomology of G W (C°°) is calculated, by 
means of various tricks. The Pontryagin classes are defined by the formula in 
Theorem 54, and all properties are derived from this definition and the prop¬ 
erties of the Chern classes. In the whole development，there is no restriction 
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to manifolds，and singular homology is used throughout. Moreover，the coeffi¬ 
cients are Z，rather than M. Integer coefficients can be used because the Thom 
class can be defined with integer coefficients, so the Euler class has integer co¬ 
efficients, and the map 兀 。* : H k {X) H k (S) is an isomorphism with integer 
coefficients. This shows, by the way，that our Euler, Pontryagin, and Chern 
classes，defined originally with real coefficients，are actually all integral classes; 
that, of course, was the reason for inserting the various factors (2n)~ a in the 
definitions. 
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ADDENDUM 1 

INVARIANT THEORY FOR THE UNITARY GROUP 

At first sight，the problem of determining all invariant polynomials for U(n) 
seems peculiarly complicated，since we are dealing with polynomial functions 
of the real and imaginary parts of the components of the vectors, rather than 
polynomial functions of the components themselves. But there is a trick which 
will allow us to reduce the problem to one where we study only polynomials 
of the latter type. The basic result which we need for such polynomials can 
actually be formulated for any field. 

Let k be an arbitrary infinite field，and let V = k n be the standard «-dimen¬ 
sional vector space over /c，with standard basis elements q，. • •，〜.The group 
of all non-singular nxn matrices with entries in k is denoted by GL(n,k). Just 
as in the real case, a matrix A = (a") € GL(«,/c) is also regarded as a linear 
transformation A: V V, by the rule 

n 

y=i 

so that for a (row vector) v k n we have 

A(v) = v • A 1 . 

We also define an action of GL(«, k) on the m-fold product V x . • x F by 
A • (uj,... ? Vm) = (- <4(ui) ， ... ， (tv«))• 

A function 

f ： V x - • x V ^ k 

is called a polynomial function if it is a polynomial (over k) in the components 
of the elements of V; we also define homogeneous polynomial functions just as 
before. We say that / is invariant under a group G C GL(« ， k) if 

f(A - v) = f(v) for all i; € K x • • • x K, and all A € G. 

We still have the standard basis vectors e r i for V x ■ ■ ■ x V, and the partial 
derivatives df/de ri can be defined formally for polynomial functions /. Euler’s 
theorem can be checked formally, polarizations are defined as before, and the 
Capelli identities still hold. Introducing the partial ordering on the polynomial 
functions as before, we still have assertion (A) on page 327. 
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Actually, we want to be even more general, and consider functions 

S - - - . S - - - ( 

m / 

We define an action of GL(« ， k) on V x … x V* by 

4 • (ui ， . • • ， u m ，,..., 0/) = (^4(i>i)，• • • ， A{v m ), 。 A、，•••，o A-'), 

and we say that / is invariant under a group G C GL(«, k) if 

f( A • ( v ^)) = /((” ， 0)) for all (v ， 0) e F x • • • x F*，and A e G. 

For example, the “evaluations” 

(”1 ’ • • • ’ U/7i ， 0 j 5 . • . 5 (pj ) = (psiVr) 

are invariant under all of GL(n, k). It will be convenient to identify an element 
(p e V* with the column vector 

$ =(: 

Then it turns out that the action of GL(«, k) is 

A • ， . • • ， ”m ， Si ， • ••，?/) = (Ul •/，•••，(j ， • • • ， (4 一 • 专 /)• 

We call / a polynomial function if f{v \ ， • • • ， u w ， 专 l ， … ，专 /) is a polynomial in 
the iw and 匕 ） (here ^ sj is the entry in the j th row of ^). Notice that the 
evaluations are polynomial functions—under the identification of K* with the 
set of column vectors they are simply the maps 

，…， Um ， 专 1 ， • • • ？ ^/) = V r - 

Two other important types of polynomial functions are the functions 



detf| ,...,r n (Ui ， • • • ， U/7i ， Si ， • •. ，专 /) = det 



and 

detj 丨 ，…， (Ui ,..., U/Ti, 专 i ，•••，$/) = det(^5 ( ， • • • ， 每 s n ). 

They are invariant under the subgroup SL(«, k) C GL(«, k) consisting of ma¬ 
trices of determinant 1. 
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We can define homogeneous polynomial functions as before, except now we 
must consider functions which are homogeneous of degree («],.. .,a m ) in the V 
variables, and of degree in the V* variables. For any homoge¬ 

neous /, we can apply the apparatus of the Capelli identities to either the V 
variables or the V* variables separately, and obtain assertion (A) on page 327 
where the partial ordering -< is applied to either the degree in V or the degree 
in V*, the polarizations being applied to the variables in F or V 7 *, respectively. 

59. THEOREM. For all m, l, and n we have 

SL ^ ,Z ： Every polynomial function / of m vectors in k n and / vectors in (k n )* 
which is invariant under SL(n, k) can be written as a polynomial in the 
evaluation functions s rs and the determinant functions det ri ，•"，,，and 

PROOF. The proof is similar to that of Theorem 35, but the steps are easier. 
First we note that SL: ! 4 SLf’ r for m' <m and V < /. Next we have 

60. LEMMA. If SU— 1 ’”— 1 holds, then SI^ holds for all m > « - 1, / > « - 1. 

PROOF. The argument is similar to that for Lemma 36. In the present case we 
can start with rather than SL^ W because the term det appearing in 

assertion (A) in the case m — n causes no problems — it is one of the invariants 
in terms of which we are trying to express f. QE_D. 

Now the proof of the special case to which we have reduced the problem does 
not even require an inductive argument: 

61. LEMMA. SLr 1 ’”— 1 holds for all n. 

PROOF. Consider (w,, v„_i ，也， … ， 0„-i) satisfying 

(*) det(0/(uy)) # °- 

Then ker0 ( - is 1-dimensional. Let 0 # w; e Pl/ ker 办 ' Ifwe had 

n—\ 

W = 
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for constants o, (necessarily not all zero), then we would have 

n—\ 

0 = (pi(w) = ^ajcpiivj) j = \,...,n-l, 

7=1 

contradicting (*). So w is linearly independent of Ui,... ， u „_ 卜 Hence there is 
some A e SL(«, k) such that 

A{ei) — Vi / =： 1， — 1 
A(e n ) = a multiple of w. 

Then 

(1) f ^V\ ， • • • ， U/i-1 ，， • • • ， 0 /1—1) 

=f {A~\v x ),..., A~ x {v n -\),(j) x o A,...o A) 

=/(^i,. • o A,...,(p n _ x o A)\ 

note that 

⑵ . （0 / 。 A ){ej) = (piivj) j ~ - l 

(0/ 0 A)(e n ) = 0. 

Now define a polynomial function F of (« - l) 2 variables a", as follows: 

F ({«//}) = /(。， … •> -1 ， M1 ， • •. ， —1 ) ， 

where /i/ are the unique linear functionals with 

^i( e i) = j = \,...,n-\ 

= 0. 

Then equations (1) and (2) show that 

(**) — = F({0/(U/)}) 

whenever (*) holds. A standard argument (“the principal of irrelevance of al¬ 
gebraic inequalities”）shows that consequently (**) holds everywhere: for the 
polynomial 

[/(Ui ， •. . ， Vn-\ ， 4>\, • • • ,0«-i) - F({0/(^/)})] . det(0/(uy)) 

is identically 0, hence one of the factors must be identically 0, and the second 
factor certainly isn’t. 
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We will use Theorem 59 only for the case SL(«,C). We easily see (compare 
Problem 1.10-27) that the Lie algebra 占 1(/2, C) of SL(« ， C) consists of all /? x « 
complex matrices with trace = 0. Similarly (compare page 358), the group 
SU(«) = U(«) fl SL(/z, C) has Lie algebra ^u(n) consisting of all matrices 

bn real 

Y. b U = 

Notice that yu(«) is not a complex subspace of gl(«, C); however, it is easy to 
find the complex subspace W c spanned by ^u(n). Note that W must 

contain 

_,.广 .. o 、=广 ' o ) 一 1 

VO' ibj l 0 ' bj = 0 

and 

/° -(iA)*\ +iA* 

—i - I I = —/ • I 

o / \ iA ' o 

and thus also the matrix 



From this we easily see that 

(*} the complex subspace of C) spanned by yu(«) is just yl(«, C). 
This simple fact leads to 




62. LEMMA. Let g: GL(«, C) — C be a complex analytic function (this 
makes sense, since GL(«, C) is an open subset of C w2 ). If g vanishes on SU(«), 
then g also vanishes on SL(«, C). 

PROOF. Pick Y\,Yj e 如 ⑻， and consider the function h: C — C defined by 

h{z) = ^(exp(zri + Y 2 )). 
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Then h is analytic and vanishes for all real z. So h vanishes for all z. Similarly, 
we may now prove that 

g(exp(riFi + Z 2 Y 2 )) = 0 for all z\,Z 2 e C. 

Then (*) implies that g(exp(A^)) = 0 for all X s 31 (aj,C). But the image 
of exp: d(« ， C) — SL(n,C) is dense* in SL(«,C), since the diagonalizable 
matrices are certainly in the image of exp. Hence g = 0 on all of SL(n,C). 


63. COROLLARY. Let / be a polynomial function of m vectors of C” and 
/ vectors of (€")* [that is, / is a polynomial over C in the (complex) compo¬ 
nents of the vectors]. If / is invariant under SU(«), then / is also invariant 
under SL(«,C), and is thus a polynomial in the evaluation functions e rs and 
the determinant functions det r , .. r „ and det! „ . 

PROOF. For fixed (v,(p) GC n x … x (C w )*，define g (v ^ } : GL(n, C) C by 
g(v,<f>)(A) = f{A - (u ， 0)) - /((u ， 0)). 

Then g is complex analytic, and g vanishes on SU(w) by hypothesis. So by 
Lemma 62, g vanishes on SL(n ， C). Since this is true for each (u,0)，it follows 
that / is invariant under SL(«,C). <♦ 

Now we really want to consider R-valued functions of m vectors in C” which 
are polynomials in the real and imaginary parts of the components of the vec- 
tors. Actually, we might as well consider complex-valued functions which are 
polynomials over C in the real and imaginary parts of the components of the 
vectors. Equivalently, we consider functions 


/: C w x ... x C w ^ C 

which are polynomials over C in the components v r i of the vectors and in their 
complex conjugates v r i. Given such a function /, we define a function 

/： 厂 x • • • x c 2 x (c n y x... x (c n y c 


m 

as follows: 


m 


(i) if = Vri, then /(v' ，…，，…， $ m ) = v n _ 

(ii) if f{v\ ,..., = v r i, then f (v \,..., u m , &，•••，“) = %ri 

(iii) the correspondence f f is an algebra homomorphism. 


* Actually; the exponential map is onto SL(/7, C)，but we won’t prove that here. 
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Notice that / is a polynomial function in the (complex) components of the 
vectors of C n and (C n )*. The mapping / / is clearly a one-one correspon¬ 

dence between the polynomials in the u r / and u r /, and the polynomials in the 
v r i and ^ r i. Note that if / is the Hermitian inner product i rs of v r and %, 
then / is the evaluation e rs . If / is the determinant of , • • • ， v r „, then / is 
also this determinant; if / is the conjugate of this determinant, then / is the 
determinant of 专 ， • • • ，专 • 

Suppose that /(uj,..., v m ) = v n \ Then 

(1) /(y4 • (u l5 •. • ， v m )) = the conjugate of the / th component of v r - A x 

— the conjugate of ^^ ai J Vr J 
j 

= 

On the other hand, if ^4 € U(«), so that A~ l = A x , then 

(2) y*(^4 - (uj, . . . , 专 i ， • • • ， 

=f (v\ - A t ,..., • A t ^ (A 1 ) t • ,..., (^4 • ^ m ) 

=/ th component of - 

=/ th component of ^4 • ^ 

= 

j 

Comparing (1) and (2), we see that 

⑶ / O (乂 •）= / O (火 •)， 

where (^4 •) on the left is the action of A G U(w) on C n x • • • x (C w )*, while (A •) 
on the right is the action of A on C n x … x C”. From the way that / / is 

defined, it is clear that (3) holds for all /. Consequently, 

f is invariant under U(«) if and only if f is invariant under U(«). 

From this we immediately conclude 

64. THEOREM. Let /: C w x • • • x C w ^ C be a polynomial function in the 
components of the vectors of C w and the conjugates of the components which is 
invariant under SU(«). Then / is a polynomial in the Hermitian inner products 
and the determinants det ri> ..., r „ and their conjugates det r ,,.. M r w . 
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PROOF. By Corollary 63, the function / is a polynomial in the evaluations e rs 
and the determinants det ri ，…， 〜and det* rn . Since 


Srs = irs ， detq ， .. • ，〜 =det ri ， … ，〜， det[，= det ri ， ...〆 ”， 
the result follows. 

In order to prove Theorem 49, which gives the corresponding result for U(n )， 
we need just one more observation. Let V\,... ,v n ,W\,... ,w n € C n , and let 
A = (Vij)，B = (Wij). Then we have 

( 义 . B x )ij = ^ Vik^Jk = 
k 

where 〈，〉 is the Hermitian inner product. Hence 
(*) det A det B = det((u/, wj)). 

PROOF OF THEOREM 49. Since / is invariant under SU(«), by Theorem 64 
it can be written as a polynomial in the Hermitian inner products and 

det ri ，…， and det。，."，〜. 

The action of an element A € U(«) multiplies the latter two by 

det A and (det A) = det A = det(/4"~ 1 ) t = (det A)~ l . 


Hence every factor det n ”..， r " must come paired with a factor det 〜，...，〜. But (*) 
says that the product of these two functions can be expressed in terms of the 
Hermitian inner product functions♦ 
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ADDENDUM 2 

RECOVERING THE DIFFERENTIAL FORMS ； 

THE GAUSS-BONNET-CHERN THEOREM 
FOR MANIFOLDS-WITH-BOUNDARY 

The crucial step in our proof of the generalized Gauss-Bonnet theorem was 
Theorem 22, for it immediately allowed us to conclude that if ^ M 

is an oriented «-dimensional vector bundle, with sphere bundle ^ro ： S —^ M, 
then 7 T 0 *C(^) = 0. This means that if A is the «-form on M representing C(^), 
then the n-form 丌 o* 八 on S is exact, 

丌 o * 八 =for some (n — l)-form O on S. 


In particular, suppose that ^ = TM n , and let A" be a unit vector field on M 
with a single isolated singularity, at /? 6 M (Problem 1.11-13). Let B{e) be a 
closed ball of radius 6 around p, and set 


M e = M — interior B(e). 

Then X{M E ) C 5 is a manifold-with-boundary, the image of M g under the 
section X : M — {p} —> S. Now 


A 


fM 



八 = lim 

/ A 

=lim / 


lM e 

Jm £ 

lim 

f 丌 0 * 八 

=lim 

[ ⑽ 

e->0 t 

fX(M e ) 

£->0 

JX(M e ) 

lim 

f o. 



e->0 , 

JdX(M E ) 




Recalling the definition of the index of X at p, we easily see that 


( 1 ) 


I A = (index of A" at /?) • / ^ 

IM Jyro~Hp) 


/(M) - / O by Theorem 1.11-30. 


Since for n = 2m we also have 

(2) f A= f W = 丌爪川！ 2”；（(^0 by Theorem 26, 

Jm Jm 
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we obtain, finally, 

(3) f ^ = n m m\2\ 

In the original intrinsic proof of the generalized Gauss-Bonnet theorem, 
Chern [2] did not use Theorem 22 or Corollaries 23 and 24. Instead, by clever 
guess-work he explicitly constructed a form O with 丌 0 * 八 = d 少 ， and noted that 
it satisfied equation (3). By applying equation (1)，he thus deduced equation (2 )， 
which is precisely the generalized Gauss-Bonnet theorem. As we will soon see ， 
it is very useful to have an explicit formula for ^ when we seek a generalized 
Gauss-Bonnet theorem for manifolds-with-boundary. 

Let (M ? dM) be a compact orientable manifold-with-boundary. The Euler 
characteristic x(A^) is defined，as before, by 

X(M) = dim H°(M) dim H l (M) + … • 

With some work，we could generalize Theorem 1.11-5, and show that x(M)= 

- ot\ H -， where is the number of /c-simplexes in a triangulation. But 

we won’t pause to prove this, because other facts about /(M) are more im¬ 
portant for us. First note that we can construct a compact oriented manifold 
DM, the double of M, by taking two disjoint copies of M, and identifying 
the corresponding points of dM. The following result is obvious in terms of 



triangulations, but we will give an independent proof. 

65. PROPOSITION. The Euler characteristic of DM is given by 

X(DM) = 2x(M) - x(3M). 

PROOF. Let U and V be open neighborhoods of the two copies of M in DM 
such that H k (U) ^ H k {V) ^ H k (M) for all k, and H k (U r\V) ^ H k (dM) 
for all k. Then we have the Mayer-Vietoris sequence (Theorem 1.11-3) 

0 — H°(DM) —— > H k (DM) ^ // 々 （(/) ㊉ H k (V) 

— H k (UnV) H k+ \DM) 

When we apply Proposition 1.11-4, we obtain precisely the desired result. 
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This result says quite different things when the dimension « of M is odd or 
even. For odd n we have x(Z)M) = 0 (Corollary 1.11-25), so we obtain 

X(M) = ^x(3M); 

in particular x(3M) must be even. For even n, we have x(3M) = 0 , so we have 
⑷ 2x(M) = x(DM). 

66 . COROLLARY. Let M be a compact orientable manifold-with-boundary, 
of even dimension n. Let be a vector field on M with only finitely many 
zeros, all in M — 3M, such that X is outward pointing on 3M. Then the sum 
of the indices of X is 



PROOF. We can modify X near dM so that X is the outward pointing unit 
normal v on dM (and so that there are no new zeros). Then there is a vector 
field on DM which looks like X on one copy of M and like - A" on the other 
copy. Since n is even, the index of — at an isolated zero is the same as the 
index of X at that zero (Problem 1.11-12). Thus Theorem 1.11-30 gives 

2(sum of the indices of X) = x(Z)M) = 2x(M), by (*).♦:♦ 

67. COROLLARY. Let M be a compact oriented Riemannian manifold-with- 
boundary, of even dimension n = 2m, with tangent bundle u : TM —>■ M, and 
associated sphere bundle n 0 = 7t\S: S M. Let w be a connection on the 
principal bundle m: SO(TM) -> M, with curvature form let A be the 
unique «-form on M with 

m*A = … 1 ” 把 A---A = 2 m m \Pf ⑼， 

and let $ be an (n - l)-form on S with 


兀0*八 = 神- 
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Finally, let v : dM S be the outward pointing unit normal on dM. Then 

K n dV^~ 
n\ 

PROOF. Extend v to a vector field X on M with only finitely many zeros 
Pu …， Pk € M — dM. Let Bi(s) be closed balls of radius e around p t which 
are disjoint from each other and from 3M，and set 

k 

M e = M — U interior Bi{e). 

/ =l 

Then，as on page 380, we have 

I A — lim / $ 

JM £ ^°JdX(M e ) 

=I $ + lim / $ 

k 

+ [ 兀 W w!2 w • (index of X at />，•）by ⑶， on page 381 
i=\ 

+ n m m\2 n - /(A/) by Corollary 66♦ 



A 


n m m\ 2 n 




n\ 


X(M) + 


n\ 


y*c&. 


fdM 



The only trouble with this result is that we can’t interpret f dM until we 
have an explicit 4> with 丌 o* 八 —d^. Fortunately, we can pull a $ out of the air 
by looking more carefully at the proofs in section 4. 

First consider two connections on the principal bundle SO(£)，as in Propo¬ 
sition 20. Changing notation slightly, we denote these connections by co and co, 
with curvature forms Q and Q,. Let A and A be the forms with 


^*(A) = 2 m m\ Pf(fi) and m*(A) = 2 m m\ Pf(fi). 

All quantities associated with M x [0,1] will be written boldface, so the induced 
connections q*co and q^cb in the proof of Proposition 20 will be denoted by 

(*) = g*co and £5 = q*d)^ 


and we will set 


伞 =(1 — t)o) + rS. 


Note that 9/3r is horizontal for these connections. 
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The proof of Proposition 20 tells us how to find a form ^ with = 八 一八 . 

To obtain explicitly, we first want to describe the curvature form 中 of + 

more explicitly. Note that tangent vectors on M x [0,1] can be considered as 

sums ^ 

X + /x— M € R 
9r 

where % is a tangent vector of A/, and tangent vectors on the total space of 
q* SO ⑹ can be considered as sums 

a 

where K is a tangent vector on SO(£). We have 

= (1 — r)d(o + r dS> + dr A (S> — (*)), 

so for two tangent vectors Y\ + ji\d/dx and + /X29/3r on the total space of 
q* SO(^) we have 

屮 （Fi + fi\d/dr, >2 + 1 ^ 2 ^/dr) = d^(h(Y\ + /xi3/3r), hiYi + /X23/3r)) 

=[(1 — r) d (0 + r dS>](h(Y\) + fi\d/dr, h{Yi) + fii^/dr) 

+ [dr A (S - io)](Y\ + /xi3/3r, Y 2 + l^id/dr), 
since S — co = 0 on vertical vectors. 

Extending Y 2 to a vector field, we have 

d(o(d/dr,h(Y 2 )) = ^-(w(h(Y 2 )) - h(Y 2 )((x>(d/dr)) - w([d/dz,h(Y 2 )}). 
dr 

The first term on the right must vanish, since we can choose the vector field Y 2 
to be independent of r; the second vanishes, since d/dr is horizontal for w ； and 
it is easily seen that the third term also vanishes (compare pg. IV. 370). So if S2 
and S2 are the curvature forms for (0 and w, then we have, finally, 

屮 =(1 — r)fl + rfl + A (w - (o) 

= 9. + r(S2 - fl!) + Jr a (w - (o). 

From this expression we see that 

2 m m\ Pf(4»)= J2 八 ..八 

/1 ， 

M ，•- -Jn 

+ rfr 八 H ， 
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where H is a linear combination of terms of the form 


(*) r 


m—k—\ 


’• 1 ，…， i n 


八…八 






We won’t bother keeping track of the exact coefficients involved in our calcu¬ 
lations, since there will be a cheap way of getting them out at the end. Our 
expression for 2 m m\ Pf ( 少） shows that the closed «-form A on A/ x [0, 1] which 
pulls back to 2 m m\ Pf ( 中） can be written 

A = • ■ • + rfr a n, 

where i) is a linear combination of forms which pull back* to the forms (*). Now 
Theorem 1.7-17 says that 


A — A = /j*A — zo*A = d(I 


where 


IK{p){X x ,...,X n , x ) 


^\(P, ，…， 


In this integral, t will enter only in the factors t m ~ k ~ x . All other terms are 
independent of t, since the connections co and S are independent of /—for a 
tangent vector Y on SOCE) we have = co{Y), and similarly for S, S2, 

and S2. So we see, finally, that 

(A) 入一八 = d 少 ， where the (n — l)-form O on A/ is a linear combination 
of (n — l)-forms which pull back to the forms 


(**) ^ £ l \ - l n A 

*•1 


A Qg - 1 A (^ - Q)] 


hk-\-\ 

hk-\-2 


A • • • A 


八 （ m ) 


>n-2 △ ⑹ 


—1 


on SCHjE 1 ). 


* It is easy to see that there are forms with this property since S2, and G — (*) vanish 
on vertical vectors. The proof is similar to that of Proposition 18, except that in the 
second part we explicitly write out the value of the form (*) on Ra*Yi, ..., Ra^Yh-i, 
noting that 〜*($) = A~ ] (t)A and Ra*^> = A~ 1 S>A, by the definition of a connection. 
Then we check that this is det A = 1 times the value of the form on Fj,..., Y n -i^ the 
computation being similar to that in the proof of Proposition 9. 
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Now we will apply this to a special, complicated, case. Let ^ = tt : £ M 
be an «-dimensional vector bundle with a Riemannian metric { , >,let SO(^)= 
trr ： SOC^) — M be the corresponding principal bundle, and let ;ro: $ — 从 
be the corresponding sphere bundle. Set 


C, = 丌 o*? = p : E M; 

the total space E consists of all pairs (e, u) where e € S and v € n(e). For the 
corresponding principal bundle 


SO(0 = p : SO(E) —> S, 

the fibre over e is the set of all {e,u) where u € w~ x (n(e)) is an orthonormal 
frame at 丌 ⑷. The principal bundle map 

SO(E)—^_>SO(£) 
n 0 : SO(E) -> SO(£) vj 

S —— ^>M 


which covers takes (e,u) to u. 
Recall that we can write 


C = Cl ㊉ （ 2, 


where 


: Ei M is an (n - l)-dimensional bundle, 

(2 = 尸2 : E 2 4 M is a trivial 1-dimensional bundle; 

the total space E 2 C E consists of all paris (e, fie) (or e e S and 〆 e R，while 
E, c E consists of all pairs (e,v) where v e 丌⑷ is orthogonal to For the 
corresponding principal bundles 

SO(^) = fii : SO(Ei) —> S, 

the fibre fi2~ l ( e ) contains just the two pairs (e,e) and (e, ~e), while the fi¬ 
bre p\~ l (e) consists of all pairs (e, v) where v is an ordered {n - l)-tuple of 
orthonormal vectors at 丌⑷ all of which are perpendicular to 匕 We have a 
natural inclusion 


i ： SO(Ei) ^ SO(E), 
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which takes (e, v) to (e, u) where u is the frame whose first n - 1 members come 
from v, while u n —e. Clearly, 



Now let ⑴ be a connection on SO(£), with curvature form Then 


y = 丌 0 w 

is a connection on SO(E), whose curvature form T is Hence if A is the 

unique form on M with 


then 

( 1 ) = n 0 ^m*A = 2 m m\ Pf(iT 0 *fi) = 2 m m\ Pf(r). 

We can also use y to determine a connection y 1 on SO(Ei) by 
(Ki)y = U J = 1,— 1. 

The two conditions 


Y\ (a(M)) = M for M e o(n — 1) 

^a*Y\ = for A e SO(« — 1) 

follow from the corresponding conditions for y~ifwe regard SO(Ej) C SO(E) 
via the map i, then a(M) in SO(Ej) is the restriction of a{M) in SO(E) for 
M e o(n — 1), and Ra in SO(Ei) is the restriction of Rj in SO(E), where 

i= (o ?)• 

Although (Ki)y = t*yj for /, y = 1,...,« — 1, it does not follow for these same 
values of i and j that the curvature forms T\ and T satisfy (r】）j = i*rj; for the 
horizontal component in SO(Ei) is different from the horizontal component in 
SO(E). To find the correct relationship, we use the second structural equation 
(Theorem II. 8-16), 


dy(Y u Y 2 ) = 一 [you y(Y 2 )] + F(Y U Y 2 ) 
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for tangent vectors Y\ , Y 2 on SO(E), which means that 

n 

(2) dy ； (Y u Y 2 ) = -Eyi(r,)y/(r 2 ) - y l k (Y 2 )yf (Y x ) 

k=\ 

+ rj(r,,r 2 ). 

Similarly, for tangent vectors Zi, Z 2 on SO(Ei), we have 

n — l 

d{ Yx ))(Z u Z 2 ) = ~Y,Mk^\)(Y\) k j^2) - {Yx) l k ^2)(Yx) k j^\) 

k = \ 

+ (Ti (Zj, Z 2 ) 

which implies 

n — \ 

( 3 ) dyj(uZ\,uZ2) = ~y^y k (i*Z\)yf (i*Z 2 ) - yl(i*Z 2 )yf(i*Z i ) 

k=\ 

+ (r,)}(Z,,z 2 ). 

Comparing (2) and (3), we see that 

(4) (r,)} = t*rj + t*(^ Ay„o = 

Now we are going to apply the construction in the proof of Theorem 22. The 
principal bundle SO(E 2 ) for the 1 -dimensional bundle (2 is just 2 copies of M, 
the only connection on SO(E 2 ) is y 2 = 0. The bundle SO(Ei)*SO(E 2 ) C SO(E) 
in the proof of Theorem 22 is just 2 copies of SO(Ei); the first copy may be 
identified with t(SO(Ei)). The connection 

y - PiVi ㊉ p-iYi 

on SO(Ei) * SO(E 2 ) which is constructed in the proof of Theorem 22 is just 
t*y, on the first copy, and similarly the curvature form T is just i*T\ on the first 
copy. As before, we extend the connection y to a connection y on SO(E), with 
curvature form T. Wc have unique forms X, T on S with 

p*r=2 m rn\ Pf(r) 

p*T = 2 m rn!Pf(f). 

But equation (1) says that T = n 0 *A, while, as in the proof of Theorem 22, 
we have Pf(f) = 0 at points of SO(Ei) * SO(E 2 ), which implies that 丫 = 0. 
Assertion (A) on page 385 thus shows that 
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兀 0 *八 = d 少， where the (n — l)-form 巾 on S is a linear combination 
of (« — l)-forms which pull back，via p*，to the forms 

E £, lC 八 ... 八 r ⑦ A(f- n;:f A-.-A 
f 'i ，…， f •” 

A(r-r) ；： ;;-A(y- y) ；： r '. 


But on tangent vectors to SO(Ei) * SO(E 2 ) 


have 



i,) + n 
i ov j = n 


— 2 copies of SO(Ei)，we clearly 


on the first copy, 


while equation (4) shows that we also have 


(F - r ) 卜 


^*(yi ^Yn) 
-i*rj 


， . ， 7« 

i or j = n 


on the first copy. 


Hence, remembering that y = it^co and T = we can conclude that 


兀 o* 八 =where the (n — l)-form ^ on 5 is a linear combination 
of (n - l)-forms 少女 ， 0 < k < m - such that 




= 广 J ] 

/ 1 ，…，/” — I 


A • • • A 


hk~\ 

l 2k 


A 


⑴ n 


2k-\-\ 


八…八 O ) 


^n—\ 

n 


in this sum，the indices i a run from 1 to n _ 1. 


This can be put in a more useful form by introducing the “last vector” map 
£ : SO(E) S defined by 

£(u) =： u n . 

We clearly have 

t o 7tQO L — fix ： SOC^i) ^ S. 

It is easy to check that there are unique forms 0 ^； on S such that 

t&k = Y. — 1 吨 A …八的 r 1 八 々 + ' A--- A coir 、 

f 1 ，…，一 1 

we use the procedure given in the footnote on page 385， noting that in the 
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second part we only want to consider A € SO(n) with t{u - A) = £(w), so that 
4 =( 合 ?) forfle SO(n — 1). But now we have 

= t*no^@ k = fH*& k 
少^： = ©A：. 

So we can state, finally, 

(B) There are constants ao,... ^cim-\ such that 

m—\ 

no*A = ^2 
A:=0 

where the 少众 are the unique forms on S such that 

i*^> k = [ £ '\-h,-\ 吨八…八 八 Ct) l „ 2k+ ' 八…八 C 

M ，…，至 n 一 1 

Note that the constants a。，• • ^a m -\ do not depend on the bundle, or any¬ 
thing else; they are certain combinatorial terms in a formal calculation which 
is exactly the same for all bundles. If we apply Corollary 67, we obtain 

j m—\ 

X(M) + —.^a k 
n\ ^ 
k=o 

If we choose a positively oriented orthonormal moving frame X = (X\, • • • ， X n ) 
on 3M with X n = v, then 

v = €oX ， X: dM SO(£), 


(*) 


K n dV 


fM 


丌 77 ^! 2 

n\ 



v*<d^ = x*r% 

M > …， 一 1 

A (X*4 卵 ） A … A (X*H 


Recall that a) and Q are forms on SO(£); the terms X*^ 2A+1 and are 

just the corresponding connection and curvature forms for the moving frame X. 
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This allows us to give an invariant definition of similar to the invariant 

definition of A/n\ = K n dV: if dV n -\ denotes the volume element on 3A/, 
then 

v*% = K k dV n ^ Xy 

where can be written as a contraction of tensor products of the tensor e 
on dM (contravariant of order n — 1)，the curvature tensor (R for 3M，and the 
tensor 

(A r 卜 〈▽"，，〉， 

which is just the second fundamental form of dM in M. 

To calculate the constants a。，• •. ， a m _i ，we just have to apply equation (*) to 
products M = D k+l x S n _ k -\ with dM = S k x S n ~ k - { ; then the only non¬ 
zero boundary integral is the one involving The explicit calculations are 

left to the reader—after doing them, it should be fun to compare with Chern，s 
paper [2]. 
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A. OTHER TOPICS IN DIFFERENTIAL GEOMETRY 

I. Major topics everyone should know something about.* 

(a) Complex manifolds. This is the main topic which was hardly touched upon 
in these notes. Some people heartily dislike the subject, with its penetrating 
algebraic odor, but for others it has a seductive appeal. A differential geometer 
whose work often uses the simplifications obtained by considering the complex 
domain explained to me that the additional structure of complex manifolds 
makes them more interesting, just as two sexes are more interesting than one, 
but various aspects of this argument are open to debate. A basic treatment of 
complex manifolds is given in Kobayashi and Nomizu {1; v.2, ch.9}. See also 
Chern {1}, Weil {1}, Wu {1}, and Yano {2}. For more emphasis on the analysis 
aspects, see Griffiths {1}, Morrow and Kodaira {1}, and Wells {1}. 

(b) Homogeneous spaces. In Chapter 13 we defined a “homogeneous space” to be 
a quotient space G/H. The terminology comes from the fact that these are pre¬ 
cisely the manifolds M on which G acts transitively (see Warner {1; 120ff.} or 
Wolf {1; 11-13}); one should also be aware of the usage in the case of Riemann- 
ian manifolds (cf. Kobayashi and Nomizu {1; v.l, 176}). Once the identification 
with G/H is made, further study of these spaces becomes rather algebraic. See 
Kobayashi and Nomizu {1; v.2, ch.10}. It should also be mentioned that ho¬ 
mogeneous spaces provide the natural setting for geometry according to the 
famous definition proposed by Felix Klein [1], of geometry as the theory of geo¬ 
metric invariants of a transitive transformation group. Even such subjects as 
Riemannian geometry have been brought within the compass of this definition, 
essentially by means of connections on certain principal bundles. There are 
some older references at the end of Chapter 2 of Veblen and Whitehead {1}, 
but the most extensive treatment is given by Sharpe {1}. 

(c) Symmetric spaces. A very nice brief introduction to (Riemannian) symmetric 
spaces can be found in Milnor {2; §§20, 21}. Increasing detail, and algebra, 
can be found in Wolf {1}, Kobayashi and Nomizu {1; v.2, ch.l 1}, Boothby and 
Weiss {1}, Loos {1}, and the standard treatise Helgason {1}, with specialized 
material in Eberlein {1}. 

(d) Mappings. Numerous types of maps between Riemannian manifolds are of 
importance — isometries, similarities (which multiply the metrics by a constant), 
conformal maps (which multiply the metrics by a function), affine maps (which 
take geodesics into geodesics), and projective maps (which take geodesics into 

* As evidenced by the fact that they get a chapter apiece in Kobayashi and Nomizu {1}. 
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reparameterized geodesics); the latter two can be defined for arbitrary con¬ 
nections. We might also mention [essential] volume preserving maps, which 
preserve volumes of open subsets [up to a constant factor]. Certain classical 
relations between such maps, not mentioned here, may be found, for example, 
in Laugwitz {1; 147-161}. In preference to Theorem 13.4.6, one may consult 
Lemma 1 on pg. 242 of Kobayashi and Nomizu {1; v.l} (Laugwitz defines u irre- 
ducible” incorrectly); their proof of Lemma 2 on the same page is perhaps also 
somewhat preferable to Laugwitz 5 s proof of the corresponding Theorem 13.6.2. 
One other classical result may be found in Haack {1; 130-133} or Kreyszig {1; 
267-269}. Naturally, the study of maps from 5 2 to M 2 has received special atten¬ 
tion. Although cartography is an independent subject, the reader will probably 
find more than enough information about it in classical differential geometry 
books，for example Kreyszig {1} and Laugwitz {1}，or Scheffers {1; v.2, 36—53} 
and Strubecker {1; v.2 ， 170—201} for more examples. In addition to the maps 
themselves, one can study vector fields which represent “infinitesimal” versions 
of them. In particular, the infinitesimal versions of isometries are the “Killing 
vector fields”. For basic information on mappings and infinitesimal mappings 
see Kobayashi and Nomizu {1; v.l, ch.6}，Lichnerowicz {2}，and Yano {3}. 

II. Other topics of substantial interest. 

(a) Classical curve and surface theory. There is still a lot of information to be mined 
here, though the ore naturally tends to decrease in quality, rapidly passing the 
point of diminishing returns. 

In our discussions of curve theory, we initially sought the limiting circle 
through 3 points on a plane curve. This osculating circle is often said to have 
second order contact with the curve. The notion of contact of curves and sur¬ 
faces is described in Struik {1; 23}，somewhat more carefully in Goetz {1; 37, 44} 
and Kreyszig {1; 47—51，see especially Theorem 14.3}, and in detail in Favard {1; 
Part 1 ， ch.2}. Innocuous as the concept may seem, it is sometimes useful to have 
precise information about it (cf. do Carmo and Warner [1; pg. 136]). 

In the theory of space curves it is natural to seek an “osculating sphere” having 
third order contact with the curve—see Blaschke {1 ； v.l, 33}，Eisenhart {2; 37 }， 
Goetz {1; 77}，Kreyszig {1; 51}，Struik {1; 25}，or Gerretsen {1; 91}，which gives 
the analogous considerations in M w . The condition that a curve lie on some 
sphere is usually determined by setting equal the radii of all osculating spheres. 
Problem III. 4-2 gives a different approach (generalized in Gerretsen {1; 78}); 
some calculation is required to establish the equivalence of the two answers. 

A standard topic in curve theory is the study of involutes and evolutes, which 
was originated (cf. Coolidge {1; 319}) by Huygens in order to construct a pendu- 
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lum whose period is independent of its amplitude (for ordinary pendulums this 
is only approximately so, for small amplitudes). This property is possessed by a 



pendulum whose weighted end describes a cycloid, hence the problem of finding 
a curve whose “involute”，traced out by unwinding a thread from it, will be a 
cycloid. The desired curve (the “evolute，，of the cycloid) turns out to be another 
cycloid. [Unfortunately, this ingeniously designed Huygens pendulum was su¬ 
perseded by a pendulum suspended from a spring，which turns out to work just 
as well.] Two other familiar curves might be mentioned here: the evolute of the 
tractrix is a catenary. The standard material, none too interesting, on involutes 
and evolutes (which are also defined for space curves) can be found in Eisen- 
hart {2; 43—45 }， Gerretsen {1; 83-87 }， Goetz {1; 65 - 70 }， Kreyszig {1; 52-54 }， 
Struik {1; 39-41 }， and Strubecker {1; v.l, 222-226}. Guggenheimer {1; 35-47} 
gives a treatment requiring less differentiability, by means of the Riemann- 
Stieltjes integral (or see Ostrowski [1])，and finds all plane curves similar to 
their evolutes (pp. 59—61). 

It is strange that the theory of envelopes is so seldom mentioned in connection 
with involutes and evolutes, for the evolute of a plane curve is the envelope of 
its normals，and thus the locus of the centers of its osculating circles. Even the 
latter fact is seldom mentioned (cf. Guggenheimer {1; 43-44}). As the figure 
on pg. II. 6 seems to indicate, an osculating circle of a curve separates the parts 
of the curve with smaller curvature from those with larger curvature. A direct 
verification may be given (cf. Goetz {1; 84}), but it is even easier to prove a 
much stronger result, due to Kneser. If c is a curve, parameterized by arc- 
length, with k nowhere 0， then the curve of centers of the osculating circles is 
y(^) = c(s) + n{s)/K(s). The parameter s is not arclength for y. Instead we 
have 

y\s) = c f (s) + ( 丄 ) (s)n{s) + 

\kJ k(s) 

= c f (s) + ( 丄 ) ⑴ n ⑷ + -^― - (-K(s)c f (s)) by Serret-Frenet 

\k J k(s) 

= (士)⑷ n ⑷. 
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Now n is not constant on any interval, so if 〆 # 0 everywhere, then y f is not 
constant on any interval, and hence no portion of y is a straight line. Therefore 


|y(^i) - y(^ 2 )l < length of y form y(^i) to y(s 2 ) 



\y f (t)\dt = 


# 2) ] (S1) ， 


where the left side is the distance between the centers of the osculating circles 
at s\ and si, while the right side is the difference in the radii of these osculating 
circles. Hence one must lie inside the other. Thus all the osculating circles 
are nested (and the smaller ones，containing points of the curve with larger 
curvature，must lie inside the larger ones). This gives a striking example of 
a family of curves (the osculating circles) none of which intersect，but which 
nevertheless have an envelope (the original curve). 

There is a beautiful little book of Boltyanskii {1}，unfortunately out of print, 
which makes the study of envelopes seem very pretty. In differential geometry 
books, emphasis is usually placed on envelopes of families of surfaces; see Eisen- 
hart {2; 59-65} and Kreyszig {1; 253—263}. There is a fairly thorough treat¬ 
ment of envelopes in Favard {1; Part 1 ， ch.3}. We should not fail to mention that 
the conjugate locus of a point is just the envelope of the geodesics through the 
point (refer again to the picture on pg. IV 221). An argument of Caratheodory 
shows that the conjugate locus always has at least 4 cusps (cf. Blaschke {1; v.l, 
231}). Similar arguments show that the evolute (= envelope of the normals) of 
a closed plane curve must have at least 4 cusps. This actually follows immedi¬ 
ately from the four vertex theorem, but it can also be used to prove the four 
vertex theorem, as well as a four vertex theorem for the hyperbolic plane (oral 
communication by A. Weinstein). 

Naturally, many special sorts of space curves are investigated in the classical 
books. Special mention may be made of Bertrand curves—see Blaschke {1; v.l ， 
35}，Eisenhart {2; 39—41}，Gerretsen {1; 83}，Goetz {1; 74-76}, Haack {1; 29 }， 
or Strubecker {1; v.l, 228-238}. They are of some interest, as they may be used 
to prove (Catalan’s theorem) that the only ruled minimal surface is the helicoid — 
see do Carmo {1}. (This also follows from a classical result of Schwarz that a 
minimal surface containing a straight line is taken into itself by a rotation of 丌 
around the line. See, for example, Blaschke {1}.) Perhaps this is also a suitable 
place to mention an elementary theorem of Beltrami: the tangent developable 
of c intersects the osculating plane of c at c(?) in a curve y whose curvature at 
c(t) is 3/4 the curvature of c at this point. 

Moving on to global theorems, we first mention that a simple proof of Theo¬ 
rem II. 1-8 can be given when k is nowhere 0 by noting that the curve is locally 
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convex, and then using a theorem of Schmidt (cf. Stoker {1; 46-47}) that lo¬ 
cal convexity implies convexity. (But for this proof we need to know that the 
curve bounds a region，to which Schmidt’s theorem is applied. The proof given 
previously, using the “Hopf Umlaufsatz” (Theorem 11.1-7)，not only works for 
/c > 0 or /c < 0, but also proves directly that the curve lies on one side of each 
of its tangent lines，a criterion for convexity which does not use the fact that 
the curve bounds a region.) Schmidt’s result holds in all dimensions, and could 
also be used to prove Hadamard’s theorem (Theorem III. 2-11) for imbedded 
surfaces. 

Some theorems of Schwarz, Schur, and Schmidt are especially interesting 
because they are global theorems about non-closed curves — see Blaschke {1; 
v.l, 61-64}, as well as Chern {3; 35-38}. Guggenheimer {1; 31} proves one 
of these theorems in the special case where both curves are planar; Hilbert 
and Cohn-Vossen {1; 211—212} show how to obtain the general case from this, 
and then give some further discussion. Compare also Blaschke {1; v.l, §39}. 
Our old friend, the four vertex theorem, can be proved from the planar case 
(Guggenheimer {1; 30—32} or Fog [1]). By the way, in our proof of the four 
vertex theorem we only obtained 4 points where k ; = 0, but it is easy to actually 
obtain 4 relative maxima or minima of k. Other interesting global theorems 
about non-closed curves are due to Vogt and Ostrowski (see Guggenheimer {1; 
49—53} or Ostrowski [2]). 

Laugwitz {1; 198-202} has some results on curves of constant width, which 
may also be proved by more elementary means — see, for example, the beautiful 
book of Yaglom and Boltyanskii {1; ch.7}. 

Notice that the formula for r on pg. III. 225 can be written r = (arctan K g ) f . It 
follows from this that / r = 0 for a closed curve lying on a sphere. Conversely, 
if this holds for all closed curves on a surface, then the surface is part of a plane or 
sphere (Scherrer [1]). The same results hold for f K n x ds (Saban [1]). Finally, we 
mention that any curve in S 2 is the unit tangent t of some curve c of constant 
torsion. Such curves were studied classically (see, for example, Blaschke {1 ； 
v.l, 47}，and Darboux {1; §§36， 39 and v.4, Note 7 ， §7})，but only recently 
have closed curves of constant torsion been discovered (Weiner [1]; compare 
pg. IV110). 

Classical surface theory is of course much more extensive，and there is so 
much material contained in the standard classical books that there is no point 
trying to list the main topics. In Part B mention is sometimes made of specific 
information contained in particular books. For serious digging be sure not to 
forget the Encyklopadia der Mathematischen Wissenschaften. 

See also the references under III.(c). 
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(b) Extremal and isoperimetric problems. Various extremal and isoperimetric prob¬ 
lems for curves are treated in Blaschke {1; v.l, ch.2}. See Chapter 8 of the 
same volume for surfaces, and Chapters 2 and 6 of the second volume for 
similar problems in special affine geometry. For various sorts of solutions to 
the isoperimetric problem see also Blaschke and Reichardt {1; §28}，Chern {3; 
25-29}，and Guggenheimer {1}. The last has a solution in the plane (pp. 79 - 84) 
which generalizes (pg. 289) to convex surfaces, by means of Steiner’s formu¬ 
las relating the area A and enclosed volume F of a compact convex surface 
A/ C M 3 to the area ^4(^) and the enclosed volume V (^) of its parallel surface 
{p + sv(p) •• p e M}\ 

A(s) = A + 2e I H dA+ 4ne 2 

Jm 

V(e) = V + eA + e 2 f HdA + -ns 3 . 

Jm 3 

(The first formula follows from Problem III. 3-12, and the second by integrating 
with respect to s. It can also be proved by approximating the surface by convex 
polyhedra. In this case H measures dihedral angles and K measures vertex 
angles; for more details see pp. 168-170 of the article by Santalo in Chern {3}.) 
See also Blaschke {3} or Santalo {1} for a treatment of the isoperimetric problem 
by integral geometry (III. (a)). There is a detailed discussion of the isoperimetric 
problem in Blaschke {2}，but for the final word (including the isoperimetric 
problem in the spaces of constant curvature) see Hadwiger {1} and references 
therein. For later work，see Chavel {2}. 

(c) Closed geodesics. For brief remarks on the existence of closed geodesics see 
Blaschke {1; v.l, 211-212}. See also pg. 233 for surfaces on which all geodesics 
are closed; for more details consult Berger {1}，which also proves the theorem 
of L. W. Green [1] that the sphere is the only surface on which every point 
has a unique conjugate point. For modern treatments of closed geodesics see 
Schwartz {1}，Flaschel and Klingenberg {1}，Besse {1}，and Klingenberg {1} ? {2}. 

(d) Holonomy. The holonomy group of a connection on a principal bundle P 
with group G is the subgroup of all a e G such that a fixed u G P can be joined 
to w - ^ by a horizontal curve. Thus, the holonomy group measures the extent 
to which the distribution of horizontal subspaces is not integrable. [In classical 
mechanics (V (a)) a system of “constraints” which can be described by a suitable 
distribution is called “holonomic” if the distribution is integrable, and “non- 
holonomic” otherwise. Thus, the “holonomy group” really should be called 
the “non-holonomy group”，since it measures the extent to which a distribution 
is non-integrable.] Holonomy groups are studied in great detail in Kobayashi 
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and Nomizu {1}，with basic properties treated in chapter 2 of volume 1， and 
applications throughout. In particular, we have the “holonomy theorem” of 
Ambrose and Singer (first proved, or at least stated, by E. Car tan), which de¬ 
scribes the Lie algebra of the holonomy group in terms of the curvature form 
of the connection. It should perhaps be pointed out that this is in some sense a 
global version of a classical description of the curvature tensor in terms of par¬ 
allel translation around an “infinitesimal parallelogram’’ 一 see Eisenhart {1; 65}, 
Kreyszig {1; 295}，or Laugwitz {1; 108}, or slightly different versions in Bishop 
and Crittendon {1; 97}，Nelson {1; 77}，or Singer and Thorpe {1; 170-174}. It 
should also be noted that the holonomy theorem gives an immediate proof of 
the Test Case. The most important application of holonomy groups for Rie- 
mannian manifolds is the de Rham decomposition theorem (Kobayashi and 
Nomizu {1; v.l, 187ff.}). 

(e) Reducing the group of a bundle; G -structures. The proof of the holonomy theorem 
uses the concept of a reduction of the group G of a principal bundle P to a 
subgroup H. This is, by definition，a subset P f of P such that u • a € P’ for all 
u G P f and ^ so that P f is a principal bundle with group H. The prime 
example is a reduction of the group GL(« ， M) of the bundle of frames of M 
to the subgroup O(w). Any Riemannian metric 〈，〉 gives such a reduction — 
we define 尸 ， to be the set of all frames which are orthonormal with respect to 
〈， 〉• Conversely, given any such reduction，we can define 〈，〉 by declaring the 
frames in P f to be orthonormal. Similarly, an orientation on M is equivalent 
to a reduction of the group GL(« ， R) to the group GL + («,M) of matrices of 
positive determinant. It could hardly be supposed that mathematicians would 
not get around to generalizing these examples: a reduction of the bundle of 
frames on A/ to a subgroup G C GL(« ， M) is called a G-structure. For the 
theory of G-structures see the last chapter of Sternberg {1}, and Kobayashi {1}. 

(f) Contact transformations and contact structures. At each point /? of A/ we can con¬ 

sider the set of (n — 1)-dimensional subspaces of the tangent space M p . With 
the notation of Chapter V13, this set would be denoted by G n -\(M P ); in the 
terminology of topic III. (g) it is the set of 1 st order (rt — 1)-dimensional contact 
elements at /?. We can form the manifold C x n _ x M = of all 

these contact elements, and any immersion /: A/ —> iV gives rise to a map 
/*: C^_ X N. An arbitrary smooth map g: C^N was 

classically called a contact transformation if it satisfies the following condition, 
which is automatic for /*: for every hypersurface P C M, there is a hypersur¬ 
face Q C N such that the set of tangent spaces of Q is just the image under g 
of the set of tangent spaces of P. This geometric definition is unfortunately 
rather vague，since we want to allow the possibility, for example, that 0 is a 



Bibliography 


401 


single point q e N and g takes all tangent spaces of P into G n ^{N q ). But it 
is not hard to derive a precise analytic condition which captures the geometric 
content. The manifold C/R 2 , for example，has a covering by two coordinate 
systems，one of which is defined on the set U of all directions not parallel to 
the 少 -axis—we use the coordinates a, b of the point € M 2 as two coordinates 
on and the slope m of the line in R 2 p as the third coordinate. For a curve c 
in R 2 we have 


w (subspace spanned by 〆(，)）= 


db{c\t)) 

da{c f {t)) 


From this it is not hard to see that a map g : U ^ U should be called a 
contact transformation if and only if g*(db - mda) = ot(db — mda) for a 
nowhere 0 function a. For with x\...,x n ,z as coordinates for the 

point，and y l (i = 1,...as the slope of the intersection of the «-dimen- 
sional subspace with the ， z)-plane, we have the analogous criterion，in terms 
of the form dz - Yli y l dx l . For arbitrary manifolds these conditions can be 
formulated on coordinate neighborhoods. Although the classical reference Lie 
and Scheffers {2} will present problems, it is delightfully concrete and filled with 
examples; see also Eisenhart {4; ch.6} and Favard {1; part 1 ， ch.4}. 

Nowadays, these motivating geometric considerations are almost never men¬ 
tioned (an exception is Hermann {2; ch.3}). The modern approach to the sub¬ 
ject maybe found in Kobayashi and Nomizu {1; v.2, 381-382} and Kobayashi {1; 
28ff.}; it involves the notion of a contact structure, which also plays an im¬ 
portant role in classical mechanics (V.(a)). An important tool in the study of 
contact structures is a theorem of Darboux, which is proved in Kobayashi {1; 
Appendix 1}; a very different proof is given in Lang {1; ch.5, §7}. The proof 
in Godbillion {1; 115-121} or Sternberg {1; 135-141} is of interest, as it uses 
the “characteristic system，’ of an ideal of differential forms. This ‘‘characteristic 
system is related to the characteristics of a PDE; to see this made more explicit 
one may consult Dieudonne {1; v.4, 92-118}. The “Legendre transformation，’ 
is a contact transformation which is often used in PDE’s (see, for example, 
Courant and Hilbert {1; v.2, 32-29}). Legendre transformations are also used 
in the calculus of variations and classical mechanics (cf. Abraham {1} ， Godbil¬ 
lion {1}, or Sternberg {1}). For the connection between the two, try Hermann {2; 
ch.6, §9}. 

We could also consider maps g : M N, defined on /c th order 

r-dimensional contact elements [cf. III.(g)]，satisfying an analogous geomet¬ 
ric condition. But these are essentially of the form /* for r <« — 1， or an 
extension of a contact transformation g: C^_ { M for r = n — l 
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(Knebelman [1]). Similarly, one can define “infinitesimal contact transforma¬ 
tions ”， but they always come from a map See Eisenhart {4; 252} 

or Lie and Scheffers {2; ch.4, §2} for a classical statement of this fact, and 
Kobayashi {1; 30} for a modern version. 

(g) The Laplacian and Hodge theory. Berger, Gauduchon，and Mazet {1} is an 
excellent introduction to the significance of the Laplacian, though somewhat out 
of date because of the recent rapid progress in this field. For many applications 
of Hodge theory similar to Bochner’s Theorem (Theorem IV 7-63)，see Yano 
and Bochner {1}, and Yano {1} (which also has applications of integral formulas 
similar to those in Chapter VI2). See also Ruse, Walker, and Wilmore {1}，and 
Jost {1}. A simple application to prove Poincare duality is given in Warner {1}; 
for applications to complex manifolds see, for example, Weil {1}. 

III. Other geometries 

(a) Finsler geometry. For a brief introduction, see Laugwitz {1; §15}. For an ex¬ 
tended treatment see Rund {1} and Matsumoto {1}. The reprinting of the thesis 
of Finsler {1}, with a bibliography up to that time, may be of interest. 

(b) Integral geometry. Blaschke {3} and Santalo {1} are very nice introductions to 
this subject. The article by Santalo in Chern {3} gives references to later work. 
It is of interest to compare the arguments on pg. 167 with the proofs of Fenchel’s 
theorem and the Fary-Milnor theorem on pp. 33-35. 

(c) Line geometry. Here one studies the manifold consisting of all lines in M 3 . I 
haven’t the slightest idea what is done, but there are supposed to be some nice 
things. See Blaschke {1; v.l, ch.9}，Eisenhart {2; ch.12}, Favard {1; pt.2, sec.l ， 
ch.5}，Forsyth {1; ch.12} and Hlavaty {2}. See also (e). The manifold of all 
circles in M 3 has also been studied. See Eisenhart {2; ch.13} and Forsyth {1; 
ch.12}. 

(d) Affine geometry. For special affine curve theory see Blaschke {1; v.2} and 
Favard {1; pt.2, sec.2, ch.l}，as well as Guggenheimer {1; §8-3}. For special 
affine surface theory see Blaschke {1; v.2} and Favard {1; pt.2, sec.2, ch.2}. See 
also Flanders [1] and the references listed under it. Not much seems to have 
been written about general affine invariants. See Guggenheimer {1; ch.7-3, 
probs.10-12} and Dieudonne {1; v.4, ch.20, §14, probs.ll ， 12}，which first de¬ 
scribes an affine normal (“pseudo-normale”) for a hypersurface of any manifold 
with a torsion-free connection on its bundle of frames [compare with the second 
part of (e)] and then specializes to special affine geometry of R n (it will probably 
make things much easier to rewrite the problem so that it deals with moving 
frames, rather than with the bundle of frames itself). On the other hand, there 
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is a considerable literature on what might be called “general linear geometry ” 一 
properties of submanifolds of R n invariant under all linear maps (but not trans¬ 
lations!), as well as properties invariant under all elements of SL(« ， R)，again 
excluding translations [this certainly seems like a strange geometry to study，but 
see Laugwitz {2}]. See Salkowski {1}，Shirokow and Shirokow {1}，and Nomizu 
and Sasaki {1}. 

(e) Projective differential geometry. This is the study of properties of submanifolds of 
projective space P” which are invariant under the projective group (cf. Harts- 
horne {1} for basic terminology). An eminent differential geometer, who per¬ 
haps prefers to remain anonymous, has said that the problem with projective 
differential geometry is that the projective group is too large to allow any in¬ 
teresting local results, while no one has ever discovered any interesting global 
ones. 

The best introduction is probably Fubini and Cech {1}，which also introduces 
E. Cartan’s methods (using moving frames — compare (g)) as worked out in Car- 
tan {5}. Other texts are Bol {1}，Favard {1; pt.2, sec.3}, Lane {1}，Akivis and 
Goldberg {1}，and Wilczynski {1}，one of the earliest works in the field [cf. (g)]. 
For “line geometry” in the projective case see Svec {1}. 

Just as Riemannian geometry generalizes the differential geometry of M w ，so 
one might expect to generalize projective differential geometry to an arbitrary 
manifold M by forming the union of the projective spaces obtained from each 
tangent space M p , constructing a corresponding principal bundle P, and con¬ 
sidering some canonical connection co on P. All these steps can be carried out, 
but a) is not characterized so simply as in the Riemannian case by having van¬ 
ishing torsion (which is defined only for connections on the bundle of frames); 
instead, there is a unique a> which satisfies certain identities like the Bianchi 
identities. This is described in Car tan {5}，but it will probably be much easier 
to read Kobayashi {1; 127—138}. 

(f) Other esoteric geometries. See Blaschke {1; v.3} for the interesting, but compli¬ 
cated, geometries of Mobius, Laguerre，and Lie; for the last of these, see also 
Cecil {1}. In all three geometries, the points are basically the circles in the plane, 
or the spheres in space, etc.，and properties are sought which are invariant under 
various groups of maps on these circles or spheres. Mobius geometry involves 
those maps which take the set of all circles or spheres through a fixed point 
into another set of the same sort. Such maps are always induced by similarities 
and inversions in the plane, space, etc.，so that Mobius geometry reduces to the 
study of this group of maps (the Mobius group) on these spaces. For dimensions 
« > 2 it is thus “conformal geometry’’. 
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In the case of the plane one might also study properties of curves invariant 
under all analytic maps. I know of only one strange result in this direction—see 
Theorem 1-4 of Ahlfors {1}. 

The more complicated geometries ofLaguerre and Lie are allied to the notion 
of contact transformations (II. (f)). Laguerre geometry involves the maps which 
take a set of circles tangent to a line (or of spheres tangent to a plane) into 
another set of this sort，while the geometry of Lie involves the group of maps 
which simply take circles or spheres which are tangent to each other to pairs of 
the same sort. 

Another weird topic is the theory of webs—see Blaschke {4} and Blaschke 
and Bol {1}. 

All sorts of other oddities may be found by consulting Mathematical Reviews 
and the journal Tensor. 

(g) He’s theory of differential invariants，and E. Carton’s general method of moving frames. 
Lie，s theory is the one topic which I greatly regret not having written up, for it 
is used extensively in certain early work which is far more impenetrable than 
other classical material. In particular, Lie’s theory was used in the first investi¬ 
gations of special affine surface theory by Pick [1] and in early work in projective 
differential geometry (cf. Wilczynski {1}). Unfortunately, a reasonable exposi¬ 
tion would probably require close to a hundred pages，which wouldn’t fit in 
anywhere, for the material on first order linear PDE，s from Chapter V 10 is 
needed，while the theory relates most directly to Chapter III. 2 (which is al¬ 
ready too long). Matters were in no way helped by my lack of understanding, 
nor, since this delayed its treatment until last，by my lack of endurance. 

The most interesting part of Lie’s theory applies to situations like Euclidean ， 
special affine, or projective differential geometry，where we seek properties of 
submanifolds of M which are invariant under a group G of diffeomorphisms 
[i.e., submanifolds of homogeneous spaces (I.(b))]. The idea is to find ‘‘(geomet- 
ric) differential invariants of order k for r-dimensional submanifolds of A/ , a 
simple example of which is the curvature /c of a curve c in M 71 . This is an “in- 
variant” (it is the same for a curve and its composition with a Euclidean motion) 
“of order 2，， (one can compute it at any point knowing only the first two deriva- 
tives of the curve at that point) which is independent of the parameterization 
(“geometric”). 

Such invariants can be thought of as functions on a suitable space. First we 
construct the “A:-jets” of maps of (R r ， 0) into (M, p)\ these are equivalence 
classes j^if) of maps /: (M r ,0) ^ (A/, p) y where ，〜 g if all mixed partial s 
of order < k of all component functions of / and g are equal at 0 (cf. topic 
VI.(c)). On the set of A:-jets represented by immersions /: (R r ,0) — (M , p) 
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we introduce a further equivalence relation by declaring and jg(f 2 ) 

equivalent if in a neighborhood of 0 e R r we have f 2 = f\ o a for some diffeo- 
morphism a. These new equivalence classes are the A: th order r-dimensional 
contact elements of Af at /> (for k = 1 they may be identified with the r-dimen¬ 
sional subspaces of M p ). The set C^M of all such contact elements at all /? e M 
is a manifold, and any diffeomorphism (j> : M — M gives rise to a diffeomor- 
phism (j>^ : C^M C^M. A geometric differential invariant of order k for 
r-dimensional submanifolds of M under a group of diffeomorphisms G is just 
a function F: C^M —^ R invariant under G (i.e” satisfying F o =z F for all 
(f> € G). This set-up is briefly discussed in Hermann {2; ch.3, §14}. 

We can also consider “differential invariant tensors”. If y is a A: th order 
r-dimensional contact element of M at p, represented by a k-jet j^if) for 
f •• (M r ， 0) — (M, /?), then the 1 st order r-dimensional contact element rep¬ 
resented by the 1-jet j^if) depends only on y—it may be thought of as the 
“tangent space” Ty of y. A function F on Cj^M such that each F(y) is a 
bilinear function F{y) : Ty x Ty for example, may be thought of as a 

k th order covariant tensor of order 2 for r-dimensional submanifolds of M\ it 
is easy to formulate the invariance conditions for such F. 

There is actually a reasonable way to compute such differential invariants, 
or at least to formulate the computations (in practice they become hopeless 
quite quickly unless one introduces some extraneous geometric insight). Any 
X G Q = Lie algebra of G induces a 1-parameter family of diffeomorphisms 
{exp/A"} of M, hence a family {(exp A)*} on C 户 M, and hence a vector field 
on If G is connected, and thus generated by the elements exptXi 

for a basis {Xi} of g, then F is invariant if and only if X^ k \F) = 0 for all i; 
each of these equations is simply a linear first order PDE in terms of coordinates 
on C 户 M. This allows one to compute the invariants F once one picks a natural 
coordinate system on C^A/ and figures out appropriate methods for evaluating 
X^ k \p) for each coordinate function p. There is no difficulty solving each 
particular equation X^ k) F = 0, by the methods of Chapter V 10, §1. We find 
that F must be constant along certain curves in C r ^Af, or equivalently, that F 
must be expressible as a function of certain combinations of the coordinate 
functions. The problems arise when we seek a solution F of the equations 
X》、 F = Q for all /; we then have to guess a single function which can be 
expressed as a function of each of the different combinations of coordinate 
functions which arise for each i. 

Even without performing the calculations, however, one can decide how many 
invariants there should be. We seek a submanifold ^ C M which intersects 
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each “orbit” {0*y : (f> € G}, y e Cj^M just once. The invariant functions on 

M are in one-one correspondence with the functions on f，so the number 
of “independent” ones is the dimension of 沪 ， thus the dimension of M 
minus the dimension of an orbit. Differential invariant tensors can be treated 
similarly. 

Unfortunately, there is no really good reference for this topic. One can try 
Lie and Scheffers {1; ch.22}, but it will be much easier to read Scheffers {1}. 
Plane curves are treated in volume 1, part 1, §§8, 9; space curves in volume 1, 
part 2, §12; and surfaces in volume 2, part 3, §10. All the information here will 
be quite new, because curves and surfaces are determined up to congruence by 
certain functions, not by tensors; for curve theory this means that no use is made 
of the parameterization by arclength (which is really equivalent to using the first 
fundamental form of the image curve). There are also some (rather misleading) 
calculations in volume 2, part 3, §6 which essentially determine all invariants 
on the space of jets (i.e., the functions on surfaces which are invariant under 
Euclidean motions but not under change of parameter). The main problem with 
this reference is that it doesn’t illustrate the general methods of computation 
outlined above. 

The most modern reference for these methods, Guggenheimer {1; ch.7-2}, is 
frustratingly old-fashioned in its language. It might help to mention that the 
formally introduced new “variables” x; = dxf/dx\,x f /,... are merely certain 
natural coordinates for 1 -dimensional contact elements in M w : on the set of 
1-dimensional contact elements y represented by curves whose images can be 
parameterized as x\ {x\, / 2 ( xi )，••• ， [f° r unique /〗， • • • , we let 
x[{y) = fi ^ etc. Similarly, on the set of 2-dimensional contact elements y in M 3 
which are represented by immersions of M 2 whose images can be parameterized 
as {x\,x 2 ) {x\ , X 2 , f(x\ , x 2 )) we have the coordinates p(y) = df/dx, q(y )= 

3/ /dy, r(y) = d 2 f /dx 2 , etc. Beware of misprints in some of the computations 
of the “prolongations”. 

There are extensive calculations in Forsythe {1; §§132—146}, but they are not 
carried out directly on the contact elements. Instead, “relative invariants of 
order U)^ are computed first; these are functions F on the jets such that 

F(^(/oa))=.(detarF(y 0 fc (/)) 

for any difTeomorphism a. Clearly the product of relative invariants whose 
weights add up to 0 will give invariants on the contact elements. (Similar tricks 
are used in the works of Pick and Wilczynski quoted above, as well as in the 
much more straightforward calculations in Blaschke {1; v.3}.) One may also try 
the introductory chapter of Schirokow and Schirokow {1}. 
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Lie’s methods are supposedly applicable, in ways I don’t understand at all, 
to such problems as the equivalence of Riemannian manifolds, and even more 
general questions. See Lie and Scheffers {1; ch.23}, Veblen {1; ch.3, §§20-22, 
ch.5, 6 }, and Wright {1}. It might also be mentioned that there is a theory 
involving even more general notions than jets and contact elements, the u geo¬ 
metric objects” 一 see Yano {3; ch.2} or Aczel and Golab {1}. 

E. Cartan，s general method of moving frames is a sort of dual to Lie’s method 
which allows computations to be made more easily. The general features of 
the theory are well illustrated by the development of special affine surface the¬ 
ory in Chapter III.2 — see especially pg. III. 102. We consider moving frames 
X\, X 2 , along M 2 C M 3 with det(A r j, ^ 2 , ^ 3 ) = 1. An arbitrary moving 
frame of this sort is what Cartan calls a “zeroth order frame”. A “first order 
frame” is one which is adapted to M (i.e., X\, X 2 are tangent to M). To define 
“second order frames” we now try to specialize the first order frames as much 
as possible by seeking an appropriate condition on the dual and connection 
forms. As we observed on pg. III.82ff, the condition xj/f = Q l has just the 
“invariant” property we need — it depends only on the value of the frame at p 
[i.e., if X\, X 2 , and X\,Xi, ^3 are adapted moving frames with dual and 
connection forms 0 l , and 0 l , \j/j, respectively, and the two frames agree at /?, 
then ^i(p) = O^p) if and only if ^{p) = 9 l (p)]. 

This definition of second order frames already gives an invariant tensor, the 
special affine first fundamental form. To obtain this specialization we used 
the calculations on pp.III. 79-81. To be sure, these calculations were not very 
difficult, but that is because we already knew what we were looking for; we didn’t 
even bother to compute the in general, since they would not be involved 
in our invariant condition. It would have been much harder to simply guess 
an invariant condition without the previous geometric motivation (indeed, the 
difficulties which arise here are exactly dual to the problem in Lie’s method of 
finding a common solution to the equations x\ k ^ F = 0); this is an aspect of the 
theory which Cartan always carefully suppressed in his expositions of it. 

Now we can seek “third order frames” by specializing the second order 
frames. An appropriate condition is 1/^3 = 0 ; it gives us the special affine normal. 
The verification that this condition is invariant is given on pp. III. 102-103. It 
would clearly be a lot easier to discover ab initio than the corresponding invariant 
condition (pg. III. 100) for first order frames; in general, one always works with 
the highest order frames already successfully discovered. Specializing the third 
order frames would lead us to the special affine second fundamental form (X\ 
and X 2 would be the eigenvectors of I with respect to I). For more examples 
and details, see Cartan { 6 } or Favard {1}. 
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IV The Russian school; synthetic differential geometry 

A thorough treatment of the foundations of surface theory without difleren- 
tiabilitv hypotheses is gi\cn in Alexandrov {1}. As an introduction, the reader 
may prefer to consult Buseniann {1} or relevant portions of Efimov {1} and 
Pogoi.elo'. {1}. {2}, {3}. For an extensive connected account of further develop¬ 
ments in the theory see Pogorelov {5}. We might also mention Pogorclov {6}, 
where the geometric results are used to obtain stronger-than-usual results about 
PDE，s. 

Although most of the material in these references pertains to convex surfaces 
(for which one may also consult Bonneson and Fenchel {1}, Blaschke {2}, Had- 
wiger {1}, and Yaglom and BoltyanskiT {1}), there is also an elaborate theory 
which investigates the most general sorts of surfaces, or even arbitrary metric 
spaces. One treatment can be found in Alexandrov and Zalgaller {1}，while 
a somewhat different direction is taken in Blumenthal {1}，Blumenthal and 
Menger {1}. and Rinow {1}. In yet another vein, we have the work of Busemann, 
which represents the very antithesis of Riemann 5 s approach (whereby a mecha¬ 
nism for measuring lengths of* arbitrary curves is postulated, and geodesics are 
defined as curves of minimal length). In Busemann {3} postulates are instead 
given for the geodesics, and many relations of classical differential geometry 
are derived from them; although the arguments are often involved, just as a 
rigorous axiomatic development of Euclidean geometry would be，the strength 
of the results is often startling. For related results see Busemann {2}. 

V Applications to physics 

(a) Classical mechanics. It turns out that differential geometry provides the natural 
language for classical mechanics, for the two equivalent basic formulations of the 
subject, via I,agi*ange s equations and Hamilton’s equations, take place on the 
tangent bundle and cotangent bundle, respectively, of a suitable manifold. A dis¬ 
cussion of lncdianics which manages to make sonic interesting points in a short 
space, hut which doesn't make \*ery clear which manifold one is working on, may 
be found in Laugwitz {1: §14}. Another brief discussion, without this shortcom¬ 
ing. is contained in Bishop and Goldberg {1 : cli.6}. One can consult pp. 141-147 
of Sternberg {1}. whic h also mentions other aspects ol the subject as part ol an 
cxtensi\*e discussion of the calculus of \ ariations. in the succeeding chapter. 
Similarly, see Hermann {1: ch.16}. The short book by Godbillioii {1! reaches 
its climax in the filial. 9 page, chapter on mechanics, which begins by defin¬ 
ing a "niedianical system ' as a triple (M. T.n). where M is a manifold. T a 
differentiable function on TM. and n a scnii-basic form on TM. A serious 
stuck- of mcrhanics will be found in Abraham {1}. beginning in the third chap- 
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ter, where it is admitted however, that the treatment “possibly … will seem 
severely unmotivated without some background in classical mechanics •••’’； see 
also Wasserman {1}. Aside from this difficulty，common to all these books, the 
most heartbreaking omission is any adequate discussion of the fictional “forces 
of constraint” which are involved in such useful abstractions as “rigid bodies,，. 
These can usually be formulated as particular subspaces that the velocity vec¬ 
tor in M 3Ar of the system oi' N particles is constrained to lie in. When these 
subspaces form an integrable distribution (the constraints are “holonomic”）the 
integral submanifolds form a lower dimensional “configuration space” and the 
basic principle is that the motion of the system with these forces of constraint is 
determined by restricting the original equations on TR 3N or T*R 3N to equa¬ 
tions on the tangent or cotangent bundle of the configuration spare. (Some 
details are given in Hermann {2 ； ch.2}.) For physics books on classical me¬ 
chanics the following references may be of use: Corbin and Stehle {1} (the most 
modern in spirit of the elementary books)，Pars {1}，and Whittaker {1}. 

(b) General Relativity. Fortunately, I was ultimately not foolish enough to attempt 
writing anything on this vast subject which I do not understand. My conscience 
is set at ease by recommending the monumental book of Misner, Thorne, and 
Wheeler {1}，which is probably owned by every relativist in the world. For 
more mathematical treatments you may prefer Sacks and Wu {1}，which places 
great emphasis on foundational points, Weinberg {1}, Hawking and Ellis {1}, 
O’Neill ⑵， and Beem {1}. ^ 

VI. Miscellaneous 

(a) Calculus of variations; Hamilto n -Jacobi theory. A subject closely linked with me¬ 
chanics (V (a)). The two great classical works usually referred to are Carathco- 
dory {1} and E. Cartan {4}. See also Abraham {1}, H. Cartaii {1} ， Godhil- 
lioii ⑴. Hermann {1; pt.2}, Rund {2}. and Sternberg {1; cli.4}. 

(b) Sprays. This is a topic which I have assiduously avoided learning, com iiu ed 
tliat one ( an get by without it. and suspic ious that it's just a complicated new way 
of saying something old. Less obstinate readers may wish to consult Gromoll. 
Klingenbcrg. and Meyer {1; 60}. Lang (1: di.4. §§3-5. cli.6. §6}. or Sternberg {1: 
199. 361；. 

((') Jets. I liesc. and the ( ontact elements [cf. III.(g)]. are natural structures to 
consider in difiereiitial geometry, but they are only just beginning to be used in 
any serious way. For basic definitions, see Boui.baki {1; §12} or Dieudoime {1: 

(cli. 16.5-Problem 9. cli.16.9—Problem 1). '..4 ((.li.20.1—Problem 3)}. For some 
applications, see Kohayaslii }1: 
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(d) Other definitions of connections. Gromoll, Klingenberg, and Meyer {1; 43} gives 
a definition of a connection in terms of a map K : TTM TM. This is useful 
in dealing 'vith infinite dimensional manifolds; see Flaschel and Klingenbcrg {1; 
ch.l}. Connections have also been defined as sprays with certain properties, and 
as a splitting of the “jet exact sequence”. I personally feel that the next person 
to propose a new definition of a connection should be summarily executed. 

(e) Reducing differentiability hypotheses. It is of some interest to some people (analysts) 
to establish results with the minimum differentiability assumptions. Although 
the work of the Russian school sometimes eclipses such efforts, this is not always 
true, and in any case few mathematicians seem to find it a sufficiently com¬ 
pelling argument to go that route. In any proof of classical geometry one can 
always carefully count how many times one differentiates, but this usually turns 
out to be one or two more times than one really has to, if one is sufficiently 
clever. So the problem of finding minimal differentiability hypotheses (and ex¬ 
amples to prove they are minimal) is not easy. A long series of papers on this 
subject was published by Hartmann and Wintner, mainly in the American Journal 
of Mathematics, beginning in 1947. 

(f) Transversality. Not a part of differential geometry, really, but of differential 
topology. Nevertheless, it is probably a wise move to learn the basic ideas. 
See Sternberg {1; 64ff.} or Guillemin and Pollack {1}, with its many beautiful 
applications. 

(g) Polyhedral geometry, models, constructive aspects, etc. Perhaps the oldest contribution 
in this direction was the argument of Hilbert and Cohn-Vossen {1; pp. 194—195} 
proving Gauss’ Theorema Egregium for polyhedral surfaces. Recent work of 
T. Banchoflf and others has carried this approach much further. One may also 
consult Sauer {1} and Kruppa {1}. For a rather different approach to the Gauss- 
Bonnet-Chcrn Theorem, sec Palais {1}. 
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B. BOOKS 


During the compilation of this bibliography, certain instincts urged me to 
seek encyclopaedic completeness, while healthier ones advised selectivity and 
utility From this conflict resulted the usual unsatisfactory compromise, wherein 
the advantages of neither course of action is retained. I have tried to single out 
sources which might be particularly valuable, but this applies mainly to books 
concerned with the topics covered in these five volumes; many others will have 
already been mentioned in Part A. 

Encyklopadia derMalhematischen Wissenschaften^ Volume III, Part 3D, B. G. Teubner, 
Leipzig, 1902-1927. 

Abraham, R. and Marsden, J. 

{1} Foundations of mechanics ， 2nd ed” Addison-Wesley, Reading, Mass., 1978 
(MR81e:58025). 

Aczel, J. and Golab, S. 

{1} Funktionalgleichungen der Theorie der Geometrischen Objeckte, Panstwowe Wydaw- 
nictwo Naukowe, Warsaw, 1960 (MR 24 #A3588). 

Ahlfors, L. V 

{1} Conformal Invariants: topics in geometric junction theory, McGraw-Hill, New 
York, 1973 (MR 50 #10211). 

Akivis, M. A. and Goldberg, V V 

{1} Projective Differential Geometry of Submanifolds^ North-Holland, Amsterdam, 
1993 (MR 94i:53001) 

Alexandrov，A. D. 

{1} Die Innere Geornetrie der Konvexen Flachen, Akademie-V^rlag, Berlin, 1955 
(MR 17 #74). 

{2} Kurven und Fldchen, VEB Deutscher Verlag der Wissenschaften, Berlin, 
1959 (MR 21 #3866). 

A very nice elementary introduction to curves and surfaces which men¬ 
tions some things you might not see otherwise (e.g., why a pail with a 
curved rim is stronger than one with a plain rim). For an English trans¬ 
lation see Chapter 7 of 

Alexandrov, A. D., Kolmogorov, A. N., and Lavrent’ev，M. A. (eds.) 

{1} Mathematics. Its contents, methods and meaning, 2nd ed., M.I.T. Press, Cam¬ 
bridge (Mass.), 1969 (MR 39 #1258a-c)/ 
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Alexandrov; A. D. and Zalgaller, V. A. 

(1} Intrinsic Geometry of Surfaces ，American Mathematical Society, Providence, 
R.I., 1967 (MR 35 #7267). 

Arnold* \: I. 

{1} Mathematical Methods in Classical Mechanics, Springer-Verlag. New York, 
1978 (MR 57 #14033b). 

Auslander, L. 

{1} Differential Geometry, Harper & Row, New York, 1967 (MR 35, #2208). 

This is an attempt to construct an introductory course in differential 
geometry from the point of view of' Lie groups, with the fundamental 
equations of surface theory arising from the equations of structure of 
SO(3). Later chapters cover Riemannian geometry The treatment of ge¬ 
odesic completeness (pp. 203—214) may be of interest, and the Poincare 
upper half-space is discussed in some detail (pp. 223-236). In particu¬ 
lar. there is a description of'the various one-parameter subgroups of the 
group of isometries. The orbits of these subgroups are the geodesics, ge¬ 
odesic circles, horocycles, and equidistant curves (for these are the curves 
of constant curvature). 

Auslanden L. and MacKenzie, R. E. 

{1} Introduction to Differentiable Manifolds, McGraw-Hill, New York, 1963 (MR 
28 #4462). 

Beem,J. K., Ehrlich, P. E., and Easley, K. L. 

{1} Global Imenlzian Geometry, 2nd ed.，Marcel Dekker, Inc., New York, 1996 
(MR 971:53100). 

Berger. M. 

{1} Lectures on Geodesics in Riemannian Geometry^ Tata Institute of Fundamental 
Research. Bombay, 1965 (MR 35 #6100). 

These notes cover many topic's, frcqueiitly with details not to he found 
elsewhere. 

see also Lasconx. A. 

Beider. M.. Gaiiduclion. P.. and Mazct. F,. 

{1} h Spectre d'une I ariete Riemanniemu\ Springer-Verlag* Berlin. 1971 (MR 43 
#8025). 

Berger. M. and (iostiaux. B. 

{1} (icomctrie Differentielle. Armand Colin. Paris. 1972 (MR 58 #13102) 

A v(tv beautiful recent text on dilTerentiable manifolds, with sonic dif¬ 
ferential geometry included. §§6.7—6.9 and 7.5 prove the Gauss-Bonnet 
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theorem for submanifolds of Euclidean space by the method of Allendo- 
erfer and Fcnchel mentioned at the beginning of Chapter 13 (pg, V 264). 
Chapter 9 treats global properties of curves, including an elementary 
proof of the Jordan curve theorem for smooth curves, Whitney’s theo¬ 
rem on smooth homotopy of closed curves, and the formula of Fabricius- 
Bjcrre-Halpern, which relates the number of double points and inflection 
points of a closed curve to the number of double tangents (lines tangent 
to the curve at two different points). 

The next reference is a new edition, with additional material. 

{2} Geomeirie Differentielle: variety courbes el surfaces. Presses Universitaires de 
France, Paris, 1987 (MR 89b:53001). 

There is also an English translation: 

Differential Geometry: manifolds^ curves，and surfaces. Springer-Verlag, New 
York-Boston, 1988 (MR 88h:53001), 

Besse, A. L, 

{1} Manifolds All of Whose Geodesics are Closed, Springer-Verlag，New York，1978 
(MR 80c:53044). 

Bianchi, L. 

{1} Vorlesungen iiber Differentialgeomeirie^ B, G, Teubner, Leipzig, 1899, 

This is a translation, with some additions, of the first edition of the orig¬ 
inal Italian work. Naturally it contains a considerable number of results 
from classical surface theory，but it differs from many classical books by 
also treating surfaces in the spaces of constant curvature. See in particular 
§348, which considers a surface M in the upper half-space model of // 3 , 
For p e (,v, let y be the geodesic intersecting M orthogonally 

and approaching /?, and let f(p) be the other point in the (.v, v)-plane 
which y approaches. Then f is holomorphic if and only if M has (in¬ 
trinsic) curvature 0, Also note that §110 gives a nicer treatment of the 
problem considered on pp, V 217-218; Bianchi shows directly that the 
cune t ("(,、（)）• i’（,，0)，u’（,，0)) has the same curvature and torsion as 
c\ (The whole problem is simply ignored by Darboux {1}. By the way, 
there is no adequate treatment anywhere in the classical literature of the 
case where k — k g ) 

There is a later, 4 volume, Italian edition, not translated, which treats 
special questions of' surface theory in great detail. 
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Bisliop, R. L. and Crittenden, R. J, 

{1} Geometry of Manifolds. Academic Press, New York, 1964 (MR 29 #6401), 

Verv compactly written, witli many results merely quoted or left as 
exercises、Particular attention may be called to some of the problems 
on pp. 106-107, 110, 114, 134, There is a study of complete simply- 
connected manifolds of constant cunature (§9,5) rather different from 
the elemeutarv one outlined in Problem III. 1-5. a more elaborate study 
of convex neighborhoods, using the second variation (§1L8), and some 
applications of the second variation to theorems on the volumes of balls 
(pp. 256-257). A bibliography of 95 items. 

Bishop, R. L, and Goldberg, S, I, 

{1} Tensor Analysis on Manifolds^ Maauillau, New York, 1968 (MR 36 #7057). 

Blaschkc, W 

{1} Differential Geometrie, Volumes 1 ， 2, Chelsea, New York, 1967; Volume 3, 
Springer, Berlin, 1929, 

Although this book is quite old-fashioned, I nevertheless find it very 
stimulating, perhaps because the author is more interested in genuine 
geometric questions, especially global ones, than in the formalities of 
calculations. More topics are covered here than in almost any other clas¬ 
sical book, and there is an extraordinary number of interesting exercises, 
remarks, and sidelights. 

Volume 1. §72 shows that if tlie geodesic circles are the same as the 
naves of constant K g ，then K is constant, while §84 proves the move dif¬ 
ficult result (mentioned on pg. IV 309) that K is constant if all cun'cs of 
constant K g are closed. Tlic manipulations of §94 (used in the next sec¬ 
tion for a proof of CliristofTel^s tlicorcm) are mysterious; Problem III, 3-8 
may he used instead. See also the funny result on pg. 121. It is interesting 
to find that tlie general formula for variation of area was already gi\'cu 
by Gauss (§109). Classical results of Sdiwarz (one mentioned under topic 
II,(a)) are given in §§110 ， 111, while §116 gi\'cs the second variation of 
area (in a special rase), and uicutious a classical condition of Scliwar/ 
for a minimal surface to be a local uuuiuuuu for area. For a modern 
presentation, sec Barbosa and do Canuo [1], Tlie proof of tlie related 
Tlicorcm I':9-:59 is fro in Rack) {U. §117 gives t lie first variation of H 
and K [\\c essentially found tlie first variation of H in order to Hud tlie 
second variation of area). Problem 2 in §118 mentions interesting prop¬ 
erties of associated uiiuiuial surfaces, for example, tlic tangent planes at 
corresponding points arc parallel. Com crseh; if tliere is an isometry be¬ 
tween two surfaces sucli that tangent planes are parallel, tlieu they are 



Bibliography 


415 


either congruent surfaces or associated minimal surfaces (to be taken with 
a grain of salt—one of the surfaces could be the union, along a common 
curve, of、a piece congruent to part of the other surface and another piece 
associated to a part of the other surface which is a minimal surface). 

Volume 2 covers affine differential geometry There are very manv nice 
geometric interpretations of the invariants arising here, as well as many 
global results. 

For Volume 3 see topic III.(f). 

{2} Kreis and Kugel, de Gruyter & Co.. Berlin, 1956 (MR 17 1123). 

{3} IMesungen iiber Integralgeometrie, 2nd ed., Chelsea, New York, 1949. 

{4} Einfiihrnng in die Geometrie der Waben, Birkhauser, Basel. 1955 (MR 17 780). 

Blaschke, W. and Bol, G. 

{1} Geometrie der Gewebe. Springer, Berlin, 1938. 

Blaschke, W and Leichtweiss, K. 

{1} Elementare Differentialgeometrie, 5th ed.. Springer-Verlag, Berlin, 1973 (MR 
50 #3122). 

This is a modernization of Blasdike’s book which preserves the style 
of the original. Numerous new problems and references of interest. 

Blaschke, W and Reichardt, H. 

{1} Einfiihrnng in die Differentialgeometrie, 2nd ed., Springer-Vferlag, Berlin, 1960 
(MR 22 #7062). 

This is an attempt to modernize Blaschke’s book by writing everything 
in terms of moving frames. It may be consulted for a few interesting 
points hard to find elsewhere, especially §§56, 57, 77, and 69, Problem 19. 

Blumenthal, L. M. 

{1} Theory and Applications of Distance Geometry. 2nd ed., Chelsea. New York, 
1970^(MR 42 #3678). 

Blumenthal. L. M. and Mengei; K. 

{1} Studies in Geometry. W. H. Freeman. San Francisco. 1970 (MR 42 #8370). 

Bochncr. S. 

see Yam). K. 

Bol. G. 

{1} Projektive Differentialgeometrie. 3 \ ols.. \ andenhoeck & Ruprecht. Gottingen. 
1950 (MR 16 1150). 

Extensive bibliography, extending that of Fubini and Cedi {1}. 

see also Blaschke. \V. 
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BoltyanskiT, V G. 

{1} Envelopes, Pergamon Press，Macmillan, New York, 1964 (MR 31 #2348). 

see also Yaglom, I. M. 

Bonneson, T. and Fenchel, W. 

{1} Theorie der Konvexen Korper, Springer, Berlin, 1934. 

Boothby, W. 
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Press, New York, 1975 (MR 54 #13956). 

Boothby, W. and Weiss, G. L. (eds.) 

{1} Symmetric Spaces: Short courses presented at Washington University, Dekker, New 
York, 1972 (MR 53 #687). 

Bourbaki, N. 

{1} Varietes Differentielles etAnalytiques. Fascicule de Resultats/Paragraphes 1 a 1 and 
/Paragraphes 8^15, Hermann, Paris, 1971 (MR 43 #6834). 

Bourbaki is the originator of that famous pedagogical method whereby 
one begins with the general and proceeds to the particular only after the 
student is too confused to understand even that any more. His influence 
is to be seen everywhere, probably in these volumes too. Bourbaki has 
apparently decided that the theory of manifolds has now entered that do¬ 
main of “dead” mathematics to which he hopes to give definitive form. In 
this summary of results the corpse is laid out to public view; the complete 
autopsy is eagerly awaited. 

Boys, C. V 

{1} Soap Bubbles, their colors and the forces which mold them, 3rd ed” Dover, New 
York, 1959. 

Brakke, K. A. 

{1} The Motion of a Surface by its Mean Curvature, Princeton University Press, 
Princeton, N.J., 1978 (MR 82c:49035). 
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fiths, P A. 

{1} Exterior differential systems, Mathematical Sciences Research Institute Pub¬ 
lications, 18, Springer-\ 7 erlag, New York, 1991 (MR 92h:58007). 

This very valuable book is concerned with an important, but extremely 
difficult, portion of E. Cartan’s work. There is an extended discussion 
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of matters related to differential systems (Chapter 10, Addendum 1)，the 
Cartan-Janet theorem (Chapter 11, Addendum), and many related topics. 
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for a quasi-linear first order PDE, 
27 

Fundamental form, second, 208 


Gardner, R. B., 209 
Gauss-Bonnet (-Chern) theorem, 263— 
265, 301, 380ff. 

Geodesic parallels, 224 
Good basis for a regular integral 
element, 114 

Grassmannian manifold, 273 
complex, 360 
oriented, 281 
Green, R. E., 214 
Gromov, M. L., 156 
Grove, V G., 208 


Harmonic function, 71 
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capacitance, 63 
conductivity, 64 
energy, 63 
equation, 65 ff 
specific, 63 
Heinz, E., 155 
Hellwig, G., 213, 234 
Herglotz integral formula, 194, 197, 

199 

Hermitian 

inner product, 357 
metric, 360 

Higher order PDE’s ， 29-35 
Hilbert, D., 213, 214 
Hoesli, R.J., 235 
Homogeneous 
ideal, 112 

polynomial function, 319 
space, 304 

Homotopy covering theorem, 271 
Hopf, E, 127 
Hopf ， H” 206, 234, 263 
Hopf’s Theorem, 127, 200 
Hyperbolic 

second order equation in 2 variables, 
81—97 

semi-linear PDE, 49 
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Hyperbolic [continued) 

solution of a second order PDE, 57 
system in 2 variables, 72-80 
C k , 73 

semi-linear, 73 


Ideal 

differential, 112 
homogeneous, 112 
Identities, principle of extension of 
algebraic, 286 
Imbedding(s) 
bending of, 170 
bending through, 170 
isometric, 133fF. 

Immersions, bending through, 170 
Index 

of nullity, 141 
of relative nullity, 141 
Induced bundle, 268 
Inequalities, principle of irrelevance of 
algebraic, 375 
Infinitesimal 
bending, 173 

of rotation surfaces, 253 
rotation field, 175 
Infinitesimally 
bendable, 173 
rigid, 173 

Initial-boundary value problem, 67 
Initial condition, 2 

for a higher order PDE, 29-35 
for a linear first order PDE, 8 
for a quasi-linear first order PDE, 
12, 27 

Initial curve 

for a general first order PDE 
characteristic, 26 
free, 25 

for a linear first order PDE, free, 8 
for a quasi-linear first order PDE 
characteristic, 13 
free, 12 


Initial data 

for a first order PDE, 22 
for a higher order PDE, 29—35 
Initial manifold 

free for a general first order PDE, 

28 

free for a higher order PDE, 29—35 
free for a quasi-linear first order 
PDE, 27 

Inner product, Hermitian, 357 
Integrability conditions, 1, 112 
Integral element of a differential 
system, 112 
regular, 113 

good basis for, 114 
Integral formula 

of Blaschke, 188， 199 
of Herglotz, 194 ， 197， 199 
Integral submanifold of a differential 
ideal, 112 
Invariant 
Ad(G), 354 
Ad(H), 311 
differential form, 308 
under a subgroup of Gh(n,k), 372 
under adjoint action of O(w) and 
SO ⑻， 331 

under adjoint action of U(«), 362 
under O(w), 318 
Invariant theory, 317 ff. 

first main theorem for O ⑻， 327 ff. 
first main theorem for U(«), 361 ， 
379 

for unitary group, 372 ff 
Irrelevance of algebraic inequalities, 
principle of, 375 
Isometric imbeddings, 133ff. 
Isothermal 

coordinates, 52 
surface, 261 
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Kahler, E., see Cartan-Kahler theorem 
Killing, W., 170 
Kowalewski, S .，see Cauchy- 
Kowalewski theorem 
Kuiper, H.H., 156 


Laplace equation, 66 
Lax, P, 79 

Length, preserve up to first order, 173 
Levi, E.E, ， 229, 230, 231 
Lewy ， H. ， 46 ， 155, 156 
Liebmann ， H. ， 199， 213 
Linear first order PDE, see First order 
PDE 


Majorants, method of, 43 
Manifold 

initial, see Initial manifold 
strip, see Strip 

Manifolds of constant curvature, 

see Constant curvature manifolds 

Map 

bundle, 265, 266， 356 
natural between Grassmannians, 
277, 360 

Maximum principle, 126ff 
Metric, Hermitian, 360 
Milnor ， J. W” 356, 370 
Minkowski’s 
formulas, 185 
problem, 156， 200 
theorem, 200 
generalized, 207 

see also Brunn-Minkowski inequality 
Monge cone, 15 

Monge-Ampere equations, 97, 145, 

220 

Moore ， J. C.，252 


Nash ， J., 156 
Natural 

classes, 302 

map between Grassmannians, 277, 
360 

Nirenberg ， L. ， 155, 156, 211 
Non-characteristic，8 
Non-compact surfaces, complete 
convex, 211 

Non-convex surfaces, 209 
Non-degenerate, 148 
Non-trivial 
bending, 170 
infinitesimal bending, 173 
Normal 

derivative, 32 

form for a semi-linear second order 
PDE, 50 

linear transformation, 361 
space, first，247 
Nullity 

index of, 141 
relative index of，141 


Olowjanischnikow, S. P., 211 
Orientation 

of direct sum of vector spaces, 281 
of vector bundle, 281 
of vector space, 280 
Oriented 

Grassmannian manifold, 281 
vector bundle, 281 
vector space, 281 
Orthogonal 
exteriorly, 137 
group, complex, 357 
Orthonormal, with respect to Hermit¬ 
ian inner product，357 
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Parabolic 

semi-linear PDE, 49 
solution of a second order PDE, 57 
Parallels, geodesic, 224 
Part, principal, 47 
Partial differential equations, 1 
first order, see First order PDE’s 
higher order, see Higher order 

PDE^ and second order PDE’s 
linear first order, see First order 
PDE’s 

quasi-linear first order, see First 
order PDE’s 

second order, see Second order 
PDE’s 
system of, 1 

integrability conditions for, 1, 112 
overdetermined, 1 

PDE, see Partial differential equations 
Pfaffian, 285 

Physics, prototypical second order 
equations of, 59—72 
Pogorelov, A.W., 155, 212, 213, 214 ， 
235 

Polar space, 113 
Polarization, 321 

Polynomial function, 319 ， 353 ， 360 ， 
372 

Pontryagin class, 345, 370 

of constant curvature manifolds, 351 
total, 351 

Preserve lengths up to first order, 173 
Principal 
bundle 

map, 266 
of frames, 266 
trivial, 266 

curvatures, radii of, 204 
part, 47 

Projection, central, 235 


Quasi-linear first order PDE, see First 
order PDE’s 


Radii of principal curvature, 204 
Rank, 326 

Regular integral element of a differen¬ 
tial system, 113 
good basis for, 114 
Relative nullity, index of, 141 
Rembs, E., 210 
Rigid, 173 

infinitesimally, 173 
Rigidity of complete convex surfaces, 
211-212 

Rokhlin, VA., 156 
Rotation field, infinitesimal, 175 
Rotation surfaces, infinitesimal bend¬ 
ings of, 253 

Russian school of differential geometry, 
155, 156, 212, 213 


Schilt, H., 231, 233, 234 
Schwartzschild metric, 133 
Second fundamental form, 208 
Second order PDE’s 

analyticity of elliptic solutions in 2 
variables, 98—109 

characteristic initial manifold for, 35 
classification of semi-linear, 47—59 
elliptic solution of, 57 

analyticity of in 2 variables, 98— 
109 

free initial manifold for, 29—35 
hyperbolic solution of, 57 
in 2 variables, 81—97 
Monge-Ampere, 97 
prototypical equations of physics, 
59-72 

semi-linear, 47 

classification of, 47-59 
elliptic, 49 
hyperbolic, 49 
normal forms of, 50 
parabolic, 49 
principal part of, 47 
Section, 305 

Semi-linear, see Second order PDE^s 
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Skew-Hermitian matrices, canonical 
form for, 361 

Skew-symmetric matrices, canonical 
form for, 287, 331 
Small vibrations, 62 
Specific heat, 63 
Spectral theorem, 361 
Sphere bundle, 268 
Star-shaped 

subset of S n ^~ l , 240 
surfaces of constant mean curvature, 
186 

Stasheff ， J. D. ， 356， 370 
Stiefel manifold, 273 
Stoker, J.J., 199 
String, vibrating, 59 ff 
Strip, 20 

characteristic, 20, 27 
condition, 20 
manifold condition, 28 
Submanifold, integral of a differential 
ideal, 112 
Subsonic flow, 57 
Supersonic flow, 57 
Support function, 184 
Symmetric function, 317 
elementary, 317 
System 

differential, 112 

hyperbolic in 2 variables, see Hyper¬ 
bolic 

integrability conditions for, 1， 112 
of first order PDE’s，36 
overdetermined, 1 


Temperature, 62 
Tension, 60, 61 
Thom class, 291， 370 
Tompkins, C.，137 
Torus of revolution, 210 
Total Chern class，364 
Total degree, 326 
Total Pontryagin class, 351 


Trivial 

bending, 170 
infinitesimal bending, 173 
principal bundle, 266 
Type number 

of hypersurface, 170 
of linear transformations, 247 
of matrices, 247 
of submanifold, 247 


Unbendable, 170 
Uniquely determined, 171 
Universal bundle, 280 
Unwarpable, 171 


Variation vector field, 171 
Vector bundle, complex, 356 
Vector field ， characteristic, see Charac¬ 
teristic vector field 
Vector field ， variation，171 
Vibrating string, 59 ff 
Voss ， K，，206 
Voss ， A. ， 231 


Walden, Iv., 208 
Warpable，171 
Watson, G. H., 257 
Wave, 69 

Wave equation, 62, 68—71 

Weak topology, 280 

Weil, A., 265 

Weil homomorphism, 355 

Weyl, H., 155 

Weyl’s problem ， 155, 191 

Whitney product formula, 352， 365 

Whitney sum, 267 

Whittaker, E. T, 257 
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